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Geometric Approximation using Core Sets

Pankaj Kumar Agarwal

ABSTRACT

This talk presents a general approximation technique for various geometric
optimization problems such as clustering, shape-fitting, and extent measures.
For a given objective function p and a parameter ¢ > 0, it computes in
time O(n + 1/e9M) a subset Q C P of size 1/e°), with the property that
(1 —e)u(P) < pu(Q) < u(P). Specific applications of our technique include
g-approximation algorithms for (i) computing diameter, width, and smallest
bounding box, ball, and cylinder of P, (ii) maintaining these measures in a
streaming model, (iii) maintaining these measures for a set of moving points,
(iv) fitting spheres and cylinders through a point set P, and (iv) clustering
stationary and moving points.






Similarity between Image and Terrain:
Geometric Approaches to Computer Vision

Tetsuo Asano
School of Information Science, JAIST, Japan

Abstract

Image and terrain have strong similarity in the sense that both of them are commonly rep-
resented in matrices. Each matrix element is height information for terrain and color/bright-
ness for image. Terrain is usually converted to a contour representation that is a collection
of contour lines of equal height. Our projects start with this similarity. That is, we apply
conour representation to images. Once an image is converted to contour representation, it
is now a geometric object to which a rich source of geometric algorithms can be applied.
Another advantage of such geometric representation is that it gives us global information or
structural information of images. It should be compared to the traditional approach using a
quad-tree data structure on image lattice for characterizing a structure of an image.

In this talk I will first survey how computational geometry has contributed to computer
vision and computer graphics mainly in connection to the contour representation. Several
topics are included: an efficient algorithm for obtaining contour representation from a given
image matrix with some experimental results, how to represent structural information among
contour lines and how to compute it efficiently without following all contour lines — contour
tree, direct application of contour representation to geometric deformation of an image such
as scaling operation for enlargement or contraction, rotation, and removing a part of an
image. Such deformations may look easy tasks, but simple algorithms may produce ugly
images. In fact, contraction of an image seems to be the easiest task among them, but it is
related to some combinatorial optimization problem.

A natural way of defining a contour line for a brightness level i is to follow the boundary
of a connected region of pixels with brightness levels greater than or equal to 7, which results
in a closed loop consisiting of alternating horizontal and vertical line segments. How to
approximate such a rectilinear path by a smoother curve such as Basier or Spline curve
is also an interesting topic. It is not so obvious due to an important property of contour
representation that any contour line does not properly intersect itself or any other contour
line. If we use a polygonal line instead of those curves then we can prove some convergence
theory that the length of the polyline converges to the true length of an object characterized
by the contour line with increase of resolution.

Contour lines play an important role for region segmentation, a basic task in pattern
recognition. Region segmentation is to separate an object from its background. If brightness
levels in an objact are well separated to those in the background, it is easy to find an
appropriate contour line enclosing the object. Otherwise, we could find appropriate contour
line by evaluating separation of every contour line. A serious problem of this approach is
its computing time. Fortunately, we could use a rough region segmentation restricted to
x-monotone shapes using dynamic programming as a guide of our objective contour line.
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Approximation algorithms for geometric
shortest path problems®

Jorg-Riidiger Sack!

ABSTRACT

Shortest path problems are among the fundamental problems studied in
computational geometry, network optimization and graph algorithms. These
problems arise naturally in application areas such as robotics and geograph-
ical information systems. Aside from the importance of shortest paths prob-
lems in their own right, often they appear in the solutions to other problems.

Shortest path problems can be categorized by various factors which in-
clude the dimensionality of the space, the type and the number of objects or
obstacles, and the distance measure used (e.g., Euclidean, number of links, or
weighted distances). In two and three dimensions a variety of shortest path
problems have been studied over the last three decades. Particular problem
instances studied include computing Euclidean shortest paths between two
points inside a simple polygon and amidst polygonal and polyhedral obsta-
cles, reporting shortest paths on the surface of a convex or a non-convex
polyhedron, including approximation algorithms. Research articles and sur-
veys have been written presenting the state-of-the-art in this area.

Of particular interest for this talk is the weighted region problem which
is a natural generalization of the Fuclidean shortest path problem. In 2-
dimensions it can be stated as: A planar triangulated subdivision is given
consisting of n faces, where each face has a positive weight which represents

*Research supported in part by NSERC and SUN Microsystems of Canada.

tSchool of Computer Science, Carleton University, Ottawa, Canada KI1S 5B6.
sack@scs.carleton.ca Some of the work discussed in this talk is jointly carried out with
A. Maheshari and L. Aleksandrov.
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the cost of traveling through that face. The weight could be determined e.g.,
by the slope or other characteristics of the face (water, forest, rock, ...). The
cost of travel through the face is the product of Euclidean length and face-
weight. The cost of a (weighted) path is sum of the costs of travel through
all faces intersected by the path.

Existing algorithms for many of the interesting shortest path problems
are either very complex in design/implementation and/or have very large
time and space complexities. Hence they are unappealing to practitioners
and pose a challenge to theoreticians. This coupled with the fact that geo-
graphic/spatial models are approximations of reality anyway and high-quality
paths are favored over optimal paths that are “hard” to compute, approxi-
mation algorithms are suitable and necessary.

In this talk, we discuss the classical geometric problem of determining
shortest paths through weighted (and unweighted) domains (in 2 and 3 di-
mensions). We present several approximation algorithms and discuss them
from a practical and/or theoretical view-point.
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The One-Round Voronoi Game Replayed

Séndor P. Fekete *

Abstract

We consider the one-round Voronoi game, where the
first player (“White”, called “Wilma”) places a set of
n points in a rectangular area Q of aspect ratio p <
1, followed by the second player (“Black”, called
“Barney”), who places the same number of points.
Each player wins the fraction of Q closest to one
of his points, and the goal is to win more than half
of the total area. This problem has been studied by
Cheong et al. who showed that for large enough n
and p = 1, Barney has a strategy that guarantees a
fraction of 1/2 + a, for some small fixed o.

We resolve a number of open problems raised by
that paper. In particular, we give a precise character-
ization of the outcome of the game for optimal play:
We show that Barney has a winning strategy for
n>3andp > +/2/n, and forn =2 and p > v/3/2.
Wilma wins in all remaining cases, i.e., for n > 3
and p < \/E/n, forn =2 and p < \/3/2, and for
n = 1. We also discuss complexity aspects of the
game on more general boards, by proving that for a
polygon with holes, it is NP-hard to maximize the
area Barney can win against a given set of points by
Wilma.

Keywords:

Voronoi diagram, Voronoi game, Competitive fa-
cility location, NP-hardness.

1 Introduction

When determining success or failure of an enter-
prise, location is one of the most important issues.
Probably the most natural way to determine the
value of a possible position for a facility is the dis-
tance to potential customer sites. Various geometric
scenarios have been considered; see the extensive
list of references in the paper by Fekete, Mitchell,
and Weinbrecht [6] for an overview.

*Abt. fiir Mathematische Optimierung, TU Braunschweig, D-
38106 Braunschweig, Germany, s . fekete@tu-bs.de.

"Dept. of Computer Science, Queen’s University, Kingston,
Ont K7L 3N6, Canada, henk@cs.queensu.ca. Partially sup-
ported by NSERC. This work was done while visiting TU Braun-
schweig.
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One particularly important issue in location the-
ory is the study of strategies for competing players.
See the surveys by Tobin, Friesz, and Miller [8], by
Eiselt and Laporte [4], and by Eiselt, Laporte, and
Thisse [5].

A simple geometric model for the value of a posi-
tion is used in the Voronoi game, which was pro-
posed by Ahn et al. [1] for the one-dimensional
scenario and extended by Cheong et al. [2] to the
two- and higher-dimensional case. In this game, a
site s “owns” the part of the playing arena that is
closer to s than to any other site. Both considered a
two-player version with a finite arena Q. The play-
ers, White (“Wilma”) and Black (“Barney”), place
points in Q; Wilma plays first. No point that has
been occupied can be changed or reused by either
player. Let W be the set of points that were played
by the end of the game by Wilma, while B is the
set of points played by Barney. At the end of the
game, a Voronoi diagram of W U B is constructed;
each player wins the total area of all cells belonging
to points in his or her set. The player with the larger
total area wins.

Ahn et al. [1] showed that for a one-dimensional
arena, i.e., a line segment [0,2n], Barney can win
the n-round game, in which each player places a
single point in each turn; however, Wilma can keep
Barney’s winning margin arbitrarily small. This dif-
fers from the one-round game, in which both players
get a single turn with n points each: Here, Wilma
can force a win by playing the odd integer points
{1,3,...,2n— 1}; again, the losing player can make
the margin as small as he wishes. The used strategy
focuses on “key points”. The question raised in the
end of that paper is whether a similar notion can be
extended to the two-dimensional scenario. We will
see in Section 3 that in a certain sense, this is indeed
the case.

Cheong et al. [2] showed that the two- or higher-
dimensional scenario differs significantly: For suffi-
ciently large n > ng and p = 1, the second player
has a winning strategy that guarantees at least a
fixed fraction of 1/2 4 o of the total area. Their
proof used a clever combination of probabilistic ar-
guments to show that Barney will do well by playing



a random point. The paper gives rise to some inter-
esting open questions:

e How large does ngy have to be to guarantee a
winning strategy for Barney? Wilma wins for
n= 1, butitis not clear whether there is a single
ng for which the game changes from Wilma to
Barney, or whether there are multiple changing

points.

Barney wins for sufficiently “fat” arenas, while
Wilma wins for the degenerate case of a line.
How exactly does the outcome of the game de-
pend on the aspect ratio of the playing board?

What happens if the number of points played
by Wilma and Barney are not identical?

What configurations of white points limit the
possible gain of black points? As candidates,
square or hexagonal grids were named.

What happens for the multiple-round version
of the game?

e What happens for asymmetric playing boards?

For rectangular boards and arbitrary values of n,
we will show when Barney can win the game. If the
board Q has aspect ratio p with p < 1, we prove the
following:

e Barney has a winning strategy for n > 3 and
p> \/E/n, andforn=2andp > \/5/2 Wilma
wins in all remaining cases, i.e., for n > 3 and
p < V/2/n, forn =2 and p < v/3/2, and for

n=1.

o If Wilma does not play her points on an orthog-
onal grid, then Barney wins the game.

In addition, we hint at the difficulties of more
complex playing boards by showing the following:

e If O is a polygon with holes, and Wilma has
made her move, it is NP-hard to find a posi-
tion of black points that maximizes the area
that Barney wins.

This result is also related to recent work by
Dehne, Klein, and Seidel [3] of a different type:
They studied the problem of placing a single black
point within the convex hull of a set of white points,
such that the resulting black Voronoi cell in the
unbounded Euclidean plane is maximized. They
showed that there is a unique local maximum.

The rest of this paper is organized as follows. Af-
ter some technical preliminaries in Section 2, Sec-
tion 3 shows that Barney always wins if Wilma does
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not place her points on a regular orthogonal grid.
This is used in Section 4 to establish our results on
the critical aspect ratios. Section 5 presents some
results on the computational complexity of playing
optimally in a more complex board. Some conclud-
ing thoughts are presented in Section 6.

For this 4-page abstract, all proofs have been
omitted; a full version of the paper [7] is available
electronically.

2 Preliminaries

In the following, Q is the playing board. Q is a rect-
angle of aspect ratio p, which is the ratio of the
length of the smaller side divided by the length of
the longer side. Unless noted otherwise (in some
parts of Section 5), both players play n points; W
denotes the n points played by Wilma, while B is
the set of n points played by Barney. All distances
are measured according to the Euclidean norm. For
a set of points P, we denote by V(P) the (Euclidean)
Voronoi diagram of P. We call a Voronoi diagram
V(P) aregular grid if

e all Voronoi cells are rectangular, congruent and
have the same orientation;

e cach point p € P lies in the center of its Voronoi
cell.

If e is a Voronoi edge, C(e) denotes a Voronoi cell
adjacent to e. If p € P, then C(p) denotes the
Voronoi cell of p in V(P). dC(p) is the boundary
of C(p) and |C(p)| denotes the area of C(p). |e| de-
notes the length of an edge e. Let x, and y, denote
the x- and y-coordinates of a point p.

3 A Reduction to Grids

As a first important step, we reduce the possible con-
figurations that Wilma may play without losing the
game. The following holds for boards of any shape:

Lemma 1 If V(W) contains a cell that is not point
symmetric, then Barney wins.

The following theorem is based on this observa-
tion and will be used as a key tool for simplifying
our discussion in Section 4.

Theorem 2 If the board is a rectangle and if V(W)
is not a regular grid, then Barney wins.



4 Critical Aspect Ratios

In this section we prove the main result of this paper:
ifn>3andp > +/2/n,orn=2andp > +/3/2, then
Barney wins. In all other cases, Wilma wins. The
proof proceeds by a series of lemmas. We start by
noting the following easy observation.

Lemma 3 Barney wins, if and only if he can place
a point p that steals an area strictly larger than
|O|/2n from W.

Next we take care of the case n = 2; this lemma
will also be useful for larger n, as it allows further
reduction of the possible arrangements Wilma can
choose without losing.

Lemma4 If n =2 and p > /3/2, then Barney
wins. If the aspect ratio is smaller, Barney loses.

The gain for Barney is small if p is close to v/3/2.
Computer experiments have been used to compute
the gain for Barney for values of p > 1/3/2. Not
surprisingly, the largest gain was found for p = 1. If
the board has size 1 by 1, Barney can gain an area of
approximately 0.2548 with his first point, by placing
it at (0.66825,0.616). as illustrated in Figure 1(a).

Lemma 5 Suppose that the board is rectangular
and that n = 4. If Wilma places her point on a regu-
lar 2 x 2 grid, Barney can gain 50.78% of the board.

The value in the above lemma is not tight. For
example, if Wilma places her point in a 2 by 2
grid on a square board, we can compute the area
that Barney can gain with his first point. If Bar-
ney places it at (0.5,0.296), he gains approximately
0.136. For an illustration, see Figure 1(b). By plac-
ing his remaining three points at (0.25 —4¢/3,0.25),
(0.25—4¢/3,0.75), and (0.75 4 4¢/3,0.75) Barney
can gain a total area of size of around 0.511 — € for
arbitrary small positive €. For non-square boards,
we have found larger wins for Black. This suggests
that Barney can always gain more than 51% of the
board if Wilma places her four points in a 2 by 2
grid.

The above discussion has an important implica-
tion:

Corollary 6 If n > 3, then Wilma can only win by
placing her points in a 1 X n grid.

This sets the stage for the final lemma:

Lemma 7 Let n > 3. Barney can win if p > /2/n;
otherwise, he loses.
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Computational experiments have confirmed that
Barney wins the largest area with his first point if he

places it at (0, (4r —2v/r> 4+ 6)/3).

Theorem 8 If n > 3 and p > \/2/n, or n =2 and
p > \/3/2, then Barney wins. In all other cases,
Wilma wins.

S A Complexity Result

The previous section resolves most of the questions
for the one-round Voronoi game on a rectangular
board. Clearly, there are various other questions
related to more complex boards; this is one of the
questions raised in [2]. Lemma 1 still applies if
Wilma’s concern is only to avoid a loss. More-
over, it is clear that all of Wilma’s Voronoi cells
must have the same area. For many boards, both
of these conditions may be impossible to fulfill. It
is therefore natural to modify the game by shifting
the critical margin that decides a win or a loss. We
show in the following that it is NP-hard to decide
whether Barney can beat a given margin for a poly-
gon with holes, and all of Wilma’s stones have al-
ready been placed. (In a non-convex polygon, pos-
sibly with holes, we measure distances according to
the geodesic Euclidean metric, i.e., along a shortest
path within the polygon.)

Theorem 9 For a polygon with holes, it is NP-hard
to maximize the area Barney can claim, even if all
of Wilma’s points have been placed.

6 Conclusion

We have resolved a number of open problems deal-
ing with the one-round Voronoi game. There are still
several issues that remain open. What can be said
about achieving a fixed margin of win in all of the
cases where Barney can win? We believe that our
above techniques can be used to resolve this issue.
As we can already quantify this margin if Wilma
plays a grid, what is still needed is a refined version
of Lemma 1 and Theorem 2 that guarantees a fixed
margin as a function of the amount that Wilma devi-
ates from a grid. Eventually, the guaranteed margin
should be a function of the aspect ratio. Along sim-
ilar lines, we believe that it is possible to resolve
the question stated by [2] on the scenario where the
number of points played is not equal.

Probably the most tantalizing problems deal with
the multiple-round game. Given that finding an op-
timal set of points for a single player is NP-hard,
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Figure 1: Barney has gained more than a quarter (a) more than an eighth (b) of the playing surface.

it is natural to conjecture that the two-player, mul-
tiple round game is PSPACE-hard. Clearly, there
is some similarity to the game of Go on an n x n
board, which is known to be PSPACE-hard [9] and
even EXPTIME-complete [10] for certain rules.

However, some of this difficulty results from the
possibility of capturing stones. It is conceivable that
at least for relative simple (i.e., rectangular) boards,
there are less involved winning strategies. Our re-
sults from Section 4 show that for the cases where
Wilma has a winning strategy, Barney cannot pre-
vent this by any probabilistic or greedy approach:
Unless he blocks one of Wilma’s key points by plac-
ing a stone there himself (which has probability zero
for random strategies, and will not happen for sim-
ple greedy strategies), she can simply play those
points like in the one-round game and claim a win.
Thus, analyzing these key points may indeed be the
key to understanding the game.
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The Voronoi diagram for n disjoint spherical sites of O(1)
different radii has complexity O(n?)
(extended abstract)

Colm O Dinlaing*
Mathematics, Trinity College, Dublin 2, Ireland

Abstract

It is proved that if S is a set of n disjoint spherical sites in R®, of at most k different radii,
then the cell owned by a smallest site has fewer than 3*~'n different faces.

It follows that the Voronoi diagram of S has complexity O(n?), assuming a bound on the
number of different radii among the sites in S.

It is also shown that without the bound on the number of different radii, the cell owned
by a point site can have complexity Q(n?).

1 Voronoi diagrams

This paper considers the Voronoi diagrams of spherical sites in R?. For a general survey of Voronoi
diagrams see, e.g., [1]. The current state of knowledge about the complexity of Voronoi diagrams,
in 3 dimensions, is scanty. It is known to be O(n?) for n point sites, and this bound is tight.
When the sites are straight lines, the complexity is known to be o(n?*€) for all € > 0, granted that
either the distance function is polyhedral, based on a fixed convex polyhedron [2], or the distance
is Euclidean but the lines are in O(1) different directions [3].

The so-called sites will be a set S of n disjoint closed balls in R®. The Voronoi diagram of S
is the set of points in R® which have more than one site closest to them. The Voronoi diagram is
a 2-dimensional complex with faces, edges, and vertices. The faces are connected subsets of what
we call bisectors.

1.1 Definition. Let B and B’ be disjoint spherical sites (point sites are allowed), Then the
(B, B')-bisector is the Voronoi diagram of {B, B'}, that is, the set of points equidistant from B
and B'.

1.2 Lemma. If B and B’ are spherical sites with radii v,7' respectively, where v > 1’ > 0, then
the bisector of B and B' is a plane if r = r' and a (single sheet of a 2-sheeted) hyperboloid of
revolution, whose axis is the line joining their centres, if r > r'.

In either case, the bisector partitions R? into two regions, and that containing B' is convez.
See Figure 1. O

1.3 Corollary. Suppose that S is a set of disjoint spherical sites whose minimum radius is ry.
Let S’ be the set of spherical sites obtained by replacing every site B in s by a site with same
centre and radius v — ry, where r is the radius of B.

Then Vor(S) = Vor(S'), and the smallest sites in S’ are point sites. O

1.4 Definition. Let B be one of the sites in a set S of disjoint spherical sites. The Voronoi cell
of B consist of all points which are as close, or closer to, B than to any other site in S.

*e-mail: odunlain@maths.tcd.ie. Mathematics department website: http://www.maths.tcd.ie.
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Figure 1: The bisector is a hyperboloid of revolution.

Clearly, the Voronoi diagram is the union of boundaries of cells of all sites in S.
The complexity of the Voronoi diagram for point sites is known:

1.5 Proposition. If S is a set of n point sites, then Vor(S) has n cells and O(n?) faces, edges,
and vertices. This bound is tight. O

1.6 Lemma. Let C be a collection of sets S of disjoint spherical sites in R3. Let M(n) denote
the mazimum complezity of Vor(S) for all S € C such that |S| = n. Then M(n) is O(n?) if and
only if for every S € C, Vor(S) contains a cell of complezity O(|S|). O

2 Re-inflating deflated sites

It is our aim to show that when S is a set of disjoint spherical sites with at most k distinct radii,
and B is a site of minimum radius in S, then its cell in Vor(S) has at most 3% 1n faces. With k
fixed it can be regarded as having O(n) different faces, and hence its complexity is O(n). This is
enough (Lemma 1.6) to ensure that Vor(S) has complexity O(n?), when the number of different
radii occurring among the sites in S is bounded.

(2.1) Inflating sites. We imagine the sites being ‘inflated’ to their correct size: an increasing
parameter 7 is given, and S(r) is the set of sites with their radius bounded by r. As r increases,
the sites inflate until all have reached their correct radius. We study how the Voronoi diagram
evolves.

2.2 Definition. Let S be a set of n spherical sites with centres ¢; and radii ;. For any r > 0, the
r-bounded version S(r) of S is the set of n sites whose centres are ¢; but whose radii are min(r;, 7).

We can assume (Corollary 1.3) that S contains a point site. For the remainder of this section,
p will denote a point site in S.

2.3 Definition. Suppose that B is a site in S(r). If the corresponding site in S has radius > r
then we say B is expanding, otherwise it is stable.

A face, edge, or vertex of Vor(S(r)) is called stable, transient static, or moving according as
all sites closest to it are stable, all are expanding, or some but not all are expanding, respectively.

2.4 Definition. C(r) will denote the cell owned by p in Vor(S(r)).
2.5 Lemma. C(r) is convex. (Immediate from Lemma 1.2.) O

We consider the evolution of C(r) as 7 increases (up to the maximum radius occurring in S).
C(0) is a convex polyhedron with at most n — 1 faces. As r increases, some of these faces
become curved, and new faces appear and disappear.

2.6 Lemma. The only way a new face can be introduced to C(r) is when a bisector passes through
a stable or transient static vertez of C(r).
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Figure 2: Cell of p has Q(n?) incident edges.

Sketch proof. We must consider all possible ways in which the number of faces of C(r) can
change. We classify them as follows:

(A) Several cases which turn out to be impossible:

(Ai) A face gets separated when two opposite edges touch.
(Aii) A face gets introduced when two bisectors touch.

(Aiii) A face gets introduced when a bisector touches an edge, and the face begins to separate
the edge.

(B) A bisector passes through a moving vertex.
(C) A bisector passes through a transient static vertex.
(D) A bisector passes through a stable vertex.
In case (B) a face disappears, and cases (C) and (D) are as predicted. O
2.7 Corollary. C(r) has at most 3*~! faces.
Sketch proof. Let

O=ri<re<...<rg

be the different radii occurring among the sites in .S. Whenever C(r) acquires a new face, a vertex
was lost under case (C) or (D). Suppose rs < r < r441. If case (D) applied, then that vertex
existed in C(ry), and we can assume by induction that there are at most 2 * 3% vertices in C(r;).
If the vertex did not exist in C(rs), then the vertex must have been introduced at some time r’,
rs < r' < r,in an event of type (B). But then a face was lost from C(r'), which can be offset
against the gain of a new face by C(r) through a type (C) event. O

3 The bound on number of radii is essential

Let p be a point site located at (0,0,0). Let H be the unit sphere centred at (0,0,1). H touches
p. Place n balls B; centred on the z-axis at (1/27,0,0) and tangent to H: they are disjoint. Place
n point sites p; around the circle z = 0,y* + 22 = 4. The points p, p; and the balls B; form a set
S of 2n + 1 sites.

The circle E : x = 0,32 + 2?2 = 1 is a degenerate edge where the cell of p in Vor(S) meets
those of the p; and the Bj.

Slightly expand the sites B;, and displace the point sites p; slightly towards p. The effect is to
replace E by n — 1 circles close to E, and the point sites p; split these n — 1 circles into n edges
each. The cell of p has more than n(n — 1) incident edges. The idea is illustrated in Figure 2.
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The anchored Voronoi diagram: static and dynamic versions and
applications

J. A. Barcia* J. M. Diaz-Bdnez! F. Gémezt L. VenturdS

Abstract

Given a set S of n points in the plane and a fixed point o, we introduce the Voronoi diagram of S
anchored at o. It will be defined as an abstract Voronoi diagram that uses as bisectors the following
curves. For each pair of points p,q in S, the bisecting curve between p and g is the locus of points z in
the plane such that the line segment 07 is equidistant to both p and g. We show that those bisectors have
nice properties and, therefore, this new structure can be computed in O(nlogn) time and O(n) space.
Also, under a slightly different model of computation, we prove that the dynamic version of this diagram
can be built in O(n?Ags42(n)) time complexity, where s is a constant depending on the function that
describes the motion of the points. Both static and dynamic diagrams can be used for solving maximin
location problems, where the goal is the placement of a line segment connecting two fixed curves.

1 Introduction

Given a set of n sites in a continuous space, the subdivision of the space into regions, one per site, according
to some influence criterion is a central topic in Computational Geometry and it has been applied to many
fields of science. The standard name for this geometric structure is due to Voronoi, who proposed the
first formalization. Originally, this structure was used for characterizing regions of proximity for the sites.
Since then, mMany extensions and generalizations have been proposed (see the surveys [1, 5, 9]). Also,
other general approachs have been introduced [4, 8] where the concepts of site or distance functions are not
explicitly used. In this paper, we introduce an abstract Voronoi diagram in the sense of [8], the anchored
Voronoi diagram. In section 2, we formally define this structure, give some properties and show how to
compute it; we also give an application to a facility location problem. In section 3, we deal with the dynamic
version of the anchored diagram; in particular, we discuss the topological matters that lead to its construction
and, finally, we show how to apply this structure to solving some maximin problems. Those problems consist
of finding the bridge that connects to curves so that the minimum distance from the bridge to a given point
set is maximized. Concluding remarks of the paper are put forward in Section 4 .

2 The anchored Voronoi diagram

2.1 Definition and properties

Given a set S of n points in the plane, the Euclidean distance between two points p and ¢ will be denoted
by d(p,q). We define an anchored segment as a line segment when the initial point is fixed. Without loss
of generality, we will consider the anchor to be the origin. Finally, the distance between a point p and an
anchored segment connecting o with a point z € IR will be defined as d(p, o) := min{d(p,q) : ¢ € oz }.

*Departamento de Matemadtica Aplicada II , Universidad de Sevilla (jbarcia@us.es)
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For any two different points p, ¢ in S, a bisecting curve L(p, q) is defined as the locus of points z in the plane
such that the line segment o is equidistant to both p and g, that is, L(p, q) = {z € IR : d(p,o%) = d(q,0%)}.
An exhaustive study of the properties and the shape of L(p,q) have been carried out in [2]. L(p,q) is
homeomorphic to a line and dissects the plane into two open domains D(p, q) and D(q, p) having L(p,q) as
boundary. We define the Anchored Voronoi Region AV R(p, S) to be the intersection of the domains D(p, q),
where ¢ € S\ {p}. Then the Anchored Voronoi Diagram AV D(S) of the bisecting curves L(p, q) is defined as
the union of all boundaries of at least two Voronoi region have in common. In Figure 1, all types of bisecting
curves are shown. Note that in the case (a.3) L(p, q) includes a region. In order to simplify the discussion
and for this degenerate situation,we will take L(p,q) = {z € IR? |d(p,z) = d(q,z)} as the bisector of the
line segment pgq.

c
L ]
o’
0
L ]
o B
D
L ]
Figure 1: The locus L(p, q). Figure 2: AV D(S) for four points.

An edge can be composed into pieces which are either half-lines, or line segments, or arcs of a curve of degree
four or arcs of a circle (refer to Figure 2). A vertex of AV D(S) (defined by at most three points) can either
be a point or a half-line or an arc of circle. Note that vertices are defined as the intersections of the Voronoi
edges.

2.2 Computation

In order to compute the AV D(S), the divide & conquer approach given in [8] can be used. The system
L ={L(p,q) : p,q € S,p # q} is called admissible iff for each subset S’ of S of size at least 3 the following
conditions are fulfilled: (1) the Voronoi regions are path-connected; (2) each point of the plane lies in a
Voronoi region or on the Voronoi diagram; (3) the intersection of two bisecting curves only consists of
finitely many components. By using non-trivial geometrical properties, we have proved the following results.

Lemma 2.1 The set of locus L is an admissible system.

Theorem 2.1 The Anchored Voronoi Diagram of a set of point S in the plane can be constructed in
O(nlogn) time and O(n) space.

2.3 Application
We next show how to use the AV D(S) as a data structure for computing a solution for a location maximin
problem. The obnoxious anchored bridge problem is stated as follows:

OABP: Let S be a set of n points in IR*\{o} and let C be a curve (typically, in most applications, an
algebraic curve of constant degree). Compute a line segment connecting o with a point © on C for which
minye s d(p, 0T) is mazimized.

Typically, in most applications, curve C will be an algebraic curve of constant degree, a trigonometric function
or similar.The following results solve this problem.

24



Lemma 2.2 There ezists a point x* which is the intersection between the curve C and the structure AV D(S)
such that the segment ox* is a solution for the problem OABP.

Theorem 2.2 Once the AV D(S) is given, the problem OABP can be solved in linear time and space.

At this point, we should note that there are certain operations here that exceed the power of the usual real
RAM model. The model of computation should be augmented with the pertinent primitives as neccesary.

3 The dynamic anchored Voronoi diagram

We are given a finite set of n > 3 points S = {p1,...,pn} each moving along a polynomial trajectory of
maximum degree s, for some constant s. Let p;(t) denote the position of point p; at time ¢. We further
assume that the points move without collisions.

Definition 3.1 Given an anchored segment S of length | and € > 0, the locus of points that are at distance
€ from S is called an anchored hippodrome centered at S of radius €.

In our context, we consider the points in general position when no four points are co-hippodromal, in other
words, there not exists a hippodrome with four points on the boundary. We study how the structure
AV D(S(t)) changes with time. Similarly to the ordinary dynamic Voronoi diagram [6], AV D(S) changes
continuously but its combinatorial structure only changes at critical values of . We will call the dual graph
of AVD(S(t)) the anchored graph AG(S(t)).

3.1 Topological changes

In order to obtain a bound of the number of changes in AG(S(t)) we describe how an edge can be removed
or added to the graph as the points move. In the following, we characterize these elementary changes.

It follows from the definition of the anchored dual graph that there is an edge between two points if and only
if there exists an empty hippodrome that passes through those points (The converse is also true.) Let p;(t),
p;(t) be two points in S(t) and let be given a hippodrome that have them on its boundary. This hippodrome
determines a unique line segment, one of whose endpoints is the origin and the other is a point x;;(t). Of
course, x;;(t) lies on the Voronoi edge contained in the bisector curve L(p;(t),p;(t)). Let d;;(t) denote the
distance from point p;(t) to line segment ox;;(t). When a point py(t) enters into an empty hippodrome
given by points p;(t), p;(t), then a combinatorial change takes place. Such change will correspond to an
intersection between function d;;(t) and another function d; () or djx(t). What really matters here is when
the first point that enters into the empty hippodrome, which results in only considering the lower enveloppe
of the functions {d;;(t),i # j}. By examining those intersections, we can give an upper bound on the number
of topological changes.

We can see that any pair of functions {d;;(t),i # j} intersects at most 6s times. Hence, the number of
breakpoints of the lower envelope of the distance functions is O(Ags+2(n)). By repeating this argument for
all pair of points in S(¢), we obtain the desired upper bound. We thus conclude with the following theorem.

Theorem 3.1 The number of topological changes of the combinatorial structure of AV D(S(t)), when each
point in S moves along a trajectory defined by polynomial of mazimum degree s, is O(n*Xgs12(n)).

3.2 Computing the diagram

The topological structure of an anchored Voronoi diagram under continuous motions of the points in S can
be maintained dynamically. By using a similar approach to those in [3, 7], we are able to update the changes
in O(logn) time.
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Theorem 3.2 The dynamic AV D(S) can be constructed in O(n?*Xgs12(n)logn) time.

3.3 Application

With the dynamic anchored Voronoi diagram we can solve a general problem for locating an obnoxious
bridge. Consider the problem of Section 2.3 but we suppose the anchor point o can be moved through a
polynomial trajectory. The problem now is:

OBP: Let S be a set of n points in IR*, P be a polynomial curve and C a curve. Compute a line segment
connecting P with C for which minpeg d(p,l) is mazimized.

Observe that we can solve this problem by fixing an endpoint of the segment [ on a point of P and moving
the points in S along such a trajectory. Recall that the O ABP problem can be solved by finding the Voronoi
vertices for which the segment is the center of the largest empty hippodrome. Then, as ¢ varies, we maintain
for each Voronoi vertex the starting time to at which appears and also the time ¢; at which disappears.
Between tg and 1, we compute when the width of the corresponding hippodrome is maximized. Finally, by
keeping track of those maximum values, the general problem OBP can be solve within the time obtained
for the computation of the dynamic anchored Voronoi diagram.

4 Conclusion

We have introduced in this paper the anchored Voronoi diagram as an abstract Voronoi diagram. The
bisecting curves are induced by the distance to a line segment anchored at the origin. Also, for the dynamic
version we have found an upper bound based in a Davenport-Schinzel argument. We have finished by showing
an application, namely, solving a maxmin bridge problem.
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Approximating planar subdivisions and generalized
Voronoi diagrams from random sections

Narcis Coll * Ferran Hurtado J.Antoni Sellares

Abstract

We present an algorithm for constructing from a set of sampled sections a piecewise-linear
approximation of an unknown planar subdivision, including generalized Voronoi diagrams as
outstanding example. The input of the algorithm is a set of lines uniformly distributed over the
theoretical subdivision. For each input line, the ordered set of sections in which the line and
the planar subdivision intersect is given or computed. The algorithm outputs a triangulation
from which the approximation of the unknown subdivision, both in the topological and the
metrical sense, can easily be extracted. The correctness of the algorithm and the evaluation
of its time complexity follow from results of Integral Geometry and Geometric Probability.

1 Introduction

We present an algorithm that allows to construct a piecewise-linear approximation of an unknown
planar subdivision from a set of sampled line-sections. The input of our algorithm is a sufficiently
“dense” set of lines uniformly distributed over a bounding box together with the ordered set of
sections in which each line intersects the theoretical planar subdivision. We want to remark that,
in the context of integral geometry and geometric probability, uniformly distributed means that
the probability that a line intersects a piece of the boundary of and edge, independent of its
location and orientation, is proportional to its length [17]. The algorithm outputs a triangulation
from which a planar subdivision approximating the unknown planar subdivision can easily be
extracted. The input lines are sequentially processed and the method is progressive, in the sense
that for each line we obtain a new approximation from the previous one.

Some of the ideas used in our algorithm extend previous work on reconstructing planar shapes
from random sections as a problem related to curve reconstruction [6]. Different cases of the curve
reconstruction problem have been treated: uniformly or non-uniformly sampled points, closed or
open curves, smooth or non-smooth curves and many algorithms have been proposed for all these
cases [2, 3, 4, 7, 8,9, 10, 11, 13, 14, 15]. The main difference between these algorithms and
ours is that all them compute the reconstruction off-line, while our algorithm works on-line. As
mentioned above, the fact that the random lines are sequentially processed as they arrive allows
also progressive refinement that may be tuned by the user.

The method can be applied to the construction of planar subdivisions, and in particular to
generalized Voronoi diagrams, that correspond to two-dimensional scenarios for which the whole
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structure is difficult to obtain, but such that its intersection with any given line is easy to compute
or to obtain with some device.

Voronoi diagrams are a fundamental structure in computational geometry, both for the rich
theory they embody as for the impressive variety and number of applications they have. Many
variants have been considered: by taking shapes of different shape or nature, associating weights
to the sites, changing the underlying metrics, or using individualized distance functions for the
sites. Classic and generalized Voronoi diagrams are described in the surveys [1, 16].

The algorithms designed for computing exact generalized planar Voronoi diagrams often have
numerical robustness problems and are time-consuming due to the numerous high precision cal-
culations that are required. However in some applications (like motion planning or geographic
map simplification) the computation of an approximated Voronoi diagram within a predetermined
precision is sufficient, and several algorithms have been proposed for the approximation of Voronoi
diagrams [5, 12, 18, 19]. We present an algorithm for approximating generalized planar Voronoi
diagrams for different site shapes (points, line-segments, curve-arc segments, ...) and different
distance functions (Euclidean metrics, convex distance functions, ...). The algorithm is robust and
fast (in terms of running time). Moreover it is very general: not all the sites must be homogeneous
in shape or have associated the same distance function, and there are no restrictions on the con-
nectivity of the Voronoi regions —for a single site they may have several components—, the degree
of the Voronoi vertices, or the dimensionality of the bisectors.

2 Sketch of the method

We assume that the planar subdivision P to be approximated is contained in a tight axis-parallel
bounding-box K. The algorithm takes as input a set L of m lines uniformly distributed over K.
For each line I of L we have the ordered set S(I) of intersections between ! and the regions of
P. The algorithm outputs a triangulation T'(P) of K represented by a DCEL structure. Each
triangle of the T'(P) is assigned to one of the regions of P or to an auxiliary region that we call
background. From this triangulation it can easily be obtained, in cost linear with respect to the
number of triangles, the piecewise-linear approximation A(P) of P.

The main part of the algorithm processes the sections of the lines of L sequentially. When a new
section is considered, the triangles that contain the endpoints of the section are subdivided, and
a region determined by a subset of the triangles crossed by the section is retriangulated in order
to connect two vertices by an edge. The DCEL structure is actualized properly. To describe the
general idea followed to design the algorithm, we explain the particular case of the five sections of
Figure 1. First we introduce section a as an edge. Since section b intersects section a, a triangulated
quadrilateral that connects the endpoints of section b with the endpoints of section a is created.
As section ¢ do not intersect the quadrilateral, then it is inserted as an edge. Since section d
intersects section ¢, a second triangulated quadrilateral is also created. Section e intersects the
two quadrilaterals, then the endpoints of the section are connected with the quadrilaterals, and
the edges of the quadrilaterals crossed by the section are also connected. In order to guarantee the
desired cost of the algorithm, we maintain the length of the new edges produced by the subdivision
of the triangles inversely proportional to the number of processed lines.

We can prove, using results of Integral Geometry and Geometric Probability, that by taking
the number of lines m of L large enough the piecewise-linear subdivision A(P) obtained with our
algorithm tends to the planar subdivision P in both the topological and the metrical sense, and
we can show also that the mean computational cost of the algorithm is O(mlogm).
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Figure 1: Triangulation process

3 Voronoi diagram approximation

Our algorithm can be used in order to approximate generalized planar Voronoi diagrams for
different site shapes (points, line-segments, curve-arc segments, ...) and different distance functions
(Euclidean metrics, convex distance functions, ...). The resulting approximation algorithm is very
general: not all the sites must be homogeneous in shape or have associated the same distance
function, and there are no restrictions on the connectivity of the Voronoi regions, which for a
single site may have several components, the degree of the Voronoi vertices or the dimensionality
of the bisectors.

The total cost of approximating the generalized Voronoi diagram of n sites inside a bounding-
box K, using m lines uniformly distributed on K, is O(mnlogn) + O(mlogm).

We have implemented both the general algorithm and its particularization to Voronoi diagrams.
An example of the results is shown in the next set of figures which has been obtained using convex
distance functions. Figure 2.a shows the diagram of two sites with non connected Voronoi regions.
Figure 2.b shows the diagram of two sites with a two dimensional bisector. The darkest regions
that appear in the image represent the two dimensional parts of the bisector. Figure 2.c shows
the diagram obtained using different site shapes and different distances: a point and a segment
with the Euclidean metric, a point with a quadrilateral as associated convex shape, and a point
with a non-unit circle as associated convex shape.

) Non connected regions. ) Two dimensional bisector. (c) Different distances.

Figure 2: Conves distance
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Sweeping an Arrangement of Quadrics in 3D *

Bernard Mourrain Jean-Pierre Técourt Monique Teillaud

Abstract

1 Introduction

Arrangements are the underlying structure of many applications, especially in robot motion plan-
ning. They have been extensively studied in the literature (see [Hal97] for a survey).

The arrangement of a set of objects S in R? is the decomposition of R? into cells of dimensions
0,1,...,d induced by S. The topology of an arrangement is often quite complex, and the descrip-
tion of a given cell can be of non-constant size. Therefore, vertical decompositions are often used,
allowing to partition the space into simpler constant sized cells (for a complete bibliography, we
refer to [SHO02]). A sweep-based algorithm was followed in [dBGH96, SH02] to produce a vertical
decomposition of an arrangements of triangles in R3.

The manipulation of algebraic surfaces plays an important role in solid modeling. Geismann
et al. presented two methods to compute a given cell in an arrangement of quadrics [GHS01]. The
first method uses projection techniques based on resultants, while the second method uses solid
modeling techniques.

We propose here a sweeping algorithm to compute effectively the arrangement of a set of
quadrics in R3.

2 Overview

Let S = {Q;,i =1,...,n} be aset of n quadrics. We denote by (); both a quadric and its equation.
Let V@; be the gradient vector of ();. We assume that no quadric is a product of planes.

We choose a generic direction (say z) and we sweep S by a plane in this direction. Every
z-section of the arrangement is an arrangement of conics in the plane. We initialize the sweep at
some chosen value of z. Let us consider the different types of events where the topology of the
z-section is changing during the sweep.

a) Qi, =0,0,(Q4) =0,09,(Q,,) = 0: horizontal tangent plane.

More precisely, depending on the signature of @;,, three events can appear:

i (3,1), (1,3): . D)

*GALAAD, INRIA, BP 93, 06902 Sophia Antipolis cedex, FRANCE
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under Contract No IST-2000-26473 (ECG - Effective Computational Geometry for Curves and Surfaces)
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We do not consider degenerate cases such as intersections of more than three quadrics at the same
point.

3 From cells to “trapezoids”

The first idea consists in characterizing each 2-dimensional cell of the arrangement of conics in
a section by sign conditions. For one or two conics, the sign conditions are determined by the
equations of the quadrics and the equations of lines depending on the quadrics. See [MTT02] for
more details.

In the case when cells are defined by more than 3 quadrics, the following picture shows that
two different cells (the two gray cells) can be characterized by exactly the same sign conditions.

To solve this issue, we choose to compute a “trapezoidal” decomposition of the arrangement
in the z-section, as explained in the following paragraph.

Trapezoids. We draw segments parallel to the y-axis. This is done in a very similar way as done
usually for the trapezoidal map in the case of a planar arrangement of line segments. A vertical
segment will be drawn through:

e intersection points between two conics
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e points where the tangent to the conic is parallel to the y-axis.

We obtain “trapezoids” of constant size description: the boundary of each trapezoid consists into
two vertical walls, a ceiling and a floor. Both the ceiling and the floor are conic arcs.

Deciding whether a point lies in a trapezoid, reduces to compare the z-coordinates of the point
and the walls and then for a fixed z, to compute the sign of the conics defining the ceiling and the
floor or the sign of rational expressions formed on their coefficients.

The drawback is that maintaining the vertical decomposition introduces additional events that
have no meaning in the 3D arrangement, but the big advantage of this decomposition is that
all events described in Section 2, except events of type (a.i), can be easily detected during the
algorithm: each time a new trapezoid is created, we compute the z for which it disappears. All
the events of Section 2 are some of these events.

When a trapezoid disappears, the 2D arrangement needs to be updated: the trapezoid is
replaced by other trapezoids, and its neighbors are modified, too. Enumerating the different types
of trapezoids is quite easy, as well as the way they need to be updated, depending on the type of
event that cause them to disappear. Details are omitted in this abstract.

Ouly events of type (a.i) will be precomputed and sorted. When such an event is encountered,
a point location has to be performed. The decomposition into trapezoids allows to locate such a
point easily in practice, either in a naive way by testing all the trapezoids, or by walking along a
line.

3D decomposition. Another advantage of the trapezoidal decomposition is that it induces a
decomposition of the arrangement of quadrics in R® into simple regions, that are the regions
swept by the trapezoids. The decomposition we get with our method is not quite the same as the
so-called vertical decomposition [SA95].

We skip the discussion on the combinatorial complexity in this abstract. The data structures
used are roughly similar to the ones described in [SH02]. We chose to focus on algebraic aspects.

4 Algebraic aspects

The events of type (a.i) in Section 2 are precomputed by solving algebraic equations of degree 2,
and they are sorted.

Location in the trapezoidal map. As written above, deciding whether a point lies in a
trapezoid reduces to compute signs of rational expressions in the coefficients of the quadrics, and
to compare the z-coordinates of the point and the vertical walls. So, the point location for an
event of type (a.i) performs such evaluations of signs at points whose coordinates belong to an
algebraic extension of degree at most 2, and comparisons of degree 2 and 4 algebraic numbers.

Detecting and comparing new events. A trapezoid is defined by two vertical walls, a floor
and a ceiling. To predict how a trapezoid will disappear, we need to compute when its floor and
its ceiling collide, or when its vertical walls coincide.

The worst case, in terms of algebraic degree, is achieved by the events when the z-coordinate
of the intersection between two conics coincides with the z-coordinate of the intersection between
two other conics. This leads to the computation of points of intersection of 4 quadrics in a space of
dimension 4, whose coordinates lie in an algebraic extension of degree at most 16. The coordinates
of the intersection points are rational functions of these algebraic numbers.
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In order to sort the events according to the z-direction, we have to determine the sign of the
difference of two algebraic numbers. In the worst case, we are interested in algebraic numbers of
degree 16 belonging to independent algebraic extensions of the initial field. So, the difference is in
an algebraic extension of degree 256.

Preliminary experimental results. These computations can be done in practice with the
SYNAPS library!. Let us consider the arrangement of the following 3 quadrics:

27227 + 96y + 1922 + 32y> + 64ya2 + 6427 — 571.22 — 142.4y — 252.82 4 323.64 = 0
12827 + 1152y% — 1024y 2z + 2562° — 144z — 886.4y + 358.42 + 220.12 = 0
6422 + 25632 + 12822 — 642 — 288y — 160z + 143 =0

We have considered the events corresponding to a change in the topology of the cross section (See

Section 2). The events corresponding to changes in the trapezoidal map are not computed in these

preliminary tests. An approximation of the events (a), (b), (c) is computed with the following

running times on a PC workstation (1686, 2.2 GHz, 256 M):

(a) 3 x 2 real solutions (0.01s).

(b) 3 x 8 = 24 complex solutions and 6 are real (0.06s).

(c) 8 complex solutions and 2 real (0.02s).

Then, the events are sorted according to the z-coordinate as follows:
(a) [0.825000,0.700000,0.287500]
(a) [0.562500,0.544649,0.359835]
(a) [0.500000,0.562500,0.448223]
(b) [0.498552,0.561349,0.448234]
(b) [0.687835,0.570199,0.508852]
(b) [0.677133,0.617014,0.519616]
(c) [0.676862,0.612181,0.521687]
(c) [0.638126,0.657542,0.685372]
(b) [0.534420,0.666721,0.719519]
(b) [0.662072,0.686211,0.723158]
(b) [0.627783,0.558545,0.776837]
(a) [0.500000,0.562500,0.801777]
(a) [0.562500,0.780351,0.890165]
(a) [0.675000,0.300000,0.912500]
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1 Abstract

We discuss the extension of an experimental 3D voxel-automata system for generative (evolution-
ary developmental) design with means for parametric geometry control on the scale of single voxel
units. The objective of this extension is to allow the automata system to support the generation
of free form. Being the result of a longer-term interdisciplinary software development project,
the voxel automata system allows simulations of three-dimensional, computation-universal cellu-
lar structures and behaviours based on decentralised, massively parallel, programmable units. It
represents a kit of parts in which virtual form, programme and data structure are fused. From
this top-down perspective we demonstrate a number of geometric operations we have identified
and show some early results. We also give an outlook into more challenging future developments.

2 Zellkalkul

The software is named Zellkalkil in reference to Konrad Zuse’s Plankalkil and his early reflec-
tions on spatial calculation. It is designed to facilitate explorations of tempo-spatial mechanisms
of morphogenesis in cellular (voxel-based) architectural and design contexts such as theoretical
architectural design research [3] as well as in generative design teaching [2]. Zellkalkil differs from
classic cellular automata systems in terms of its programming logic as well as geometrically. Its
programming logic supports non-uniform high level coding. That is, different cells can be equipped
with individual code scripts. The scripting language used is an extended version of ECMAScript.
Besides its general control structures and data types, which are commonly known from other EC-
MAScript dialects such as JavaScript, our system also provides purpose-centered functions and
objects to support intercellular communication and developmental actions. These are partially
inspired by biological epigenetic processes (splitting, differentiating, moving, dying) and partially
intended to support generic actions (evaluating fixed identities, exchanging and modifying code
scripts etc.). The cellular voxel units are based on rhombo-dodecahedral geometry in close-packing
arrangement.

We prefer this topology, derived from face-centered cubic close-packing of spheres, over the
square or cubic arrangement of common 2D or 3D cellular automata systems since it allows equal
distances and relationships between all neighbouring cells (as discussed and exemplified in [4]).
Moreover, it bears a close resemblance to many natural cell tissues as identified and illustrated
early by [6] (see left of figure 1). The arrangement is equivalent to the isotropic vector matriz,
which, used for example to form so-called octet trusses, is of special relevance to architecture
and structural engineering (see [5], p.138 ff.). At the time of this writing, Zellkalkil supports 3D
rendering of this data structure in form of “solid” spheres and as rhombic dodecahedra. Vector
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Figure 1: Rhombo-dodecahedral cell geometry by [6] (left) and octet truss by [5] (right)

representation similar to the illustration on the right of figure 1 is planned.

3 Towards Supporting Free Form

We believe that Zellkalkil's geometry is more flexible than traditional square or cubic cellular
automata systems. However, from an architectural design viewpoint, this current spatial/cellular
automata structure still shows a particular shortcoming with respect to its formal expressive
capabilities. Geometrically, generated tissues are largely restrained to the system’s homogeneously
close-packed lattice structure and generate “jagged” forms only. Support of forms with smooth
surfaces, straight edges and so forth (or architecturally speaking: free form) is being developed at
this point and it is the purpose of this paper to explore possible solution strategies. Our interest is
to complement customary surface and solid modelling techniques with a different operational mode
that embraces developmental morphogenesis in form finding. Approaches that could in principle
qualify to allow the generation of free forms in such a way include:

1. Using large numbers of automata at a high resolution to approximate smooth 3D shapes. One
disadvantage of this approach is that smooth surfaces are not achieved, only approximated at
the cost of exponentially increasing memory consumption during shape generation. Formal
expression is moreover achieved primarily by means of additive composition and not by
parametric control of geometric relations. The usefulness of both parametric design principles
in combination has been discussed by [7].

2. “Skinning” of cell assemblies using curve fitting algorithms.

3. “Skinning” using cell centre points or cell attributes to control skin geometry, e.g. mapping
cell location or other cell-related data onto free curve control-points.

4. Mapping of data generated in Zellkalkil's automata structure onto secondary output ge-
ometries. This and the above two strategies however contradict the software’s intention to
provide a single unified geometric and data structure.

5. Parametric position control of cell polygon vertices. We will discuss this approach in most
of the remaining part of this paper.

6. Parametric cell sizes control. This appears to a highly interesting future extension. We have
however not yet been able to identify suitable operations and constraints for this approach
(see section 5.2).
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7. Changing the distances between cell centres, i.e substituting the isotropic vector matrix by
an “anisotropic vector matrix”. This approach is a combination of the above two approaches
in which tissues are represented in form of vector trusses instead of as “solid” cells.

Our first approach towards parametric manipulation of the fourteen cell vertices involves the
following initial steps. First of all, the rhombic cell faces are triangulated in order to allow vertices
to move individually without affecting other vertex positions of the same cell while continuing to
allow tissues to remain close-packed without void or overlapping spaces. This triangulation is also
useful in facilitating the creation of triangle-based output file formats such as STL, which is useful
in producing stereo-lithographic rapid prototype models of generated form. For this purpose,
rhombic faces are simply split into two isosceles triangles. As a next step it is necessary to identify
the movement ranges of all vertices — the spaces or domains within which each vertex is allowed
to move while avoiding vertex eversions (which would describe unwanted inverse spaces). This
eversion problem would for instance occur if vertices {1} and {9} on the right of figure 4 were to
change their positions in such a way that {9} will be located above {1}; the cellular space between
both vertices would evert and result in an undefined space. A last step in this preliminary study
requires a suitable control mechanism, which will allow users to move vertices in intuitive ways
using scripting functions. Before discussing these control mechanisms, we will first proceed to
describe the identified vertex ranges.

To allow vertices to move freely without mutual eversion, the ranges must occupy the entire
tissue space while not overlapping and hence themselves allow close packing. The left of figure
4 shows a rhombic dodecahedron with faces numbered using Miller indices (a face identification
system adopted from the field of mineralogy), vertex numbers as used in Zellkalkul and two different
vertex types labeled ’a’ and ’'b’. Vertices between six adjacent cells (labeled ’a’) have octahedral
ranges while vertices between four adjacent cells (labeled ’'b’) have tetrahedral ranges. The side
length (or in Fuller’s terminology: the geodesic vector length) of both geometries is 1 (identical
to cell diameter). Figure 2 shows both types of these platonic shapes (left, octahedra are only
shown half) and (right) their ability to close-pack into cuboctahedral assemblies. The twelve cells
neighbouring the central cell are shown as wire frames in both images. By constraining vertices to
remain within their ranges, this topology guarantees that self-intersecting cell surfaces are avoided.

Figure 2: Cuboctahedral vertex range clusters defined by tetrahedral and octahedral (half shown)
vector matrices

Though the coboctahedral geometry shown in light grey on the right of figure 2 as such does
not allow space-filling close packing, this arrangement still occupies complete tissue spaces due to
partial overlapping. The reason for this overlapping is that ranges are associated with multiple
cells that have vertices in common.
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4 User Interface

The user interface for vertex position control should be as simple, intuitive and yet as flexible
as possible. For this reason, from the user’s perspective, it does not distinguish between the
two different vertex types ’a’ and 'b’ even though they are internally processed in different ways.
We have decided to use a pressure model that allows users to control the pressure cells bear in
the direction of a given vertex. Figure 3 shows the force vectors with which adjacent cells can
manipulate both types of vertices. An advantage of using a pressure model for vertex position
control is that positions, as in Nature, result relatively from intercellular “negotiation” rather
than by unilaterally controlled, absolute positioning. A problem emerges when trying to move
a vertex between four cells (shown on the left of figure 3) by means of four pressure vectors in
caltrop arrangement (see inside tetrahedral range) since this does not allow the vertex to reach
any point within this range. We have solved this problem by modelling forces as negative pressure
(or: “tension”) rather than as “pressure”.

Figure 3: Force vectors within vertex ranges

The user interface is represented by the script interpreter associated with every cell. For
this purpose we have extended the scripting language specification with functions that allow the
identification of a vertex and a (negatively interpreted) pressure in the format setTension(v, p)
to set a pressure and in the format getTension(v) to acquire a pressure. The pressure parameter
is expressed as a byte value which allows relative pressure control at a resolution of 255 steps per
cell involved in a vertex positioning operation. The neutral default pressure of each vertex, as well
as the “atmospheric” pressure (relevant at tissue edges where vertices have no neighbours), is 127.
With this default value assigned to all vertices internally and to vertices of adjacent cells, a cell
assumes a normal rhombic dodecahedral shape. Other values result in “morphed” variations as
shown in image 5.

5 Outlook

This section discusses further system extensions that, within this ongoing project, are of interest
to us but for which we have not yet been able to identify appropriate algorithms and constraints.
Firstly, the fixed ranges described in the above section appear to be rather limiting compared to
the possibility of dynamic ranges. Secondly, flexible cell sizes would be of great value for generating
geometrically non-uniform tissues and structures.
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Figure 4: Miller face indices, vertex numbers and vertex layers (left), vertex ranges 1 and 9 in
front view (right)

5.1 Dynamic Vertex Ranges

The ranges (vertex domains) discussed above are rigidly defined as platonic tetrahedra and octa-
hedra. With these two types of ranges, vertices are not yet given the maximum possible ranges of
movement as shown in the illustration on the right of figure 4. Given that vertex {9} was to remain
its shown default position, the tetrahedral range of vertex {1} (double hatched) could potentially
be extended by as much as half of the range of vertex {9} (single hatched). The three-dimensional
interrelatedness of all vertices of a cell and its neighbours suggests a solution strategy that is based
on a process of recursive approximation. This approximation should make highly economic use of
physical machine resources. In tissues with large numbers of cells (tissues with up to 20,000 cells
have been generated and larger ones are likely to be generated in the future) such operations are
likely to jeopardize the system’s present interactive responsiveness. It was noted by [1] that in
the translation from idea to a product, it is in this responsiveness, where one of the key values of
parametric design lies.

5.2 Flexible Cell Sizes

Especially from a structural design point of view, a function to generate geometrically non-uniform
structures (cell tissues, octet trusses etc.) is enticing. This will require (again virtual pressure-
based) geometric control algorithms for variable automata diameters and consequently for variable
centre point locations. For such a function, however, a non-uniform 3D close packing system
will not be sufficient (an early investigation into this possibility was presented by [8]). In order
to maintain Zellkalkil's intercellular communication infrastructure, such a system needs to be
constrained in a way that always preserves the number of twelve cell neighbours. An alternative
solution could be based on intercellular communication facilities that are designed for variable
numbers of neighbours. Since this would however result not only in structurally chaotic forms but
also in a highly untidy organisation of the user scripting interface, a solution based on geometric
constraints would be preferable.
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Abstract

Given a collection C of circles in the plane, we wish
to construct the arrangement A4(C) (namely the
subdivision of the plane into vertices, edges and
faces induced by C) using floating point arithmetic.
We present an efficient scheme, controlled perturba-
tion, that perturbs the circles in C slightly to form a
collection C’, so that all the predicates that arise in
the construction of A(C") are computed accurately
and A(C') is degeneracy free.

We introduced controlled perturbation several
years ago, and already applied it to certain types of
arrangements. The major contribution of the cur-
rent work is the derivation of a good (small) res-
olution bound, that is, a bound on the minimum
separation of features of the arrangement that is
required to guarantee that the predicates involved
in the construction can be safely computed with
the given (limited) precision arithmetic. A smaller
resolution bound leads to smaller perturbation of
the original input.

We implemented the perturbation scheme and
the construction of the arrangement and we report
on experimental results.

Figure 1: Arrangement of circles with several de-
generacies.

*Work reported in this paper has been supported in part
by the IST Programme of the EU as a Shared-cost RTD
(FET Open) Project under Contract No IST-2000-26473
(ECG - Effective Computational Geometry for Curves and
Surfaces), by The Israel Science Foundation founded by the
Israel Academy of Sciences and Humanities (Center for Ge-
ometric Computing and its Applications), and by the Her-
mann Minkowski — Minerva Center for Geometry at Tel Aviv
University.
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1 Introduction

Computational geometry algorithms often assume
general position of the input and the “real RAM”
computation model. In the case of an arrangement
of circles, general position of the input means that
there is no outer or inner tangency between two cir-
cles, and that no three circles intersect at a common
point (see Figure 1 for a degenerate arrangement).
If one wishes to use floating-point arithmetic (to
achieve fast running time), then even if the input is
in general position, round-off errors may cause the
algorithm to fail.

Thus, while building the arrangement in an in-
cremental fashion (that is, adding one circle at a
time), we will check if there is a potential degen-
eracy induced by the newly added circle, and if so,
we will move that circle, so no degeneracies will
occur. The main idea is to carefully relocate the
circle — move the circle enough to avoid the de-
generacies, but not too much. Depending on the
precision of the machine floating-point representa-
tion, and some properties of the arrangement to be
handled, we determine a bound § on the magnitude
of the perturbation, namely, we guarantee that any
input circle will not be moved by a distance greater
than J.

Such a perturbation scheme, as was described
above, could be useful for the following reasons:
(i) floating-point arithmetic is usually supported
by hardware, making computations very fast, (ii)
degeneracies are eliminated, thus an algorithm is
made easier to analyze and implement, (iii) im-
plementations using exact arithmetic with floating-
point filtering, can be sped up, since the perturba-
tion will cause the predicates to be evaluated using
the floating-point filters, thus avoiding the use of
exact computation.

In many situations, the original input data is
inaccurate to begin with (due to, for example,
measuring errors or approximate modeling), so the
damage incurred by perturbing slightly is negligi-
ble.

The predicates that arise in the construction of
arrangements of circles include expressions that



contain division and square-root operations. Those
operation are usually more difficult to handle ro-
bustly than addition, subtraction and multiplica-
tion.

The perturbation scheme that we follow, con-
trolled perturbation, was first presented in [6] as
a method to speed up molecular surface computa-
tion. The use of exact computation turned out to
be too slow for real time manipulation, so a finite
precision method was needed. Controlled pertur-
bation was devised to handle the robustness issues
caused by the use of finite precision arithmetic, and
to remove all the degeneracies. It was extended in
[9], where it was applied to arrangements of polyhe-
dral surfaces. Those arrangements require complex
calculations in order to achieve a good perturbation
bound.

In [9] (as in [6]), the resolution bound (defined
in the next section) is assumed to be given. The
resolution bound is a key element in the scheme.
In this work we describe a method for obtaining
good resolution bounds, which we anticipate will
lead to a better understanding of the method and
will open the way to applying the method in other
settings.

Related work

Robustness and precision issues have been inten-
sively studied in Computational Geometry in recent
years [10].

A prevailing approach to overcoming robustness
issues in computational geometry is to use exact
computation [7, 13]. Such a strategy gives accurate
results, and sometimes even allows the input to be
degenerate. When applied naively, exact computa-
tion can considerably slow down the performance of
a program. One of the possible solutions is to use
filtering [2, 4, 11]. Typically, the filtering is done
at the level of the number type. That is, a pred-
icate is evaluated using exact computation only if
it cannot be correctly evaluated using finite preci-
sion arithmetic. In [12], high-level filtering is done
on arrangements of conic arcs; a different approach
for computing arrangements of conic arcs is given
in [1].

An alternative approach aims to compute ro-
bustly with limited precision arithmetic, often by
approximating or perturbing the geometric objects
[3, 5, 8]. A variety of methods for handling impre-
cise geometric computations are surveyed in [10].
Controlled perturbation is a method of this type.

2 Overview of the Perturba-
tion Scheme
For an input circle C;, our algorithm will output a

copy C} with the same radius but with its center
possibly perturbed. We denote by C; the collection
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of circles {C1,...,Cj}, and by C; the collection of
circles {C1, .. .,CJ’-}.

The input to our algorithm is the collection C =
C,, of n circles. Each circle C} is given by the coor-
dinates of its center X;,Y; and its radius R; (we
assume that all the input parameters are repre-
sentable as floating-point numbers with the given
precision). The input consists of two additional pa-
rameters: (i) the machine precision p, namely the
length of the mantissa in the floating-point repre-
sentation, and (ii) an upper bound on the absolute
value of each input number X;,Y; and R;. The per-
turbation scheme transforms the set C into the set
c'=¢Cl.

We will build the arrangement in an incremen-
tal fashion (that is, adding one circle at a time),
and if there is a potential degeneracy while adding
the current circle, we will perturb it, so no degen-
eracies will occur. We next describe the two key
parameters that govern the perturbation scheme,
the resolution bound and the perturbation bound.

Resolution bound

A degeneracy occurs when a predicate evaluates to
zero. The goal of the perturbation is to cause all the
values of all the predicate expressions (that arise
during the construction of the arrangement of the
circles) to become significantly non-zero, namely to
be sufficiently far away from zero so that our lim-
ited precision arithmetic could enable us to safely
determine whether they are positive or negative.

The degeneracies that arise in arrangement of cir-
cles have a natural geometric characterization as
incidences. For example, in outer tangency, two
circles intersect in a single point. In our scheme we
transform the requirement that the predicates will
evaluate to sufficiently-far-from-zero values into a
geometric distance requirement.

This is a crucial aspect of the scheme: the trans-
formation of the non-degeneracy requirement into a
separation distance. We will call the bound on the
minimum required separation distance, the resolu-
tion bound and denote it by €. Deriving a good res-
olution bound is a central innovation in this work.
Previously (e.g., [6]) we assumed that these bounds
were given, and in our experiments we used crude
(high) bounds. The bound on e depends on the size
of the input numbers (center coordinates and radii)
and the machine precision. It is independent of the
number n of input circles.

Perturbation bound

Suppose indeed that ¢ is the resolution bound for
all the possible degeneracies in the case of an ar-
rangement of circles for a given machine precision.
When we consider the current circle C; to be added,
it could induce many degeneracies with the circles



in C_,. Just moving it by ¢ away from one de-
generacy may cause it to come closer to other de-
generacies. This is why we use a second bound 4,
the perturbation bound. The bound § depends on
g, on the maximum radius of a circle in C, and on a
density parameter k of the input which bounds the
number of circles that are in the neighborhood of
any given circle and may effect it during the pro-
cess, k < n (a formal definition of & is given in the
full version of the paper; in the worst case k = n).

We say that a point ¢ is a valid placement for the
center of the currently handled circle C;, if when
moved to ¢ this circle will not induce any degen-
eracy with any of the circles in C;_,. The bound
0 is computed such that inside the disc D of ra-
dius § centered at the original center of C;, at least
half the points (constituting half of the area of the
disc) will be valid placements for the circle. This
means that if we choose a point uniformly at ran-
dom inside D to relocate the center of the current
circle, it will be a valid placement with probability
at least %

After the perturbation, the arrangement A(C') is
degeneracy free. Moreover, A(C') can be robustly
constructed with the given machine precision.!

An alternative view of our perturbation scheme
is as follows. We look to move the centers of the
input circles slightly from their original placement
such that when constructing the arrangement A(C')
while using a fixed precision (floating-point) filter,
the filter will always succeed and we will never need
to resort to higher precision or exact computation.

The details of how to compute the resolution
bound and the perturbation bound are given in the
full version of this paper.

We quote the result summarizing the resources
required by the algorithm.

Theorem 1 Given a collection C of n circles, the
perturbation algorithm which allows the construc-
tion of the arrangement A(C") runs in total expected
O(n?logn) time.

3 Defining the Predicates and
Determining a Worst Case ¢

As was already stated, the main contribution of this
work is in computing the resolution bound. To do
so, we examine the possible degeneracies, and find
the € required to remove them once we are given
the precision of the underlying arithmetic. In other
words, we determine for each degeneracy a distance
€ such that if a pair of features related to this de-
generacy are at least € apart, then we can safely

IThe perturbation algorithm should not be confused with
the actual construction of the arrangement. It is only a
preprocessing stage. However, it is convenient to combine
the perturbation with an incremental construction of the
arrangement.

evaluate the corresponding predicate with the given
precision. For each degeneracy we present the ap-
propriate predicate and also compute the worst case
€. Using this € we then compute the value of §, the
maximum distance of a perturbed circle C; from
its original position, as described in the previous
section.

Denote a predicate which takes m arguments and
determines the sign of an expression by Pry =
sign(E(z1,...,%y)). Denote by Pr, the predi-
cate which takes m arguments and returns true iff
E(zy,...,z,) > 0. We define a degeneracy when
E=0.

Since we are using floating-point arithmetic, we
cannot compute E exactly. Instead, we are only
computing an approximation E of E. We also com-
pute a bound B > 0 on the maximum difference be-
tween E and the exact value E, namely, |E—E| < B
or E-B < E < E+B. Thus, if E > B then E > 0,
and if £ < —B then E < 0. The bound B is com-
puted according to the method given in [2].

When we add C; to the collection C!_,, if for all
the predicates involving C; (regarding all the cir-
cles that were already inserted), |E| > B, then C;
is in a valid place, and there is no need to perturb
it. If there exists a predicate P, for which |E| < B,
we define such a configuration as a potential degen-
eracy, and we need to perturb C;. For each predi-
cate, we need to understand the geometric meaning,
of |E| > B, so it will be reflected in & and then in
0. The details are given in the full version of the

paper.

4 Experimental Results

In this section we report on experimental re-
sults with our implementation of the perturba-
tion scheme that was described above. We imple-
mented the perturbation scheme as a set of C++
classes. We also implemented the DCEL (Doubly
Connected Edge List) construction with a simple
point-location mechanism.

We have tested our program on four input sets
(see Figure 2): grid, flower, rand_sparse, and
rand_dense. For rand_sparse and rand_dense,
all the input parameters are given as integers (to
“promote” degeneracies). The properties of each
input set are given in Table 1. The results of the
perturbation and running times for those inputs
are give in Table 2 (with the IEEE double num-
ber type). The tests have been performed on an
Intel Pentium III 1 GHz machine with 2 GB RAM,
operating on a Redhat 7.1 using gcc 3.03.
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Name n R M
grid 320 | 10 | 140
flower 40 | 100 | 100
rand_sparse | 40 | 20 | 100
rand_dense | 100 | 49 | 100

Table 1: n denotes the number of circles, R denotes
the maximum radius and M is the maximum input
size (center coordinates).

name avg. max. | p_time | t_time
grid 0.1319 | 0.7275 0.386 0.404
flower 0.9783 | 3.5470 0.274 0.28
rand_sparse | 0.0158 | 0.0172 0.004 0.006
rand_dense | 0.0382 | 0.3860 0.22 0.23

Table 2: Avg. denotes the average perturbation
size, max. denotes the maximum perturbation size,
p_time denotes the time of the perturbation (in
seconds) and t_time denotes the total (perturba-
tion and DCEL construction) time (in seconds).
The given results are from averaging the results of
5 tests for each input.
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Figure 2: (a) A grid of 320 circles, which involves
many inner and outer tangencies. (b) A “flower”
composed of 40 circles, all intersecting in a common
point. (c) A collection of 40 random circles. (d) A
collection of 100 random circles.
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Vertex Cover and Connected Guard Set

PAWEL ZYLINSKI

Institute of Mathematics
University of Gdarisk
80-392 Gdarisk, Poland

e-mail: pz@math.univ.gda.pl

The art gallery problem asks how many guards are sufficient to see every point of the interior of
an n-vertex simple polygon. The guard is a stationary point who can see any point that can be
connected to it with a line segment within the polygon. A collection of guards S = {g1,...,gx } is
said to cover the polygon P if every point « € P can be seen by some guard g € S.

For a guard set S we define the visibility graph VG(S) as follows: the vertex set is S and two
vertices vy, v9 are incident if the line segment with endpoints v; and v, is a subset of P: 7703 C P.
Next, the guard set S is said to be cooperative (connected) if the graph VG(S) is connected.

The concept of cooperative guards that was proposed by Liaw, Huang and Lee [5]. They
established that The Minimum Cooperative Guards Problem for simple polygons is NP-hard, but
for spiral and 2-spiral polygons this problem can be solved in linear time [5]. For k-spiral polygons
the minimum number of cooperative guards is at most Ny, the total number of reflex vertices in
the k-spiral polygon [3]. The cooperative guards problem for general simple polygons has been
completely settled by Herndndez-Pefialver, proving that || — 1 cooperative guards are always
sufficient and occasionally necessary to guard a polygon of n vertices [4].

The diagonal graph Gp of any triangulation of an n-vertex polygon P is a graph obtained
only from n — 3 internal diagonals of the triangulation: the edges correspond to the diagonals and
the vertices correspond to all endpoints of the diagonals. Herein we discuss the relation between
a vertex cover of a diagonal graph and a connected vertex guard set in a polygon (guards are
restricted to be located only at the vertices of the polygon): we show that any set S is a vertex
cover of Gp iff S forms a connected vertex guard set in P.

1 Diagonal graphs

LEMMA 1.1 Let P, T and Gp be a simple n-vertex polygon (n > 4), its arbitrary triangulation,
and the diagonal graph of triangulation T, respectively. Then Gp is connected. ]

Let us recall that a graph is said to be outerplanar if it can be embedded in the plane so that
all of its vertices lie on the exterior face.

LEMMA 1.2 Let m be the number of edges of a connected outerplanar graph G. Then there exists
a vertex cover of cardinality at most | "L |, [ |

Let P be a polygon of n vertices. Any its diagonal graph has n — 3 edges, and, of course, is
outerplanar. By Lemma 1.1 and Lemma 1.2 we get the following:

COROLLARY 1.3 Let Gp be the diagonal graph of a triangulation of an n-vertex polygon. Then
there exists a vertex cover of cardinality at most L”T_QJ |
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2 Vertex cover vs. connected guard set

A triangulation graph G of an n-vertex simple polygon P is a graph obtained by triangulation P
with internal diagonals between vertices: the vertices of G correspond to the n vertices of P, and
the edges correspond to the n edges of P and n — 3 diagonals.

A wvertex guard in Gr is a single vertex of Gr. A set of guards S = {g1,...,9x} is said to
dominate G if every triangular face of Gr has at least one of its vertices assigned as a guard
(€ S). Finally, the collection of guards S = {g1,...,9xr} is said to be connected if for any two
guards g;,g; € S there exists a path p = (gs,p1,...,m,9;) in triangulation graph G that all
pt € S, fort =1,...,1. Guards in graph Gt are called combinatorial connected guards to distin-
guish them from the geometric connected guards introduced earlier. The reason for introducing
triangulation graphs is that a proof of sufficiency of a certain number of combinatorial connected
guards establishes the sufficiency of the same number of geometric connected guards in a polygon.

LEMMA 2.1 [4] Let P be a simple polygon, and G be one of its triangulation graphs. If Gy can
be dominated by k combinatorial connected guards, then P can be covered by k geometric connected
vertex guards. |

The main use of diagonal graphs is the following result.

THEOREM 2.2 Let T, Gy, Gp be any triangulation of a simple polygon, a triangulation graph
of T and the diagonal graph of T, respectively. If C = {g1,...,gr} is a vertex cover of graph Gp,
then C is a connected guard set in G. [ ]

We note in passing that Theorem 2.2 holds also for iff:

THEOREM 2.3 Let T, G, Gp be any triangulation of a simple polygon, a triangulation graph
of T and the diagonal graph of T, respectively. A connected guard set S in G is a vertex cover
of diagonal graph Gp. |

Corollary 1.3 and Theorem 2.2 lead straightforward to the following:

COROLLARY 2.4 L”T’ZJ connected guards are sometimes necessary and always sufficient to cover

any polygon of n vertices. |

3 Final remarks

The idea of the proof of the sufficiency of L”T’Zj—bound leads immediately to a linear approximation
algorithm AD for finding any connected guard set for a polygon P (guards will be located at
vertices):

(1) triangulate P; (O(n) [2])
(2) find any minimum vertex cover of the diagonal graph Gp. (O(n) [8])

Nevertheless, this algorithm can be arbitrarily bad.

Let Sap(P) and Sopr(P) denote the number of connected guards obtained with algorithm
AD, and the minimal number of connected guards that cover P, respectively. It is natural to ask
about:

lim max M
n—oo g, Sopr(P)’

that is how the obtained result can differ from the optimal solution.
Consider a polygon P of 4k + 2 vertices, its triangulation 7', and its corresponding diagonal
graph Gp shown in Fig. 1. It is clear, that any minimal vertex cover of Gp is of cardinality k£ + 1,
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Figure 1: A star polygon of 4k + 2 vertices that requires only 2 connected vertex guards, (a) its
triangulation 7', (b) the minimum vertex cover of Gp is of cardinality k + 1.

and as P is a star polygon with one of its vertices in the kernel, it can be guarded only by two
connected vertex guards. Thus:

lim max M:oo
n—oo g, Sopr(P)

We recall The Minimum Connected Guard Problem for simple polygons was shown to be
NP-hard [5].
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ABSTRACT

We define and study an on-line version of the shooter prob-
lem O-LSP. In the standard off-line version the problem is:
given a finite set S of line segments in R? and a point p find
the smallest number of half-lines that start at p and inter-
sect all the segments in S. In our O-LSP on-line version
the segments S = {p1,...,pn} are given one by one and the
selection of the suitable intersecting half-line for p; must be
done, and cannot be changed, immediately after seeing p;.
In this process we can use a half-line that already intersects
some of the segments So in {p1,...,pi—1} by possibly rotat-
ing this half-line in such a way that it keeps intersecting
So. Via the well-know relation between the shooter problem
and circular-arc graphs we reduce it to the on-line Minimal
Clique Cover problem (MCC) for the classes of interval and
circular-arc graphs. Specifically, we are interested in the
competitiveness of on-line algorithms for MCC. An on-line
algorithm A is cp-competitive for the family F' of graphs if
for all G € F, A(G) < ¢rOPT(G) + br, cr and br con-
stants, where A(G) is the solution found by algorithm A for
graph G and OPT(Q) is the optimal (off-line) solution. We
analyze on-line algorithms and two simple (and seemingly
similar) greedy strategies (called LGR and EGR) for MCC
(and O-LSP) and show both upper and lower bounds on
their competitiveness ratio cr. We demonstrate that:

e cr > 2, for any on-line algorithm;

e cr is unbounded for LGR; hence LG R is not compet-
itive.

o cr =2 for EGR; hence EGR is optimal.
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1. DEFINITIONS AND BACKGROUND

An interval graph G is the intersection graph of a family
of closed intervals in the real line. Similarly, a circular-arc
graph is the intersection graph of a family of closed arcs
in a circle. Each vertex v of G corresponds to an interval
(an arc, respectively) and the collection of intervals (arcs,
respectively) is the representation of G. Interval graphs are
often defined in terms of posets as each of them is the co-
comparability graph of a set of closed intervals; see [F85].
Note that interval graphs form a proper subclass of circular-
arc graphs. The class of interval and circular-arc graphs
have been intensively studied, in particular because of their
practical applications (e.g., in memory allocation and in or-
ganizing records in databases [BL76]).

The clique cover for graph G is defined as the family of
subgraphs of G such that each subgraph is a clique and
their union is G. Note that subgraphs in the clique cover
do not need to be vertex-disjoint. The clique cover of the
smallest cardinality #(G) is called a minimal clique cover
and the algorithmic problem of finding it will be denoted in
this paper by MCC.

Specifically, we study on-line algorithms for MCC and our
motivations stem from the shooting problem studied in com-
putational geometry; see [ChN99,JK02]. The problem can
be stated as follows: given a finite set S of line segments in
R? and a point p find the smallest cardinality set of half-
lines that start at p and intersect (stab) all the segments
in S. After projecting the segments onto a disc centered at
p, the problem corresponds to stabbing arcs; see Figure 1.
The on-line version of MCC means that the segments are
given one-by-one is some order and the shooter must decide
immediately after seeing this segment which of the current
shooting directions or a new one will be used; after the deci-
sion has been made the shots cannot be reassigned. Clearly,
segments intersected by the same shot form a clique in the
corresponding circular-arc graph and the smallest number
of such cliques determines the smallest number of shots. An
important theorem, due to Hsu (Theorem 3.2, [HT91]), re-
lates the size of the MCC in circular-arc graphs G with the
maximal independent set size a(G).

THEOREM 1.1. [HT91] If G is not a clique then 8(G) =
a(Q) or (G) = a(G) + 1.



Figure 1: An instance of the shooting problem.

MCC problem for graphs G is clearly related to the graph-
coloring problem where the objective is to find the minimum
integer k, called the chromatic number x(G), and a function
f: V(G) = {1,2,...k} such that no edge e = (u,v) has

f(u) = f(v). For interval graphs G, we have 6(G) = x(G),
where (G) is the graph complement of G. There is a number
of strong results related to on-line coloring algorithms for in-
terval and circular-arc graphs; see e.g. [K98,KQ95,589,595].
Since the complements of interval graphs are not, in gen-
eral, interval graphs, the above relation does not help to
solve our MCC problem via coloring. Similarly, results for

graph-coloring do not help with the circular-arc graphs.

2. ON-LINE mcc PROBLEM

An on-line presentation G< of a graph G is a linear order <
of vertices V of G(V, E). G is the on-line graph induced by
the first ¢ elements {v1,...,v;} of V in < order. The on-line
minimum clique cover (on-line MCC in short) is specified as
follows:

An algorithm A is an on-line algorithm for the minimum
clique cover of an on-line graph G, if given a presentation
G< with the order V = {v1,...,v,} it computes a sequence
of positive integers A(v;),7 = 1,...,n, where A(v;) is the
name of a clique that covers v;, in such a way, that for each
i, A(v;) depends exclusively on G;<.

In other words, the vertices are input one by one, and the
number of the clique that covers v; is established irrevoca-
bly after reading vi,...,v;, together with their adjacency
structure.

The quality of on-line algorithms is measured by the compet-
itive ratio. An on-line algorithm A is cp-competitive for the
family F of graphs if for all G € F, A(G) < crOPT(G)+br,
cr and br constants, where A(G) is the solution found by
algorithm A for graph G and OPT(G) is the optimal (off-
line) solution. In case of the Minimum Clique Cover, we
have OPT(G) = 0(G).

We are looking for competitive algorithms for the on-line
MCC problem on interval and circular arc-graphs. For the
sake of simplicity we describe all results for the class of inter-
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Figure 2: Shots and their ranges: A(vi) = A(vi) =1,
ra[l] = [3,4], A(v2) = A(va) = 2, ra[2] = r3[2] = [7,9].

val graphs, mentioning the differences for circular-arc graphs
whenever necessary.

The main assumption for our considerations is that the input
graph is given already in its interval (respectively: circular-
arc) representation, i.e., v; = [p;,¢;] — a closed interval on
the real line or a closed arc on a circle. This is exactly the
input to O-LSP. The letter s, possibly with subscripts, will
be used to denote shots (i.e., the ordinal numbers for the
cliques). If A is an on-line clique cover algorithm then by
A(v) we denote the shot that covers v, the one that is as-
signed immediately after reading v. Observe that in general
when the algorithm ends there can be also other shots that
stab v.

For an interval graph a shot (i.e., a clique) can be depicted
as a vertical line and a set of segments stabbed with this
line. Usually the choice of such a line for a fixed clique in an
interval graph is not unique. To make our reasoning precise
we introduce the notion of the shot’s range; see Figure 2.

DEFINITION 2.1. Assume that s is a shot number that is
already in use after processing G. The range Tm[s] of s
at phase m is defined as follows: rn[s] = {v; | 1 < j <
m, A(vj) = s}.

Observe that for each shot s in use we have rp[s] # 0.
The ranges of shots potentially decrease in course of the
computation, rp41[s] C rmfs],m=1,...,n —1.

3. GREEDY ALGORITHMS

DerFiNITION 3.1. Algorithm A for the on-line MCC prob-
lem is greedy if for each verter v; in G<, upon assigning
A(v;), if there is already a shot range that intersects v; then
A(v;) 1s not set to a new shot number.

In other words, a greedy strategy always tries to assign shots
already in use, if at all possible. Note that this rule alone
may lead to ambiguous decisions. In the following exam-
ple: v1 = [1,3], v2 = [4,6], vs = [2,5] a greedy algorithm
yields A(v1) = 1, A(v2) = 2, and A(vs) can be either 1 or
2. Despite this ambiguity we can formulate an easy yet very
important property that turns out to be useful for the sub-
sequent considerations.



Vi

Vo
| |
v ‘ ‘ v ‘
3 5
| V4 | Ve
[ [
| |
| ' | | ' |
E— e e E——
R R R R

Figure 3: Tree of intervals

LEmmA 3.1. If s1 # s2 are two shots already in use by a
greedy algorithm A at the moment m then rp[s1]Nrm[s2] =

0.

Proor: The lemma follows easily from the monotonicity
of shots’ ranges. O

We are able to formulate and prove the first of our main
results.

THEOREM 3.1. For any € > 0 there does not exist a (2 —
€)-competitive algorithm (of any kind) that solves the on-line
MCC problem.

Proor: We are going to build a strategy for an adversary
who plays against a MCC on-line algorithm A. In order to
clear away the influence of the additive constant bp that
stands in the definition of the competitiveness we have to
prove that for any ¢ > 0 and m > 0 the adversary can
impose A(G)/0(G) > 2 — € for some interval graph G such
that (G) > m.

For any natural number k we construct an appropriate se-
quence of n = 2¥*! —2 intervals. The construction for k = 3
is depicted in Figure 3. The adversary uses this sequence,
perhaps several times, according to the following rules:

1. If all A’s clique assignments adhere to the greedy prin-
ciple (as shown in Figure 3) this part of the game
ends after exhausting the whole sequence. We obtain
AG) = n/2 = 2 — 1 and 9(G) = a(G) = 271
Hence A(G)/6(G) can be made arbitrarily close to 2
by a suitable choice of k.

2. If at some moment algorithm A defines two new cliques
for two consecutive intervals wva;_1, v2;, i = 1,2,...
(that is, A does not adhere to the greedy principle)
complete the current level of the tree and finish this
part of the game. Let j — 2 be the index of the last
vertex on this level, i.e. j be the closest power of two
greater than 2i. Then the results are: 8(G) = j/4,
and, summing up the last level separately with the
remaining ones, A(G) > (j/4+ 1)+ (j/4—-1) = j/2,
which makes the ratio A(G)/6(G) greater or equal 2.
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Figure 4: Intervals for LGR.

The whole game is constructed by repeating the above strat-
egy in separate areas (intervals) of the real line sufficiently
many times in order to obtain the required size of the graph
6(G) > m. |

The ambiguity of the clique assignment by the greedy prop-
erty can be resolved in various ways. We analyze two most
intuitive strategies, leftmost greedy LGR and earliest greedy
EGR.

The LGR strategy has a clear geometrical flavor, and it
works according to the following greedy principle: From
the available shots ranges that intersect the current inter-
val choose the leftmost one. Since the ranges of any pair of
shots are disjoint (see Lemma 3.1) this assignment is well
defined.

The EGR works similarly: it selects the earliest available
shot instead of the leftmost one. In this regard it resembles
classical First-Fit packing algorithms.

Despite some similarity of the two variants of the greedy
approach there exists a broad gap between their efficiency.
The former turns out to be non-competitive while the latter
is optimal.

THEOREM 3.2. LGR is not competitive.

ProoOF: For any k > 0 we construct a sequence of 4k — 2
intervals, as depicted in Figure 4. It is easy to see that for the
graph G generated by these intervals we have LGR(G) = 2k
and (G) = 2 — just a shot along left ends of odd-numbered
intervals and another one through the right ends of the even
numbered intervals suffice. Hence theratio LGR(G)/6(G) =
k which is arbitrarily large. O

Below we present two lemmas that describe some interesting
properties of EGR strategy. Let S be an independent set of
maximum cardinality |S| = «(G). We may assume that no
interval from V' is properly contained in any of the intervals
from S; such a set .S exists and can be effectively constructed
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Figure 5: Ranges included in intervals.

for a given interval graph [HT91]. Denote the last property
of S by II. Recall that the size of S states a lower bound to
the efficiency of MCC algorithms.

LEMMA 3.2. At any stage j of computation, for anyv € S
there exists at most one shot s such that r;j[s] is properly
included in v.

PROOF: Assume the contrary: at some moment j there
are shots s., s, whose ranges are properly included in some
interval v € S. From Lemma 3.1 it follows that without
loss of generality the situation can be depicted as in Figure
5. We have EGR(vq;) = A(vq,) = sq and EGR(v,) =
EGR(vy,) = sp. Observe that property II implies that all
the four intervals considered extend beyond the respective
endpoints of v.

Let s, be the shot that has been introduced earlier of the
two. Then s, could not be assigned to vy, since at the time
vy, was considered by the algorithm, shot s, had already
been in use. A symmetric argument applies to the case
that s, is earlier than s, and interval v,,, showing that the
initial assumption is false. This completes the proof of the
lemma. O

By replacing property II with the maximality of the inde-
pendent set S, a similar argument can be used to prove:

LeMMA 3.3. Let vy = [p1, qi] and v, = [pr,q.] be two ad-
jacent intervals from the set S such that q@ < pr, and let
I = [q,pr] be the gap between them. At any stage j of com-
putation there exists at most one shot s such that rj[s] is
properly included in I.

From the above two lemmas we derive that the number of
shots whose ranges are fully included either in some interval
from set S or in some gap between intervals equals 2a(G) +
1, which is sufficient to prove that EGR is 4-competitive.
However, we can show a stronger result.

THEOREM 3.3. EGR(G) < 20(G) + 1.
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PROOF: Assume that the output of algorithm EGR on
an interval graph presentation G< is given. Order all of
the shots from left to right and assign to them new ordinal
numbers 1 through m = EGR(G). Since the ranges of the
shots are disjoint this assignment is well defined.

Fix 7 € {1,...,Lm/2J} and let T[2i — 1] = [a2i71,b21‘71],
r[2i] = [a2i, b2;] be the ranges of two adjacent shots, az;—1 <
bai—1 < az; < bz;. Without loss of generality assume that
shot 2¢ — 1 was used for the first time before shot 2i was
introduced. Then there exists an interval v;;, = [pj;,gj;]
such that EGR(vj;) = 2i, qj; = b2; (i.e. vj; defines the right
boundary of the range of vy;), and p;; > bz;i—1 (otherwise
vj; would be stabbed by the earlier shot 2¢ — 1).

Such an interval vj; exists for each pair of shots 2i — 1, 2,
i =1,...,\m/2], and vj;, ¢ = 1,...,|m/2] are pairwise
disjoint. They form an independent set of G of size |m/2].
Therefore 8(G) > |m/2], hence EGR(G) <20(G)+1. O
Observe that the whole argument in the proof does not
change if we replace intervals by arcs. Therefore we obtain
the final result:

THEOREM 3.4. There is an optimal on-line algorithm for
MCC and O-LSP problems with the competitive ratio 2.
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Convex sets in graphs

J. Céceres *! A. Méarquez *? O.R. Oellermann 3 M.L. Puertas *!

The study of abstract convexity began in the early fifties with the search for an axiom system
that defines a convex set and in some way generalises the classical concept of a Euclidean convex
set. Numerous contributions to this topic have been made. An extensive survey of this subject
can be found in [15].

Among the wide variety of structures that have been studied under abstract convexity are
metric spaces, ordered sets or lattices and graphs, the last being the focus of this paper. Several
abstract convexities associated with the vertex set of a graph are well-known (see [8]). Their study
is of interest in Computational Geometry and has some direct applications to other areas such as,
for example, Game Theory (see [4]).

For graph terminology we follow [11]; except that we use vertex instead of point and edge
instead of line. All graphs considered here are finite, simple, unweighted and undirected. The
interval between a pair u, v of vertices in a graph G is the collection of all vertices that lie on some
shortest u —v path in G and is denoted by Ig[u,v] or I[u,v] if G is understood. Intervals in graphs
have been studied extensively (see [2, 13, 14]) and play an important role in the study of several
classes of graphs such as the Ptolemaic graphs or block graphs. A subset S of vertices of a graph
is said to be conwvez if it contains the interval between every pair of vertices in .S. This definition
allows us to study several problems from Euclidean convexity in a finite and discrete setting.

If S is a convex set in a graph, a vertex p € S is said to be an extreme point for S if S — {p} is
still convex. A vertex in a graph is simplicial if its neighbourhood induces a complete subgraph.
So p is an extreme vertex for a convex set S if and only if p is simplicial in the subgraph induced
by S.

The convexr hull of a set S of vertices in a graph G is the smallest convex subset of G that
contains S and is denoted by CH(S). It is true, in general, that the convex hull of the extreme
points of a vertex set S is contained in S, but equality holds only in special cases. If a graph
satisfies this property for every convex subset of the vertex set, it is said to have the Minkowski-
Krein-Milman property. In [8] it is shown that a graph has this property if and only if it has no
induced cycles of length bigger than 3 and has no induced 3-fan (see Figure 1).

Figure 1: A 3-fan

If a graph G has the Minkowski-Krein-Milman property and S is a convex set of V(G), then we
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I University of Almeria (Spain).

2University of Winnipeg (Canada).
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can rebuild the set .S from its extreme vertices using the convex hull operation. Since this cannot
be done with every graph, using only the extreme vertices of a given convex set S, it is natural
to ask if it is possible to extend the set of extreme vertices of S to a set that allows us to rebuild
S using the vertices in this extended set and the convex hull operation. We answer this question
in the affirmative using the collection of ‘contour vertices’ of a set. To this end, let S be a set of
vertices in a graph G and recall that the eccentricity in S of a vertex u € S is given by eccs(u) =
max{d(u,v) : v € S} and a vertex v € S for which d(u,v) = eccs(u) is called an eccentric vertez
for win S. In case S = V(G), we denote eccs(u) by ecc(u). A vertex u € S is said to be a contour
vertex of S if eccs(u) > eces(v) for every neighbour v of w in S. The set of all contour vertices of
S is called the contour of S and is denoted by Ct(S). If S = V(G), the set is called the contour
of G and is denoted by Ct(G).
The relationship between contour and extreme points is shown in the two following results.

Lemma 1. Let G be a graph and S CV(G). Then Ct(S) contains all extreme vertices of S.

Proposition 2. Let G be a distance-hereditary graph without induced 4-cycles. A vertex x € V(G)
is a contour vertex for G if and only if each neighbour v of © which is on a shortest path between
x and some eccentric vertex for x satisfies N(x) C N(v).

The following result shows that the convex hull of the contour set of a convex set of vertices
in a graph is the entire set, without any restriction on the graph. So this result is similar to the
Minkowski-Krein-Milman property and holds for all graphs.

Theorem 3. Let G be a graph and S a convex subset of vertices. Then S = CH(Ct(S5)).

Now we characterize those graphs that are the contour of some other graph. The following
results tells us which graphs are not the contour of any graph.

Proposition 4. If H is a connected, non-complete graph with radius 1, then H is not the contour
of any graph.

On the other hand, suppose that H is a connected graph with radius greater than 1. We now
describe a graph G such that its contour is H, using the construction given in [3]. Let G be the
join of H and K;. Then every vertex of H has eccentricity 2 and the vertex of G — V(H) has
eccentricity 1. Hence the vertices of H are precisely the contour vertices of G.

A slightly different construction allows us to obtain a graph with given disconnected contour
set such that the eccentricities of the vertices in every component are given numbers at least 2.

More precisely, let H be a disconnected graph with components, Hy, Ho, ..., Hi. Let n1,ns,...ng
be k natural numbers such that ny = n; = max{ni,ns,...nx} and M = max{ni,na,...nx} <
2min{ny,na2,...,nr} = 2m. Note that these are natural restrictions, because M will be the

diameter of the graph G and m will be greater than or equal to the radius. Then there exists
a connected graph G such that H is the contour of G and the eccentricity of every vertex in
each component H; of H is equal to n;. To construct such a graph G we begin with the path
V1V ... vp41 Of order M + 1. Now replace v; by H; and vy41 by Hy so that all vertices in H;
are neighbours of vo and all vertices in Hy, are neighbours of vyy.

Now, for each ¢, 2 < i < k — 1 there exists a vertex v,, on the path such that its eccentricity
is n; — 1. We now add H; to the graph and join all the vertices of H; to vy, (see Figure 2). Then
ecc(u;) = n; for all w; € H;, and Ct(G) = H.

In order to find the convex hull of a set S one begins by taking the union of the intervals
between pairs of vertices of S, taken over all pairs of vertices in S. We denote this set by I¢[S]
or I[S], i.e., I[S] = Ugyvycsl[u,v] and call it the geodetic closure of S. One then repeats this
procedure with the new set and continues until, for the first time, one reaches a set 7' for which
the geodetic closure is the set itself , i.e., T = I[T]. This is then the convex hull of S. If this
procedure only has to be performed once, we say that the set S is a geodetic set for its convex
hull. In general a subset S of a convex set T is a geodetic set for T if I[S] = T. The notion of a
geodetic set for the vertex set of a graph was first defined in [5].
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Figure 2: A disconnected contour set

We now focus on geodetic sets in ‘distance hereditary graphs’. We first discuss here how these
graphs are related to the graphs with the Minkowski-Krein-Milman property. Howorka [12] defined
a connected graph G to be distance hereditary if for every connected induced subgraph H of G
and every two vertices u,v in H, dg(u,v) = dg(u,v). In the same paper several characterisations
for this class of graphs are given. We state here only one of these which we will use in this paper.

Theorem 5 ([12]). A connected graph G is distance hereditary if and only if every cycle in G of
length at least 5 has a pair of crossing chords.

Further useful characterizations for this class of graphs were established in [1, 7, 10]. Apart
from having elegant characterisations, distance hereditary graphs possess other useful properties.
It is a class of graphs for which several NP-hard problems have polynomial solutions. For example,
it has been shown in [6, 7] that the Steiner problem for graphs, which is known to be NP-hard
(see [9]), can be solved in polynomial time in distance hereditary graphs. Moreover, these graphs
are Steiner distance hereditary as was shown in [7]; i.e., the Steiner distance of a set of vertices is
the same, in any connected induced subgraph that contains it, as it is in the graph itself.

The class of distance hereditary graphs also properly contains the graphs that possess the
Minkowski-Krein-Milman properly since a graph is chordal without an induced 3-fan if and only if
it is a distance hereditary graph without an induced 4-cycle. It was shown in [8] that in a chordal
graph every non-simplicial vertex lies on a chordless path between two simplicial vertices. If G is
a chordless graph without an induced 3-fan, then G is distance hereditary and thus every induced
path is necessarily a shortest path. Hence the simplicial vertices for a convex set S in a graph with
the Minkowski-Krein-Milman property is a geodetic set for S. We show that the contour vertices
of a distance hereditary graph form a geodetic set for the graph.

We need the following Lemma, that relates eccentric and contour points in distance hereditary
graphs.

Lemma 6. (a) If G is a distance hereditary graph and x € V(G), then there is an eccentric vertex
for x that is a contour vertex.

(b) Let G be a distance hereditary graph without induced 4-cycles. If x € V(G) is such that
ecc(x) > 2, then each eccentric vertex of x is a contour vertex of G.

Theorem 7. Let G be a distance hereditary graph. Then Ct(G) is a geodetic set for G.

The graph of Figure 3 shows that Theorem 7 does not hold for graphs in general. Note that
the contour set of this graph G is Ct(G) = {v2,v5, w} and vy ¢ I[Ct(G)].

Indeed if we replace v, by a clique of arbitrarily large order and join every vertex in this clique
with vo and vg, we see that the ratio |I[Ct(G)]|/|V (G)| can be made arbitrarily small.

As we mentioned in the introduction, the process of taking geodetic closures starting from a
set S of vertices can be repeated to obtain a sequence Sy, S1,... of sets where Sy = S, S; = I[9],
Sy = I[I[S]].... Since V(@) is finite, the process terminates with some smallest r for which
Sy = Sp41. The set S, is then the convex hull of S and r is called the geodetic iteration number,
gin(S), of S. In the graph G of Figure 3, ¢in(Ct(G)) = 2. It remains an open problem to
determine if gin(Ct(G)) can be larger than 2 and indeed if gin(Ct(G)) can be arbitrarily large.
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Figure 3: A graph whose contour set is not geodetic
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Graphs of triangulations and perfect matchings

M. Houle! F. Hurtado? M. Noy? E. Rivera-Campo?®

Abstract

Given a set P of points in the plane, the graph of triangulations 7 (P) has a vertex for every
triangulation of P, and two of them are adjacent if they differ by a single edge exchange.
In this paper we prove that the subgraph Ta((P) of T(P), consisting of all triangulations
of P that admit a perfect matching, is connected. A main tool in our proof is a result of
independent interest, namely that the graph M(P) that has as vertices the non-crossing
perfect matchings of P and two of them are adjacent if their symmetric difference is a single
non-crossing cycle, is also connected.

Keywords. Triangulation. Perfect matching. Non-crossing graph.

1 Introduction

Given a set P of points in the plane, the graph of triangulations 7 (P) has a vertex for every
triangulation of P, and two of them are adjacent if they differ by a single edge exchange. Graphs
of triangulations have been widely studied; see for example [5, 6]. In particular, it is well-known
that 7 (P) is a connected graph.

In this paper we study the subgraph Ta(P) of T(P), consisting of all triangulations of P
that admit a perfect matching. Not every triangulation contains a perfect matching, so in general
Trm(P) is a proper subgraph of 7 (P). Our main result is that the graph T (P) is connected for
any set P in general position. In other words, we show that any two triangulations of P containing
a perfect matching can be connected through a sequence of edge exchanges, always resulting in
triangulations containing a perfect matching.

In order to prove our main result, we first prove another result of independent interest, which
we now describe. Given a set P in the plane of even cardinality, a perfect matching in P is said to
be non-crossing if no two of its edges intersect. The graph M(P) has as vertices the non-crossing
perfect matchings of P, and two of them are adjacent if their symmetric difference is a single
non-crossing cycle. The case were P is in convex position was studied in [4]. We show that the
graph M(P) is connected for any set P in general position; this is the key ingredient for proving
that Ta(P) is a connected graph.

The rest of the paper is organized as follows. Section 2 contains the results on graphs of perfect
matchings, and Section 3 on graphs of triangulations containing perfect matchings. Our graph
theory terminology follows that of [2]. Throughout the paper we assume that all point sets are in
general position, that is, no three points are collinear.

LIBM Research, Tokyo Research Laboratory, Japan, meh@trl.ibm.com.

2Departament de Matematica Aplicada 11, Universitat Politecnica de Catalunya, Spain, hurtado@ma2.upc.es,
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the research was done while this author was on sabbatical leave visiting the Universitat Politecnica de Catalunya
with grants by MECD-Spain and CONACYT-México.
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2 Graphs of perfect matchings

Let P be a set of 2m points in general position in the plane. The symmetric difference of two
non-crossing perfect matchings in P is a set of alternating cycles; some of these cycles may have
crossings, see Figure 1. We say that two perfect matchings M; and M, differ in a single alternating
non-crossing cycle exchange if their symmetric difference is a single non-crossing cycle; for brevity
we say that M> is obtained from A3 by performing a flip.
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Figure 1: Two matchings M; and Mo; their symmetric difference (right) is the union of two
alternating cycles Cy and Cs, but only C is non-crossing.

The graph of non-crossing perfect matchings M (P) of P is the graph with one vertex for each
non-crossing perfect matching of P, in which two matchings are adjacent if and only if one can
be obtained from the other by a flip. The requirement that the cycle involved in the exchange is
non-crossing is not only a natural one, but it is critical when applying Theorem 2.1 in the next

section.

Theorem 2.1. For any set P of 2m points in general position in the plane, the graph M(P) is
a connected graph.

3 Graphs of triangulations

Let P be a set of points in the plane in general position. The graph of triangulations 7 (P) is
the graph with one vertex for each triangulation of P, in which two triangulations 77 and 75 are
adjacent if and only there are edges e € T1 \ T> and f € T \ T1 such that Tb =17 \ {e} U {f}.
In other words, T, is obtained from T} by replacing the diagonal of a convex quadrilateral by the

other diagonal.
For a non-crossing set E of line segments with endpoints in P, let 7 (P, E) be the subgraph of

T (P) induced by the set of triangulations of P that contain all edges in E.

Lemma 3.1. Let P be a set of points in general position in the plane, E be a non-crossing set
of line segments with ends in P and e ¢ E be a line segment, also with ends in P, and such that
E U {e} is a non-crossing set. For each triangulation T of P that contains all edges in E there is
a triangulation S of P containing E U {e} which is connected to T in T (P, E).

Theorem 3.2. 7 (P, E) is a connected graph for any set P of points in general position in the
plane and any non-crossing set E of line segments with ends in P.

For a set P of 2m points in general position in the plane, let Taq (P) be the subgraph of 7 (P),
induced by the set of triangulations of P that admit a perfect matching. Notice that a set P may
admit some triangulations which contain a matching while some others do not contain any (Figure

2).

Theorem 3.3. Tr (P) is a connected graph for any set P of 2m points in general position in the
plane.
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Figure 2: The triangulation on the left part of the figure contains a perfect matching (solid lines),
but the triangulation on the right part does not contain any, because the 8 independent white
nodes are adjacent only to the 6 black nodes.

4 Conclusions

Our definition of adjacency of the graph of non-crossing matchings M(P) of P via a single alter-
nating non-crossing cycle exchange contains no constraint on the length of the cycle. Nevertheless,
as pointed out in [3], for the purposes of optimization, enumeration, and random generation, it is
desirable that the transformation making a class connected is as local as possible, which somehow
amounts to use an exchange of constant size at each step. Therefore it is natural to consider a
graph of matchings M’(P) in which only exchanges in cycles of length ¢ = 4 (say) are considered.
It is an open problem to decide whether such graph is connected for some constant value of £. For
¢ = 4 we have been able to prove that the corresponding graph contains no isolated point; yet
even this modest fact required quite a long proof.

Finally, there other subgraphs of 7 (P) for which it would be interesting to know whether they
induced a connected subgraph or not. For instance, the set of 3-connected triangulations of P
(see [1] for a related problem), or the set of triangulations with minimum degree at least k.
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Computing the Detour of Polygons

Ansgar Griine Rolf Klein Elmar Langetepe

Abstract

Let P be a simple polygon in R? with n vertices. The detour of P between two points,
x,y € P, is the length of a shortest path contained in P and connecting x to y, divided by the
distance of these points. The detour of the whole polygon is the maximum detour between
any two points in P. We first analyze properties of pairs of points with maximum detour.
Next, we use these properties to achieve a deterministic O(n?)-algorithm for computing the
maximum Euclidean detour and a deterministic O(n log n)-algorithm which calculates a (1+¢)-
approximation. Finally, we consider the special case of monotone rectilinear polygons. Their
L'-detour can be computed in time O(n).

1 Introduction

Let P be a connected set in R?. For any two points x,y € P let dp(x,y) denote the infimum of
the lengths of all curves which are contained in P and connect z to y. The length of the curves is

measured using a given norm ||.||. The detour dp(z,y) between x and y in P with respect to ||.||
and the detour §(P) of P are defined as
dp(z,
oay) = TEY )= sw delay).
||y - "I"H z,yeEP,x#y

Narasimhan and Smid [8] examined the problem of computing a value similar to §(G) for a
given Euclidean graph G. They restricted the maximum to pairs of vertices. Thus, their problem
is slightly different (but not necessarily easier). The maximum of all points was first considered by
Ebbers-Baumann et al. [3]. They presented an O(n logn) approximation algorithm for n-link chains
in E2. Later, Agarwal et al. [1] gave a randomized O(n log® n) and a deterministic O(n log* n) exact
algorithm. Simultaneously, Langerman, Morin and Soss [6] constructed an O(nlogn) randomized
algorithm for solving the same problem.

In this abstract we present algorithms computing the detour of a simple polygon P C R? where
P denotes the union of the interior and the boundary. We first analyze some general properties of
detour maxima, then we develop an algorithm for the Euclidean metric, and finally, we present a
faster algorithm for the L'-detour of monotone rectilinear polygons.

2 Properties of Maxima

Ebbers-Baumann et al. [3] showed for the Euclidean norm that every polygonal chain C' in R?
has a co-visible! detour mazimum (p,q), i.e. dc(p,q) = §(C). The proof can easily be extended to
polygons with detour §(P) > 1 and arbitrary norms.2

Lemma 1 Let P C R? be a simple polygon with 5(P) > 1 where the detour is measured with
respect to an arbitrary norm ||.||. Then, there always exists a detour mazimum (p,q) € P x P
which is co-visible in P€ 3.

'n this setting, (p,q) is co-visible iff pgN C = {p,q}.
2Note that for Euclidean distances §(P) = 1 iff P is convex.
3pC =R2\ P; (p,q)is co-visible in PC iff pgn P = {p,q}.
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Figure 1: Boundary intersection points of pg

Proof. Let (p, q) be a detour maximum. Due to d(p,q) = 6(P) > 1, (p,q) cannot be co-visible in P.
If (p,q) is co-visible in PC, the proof is done. Otherwise, let py := p, p, := ¢ and let p1,...,p, 1
be the boundary intersection points of pg apart from p, q (see Fig. 1), i.e. p; € pgNIP \ {p,q} and
p; touches pgN PC.

If the points p; are ordered by their distance to p, we get ||pg|| = Z?:_()l ||[PiDirtl]- Additionally
applying the triangle inequality of dp(.,.) yields:

d , A-inequ. n__ld i\ i
(1) (5p(p7q) = M < Ez_o P(p p+1)

— < e
[Pl Yo IPipirtll
dP(Pi pi+1)
< PN el ) S .
= odigno [Pipir ]l 0<ione P(Pi, Pit1)
The maximum on the right hand side is attained by a pair of points being co-visible in PC. 0

For the Euclidean norm one can even show that every detour maximum of any non-convex
polygon must be co-visible in P€. For the L'-norm we will give an stricter statement in section 4.

3 Euclidean Detour of Simple Polygons

In this section, we introduce an algorithm which computes the exact Euclidean detour of a given
polygon P with n vertices. Lemma 1 already allows us to restrict the search for detour maxima to
the boundary of P. The following lemma further reduces the number of candidates.

Lemma 2 Any simple polygon P C R? has a detour mazimum (p,q) which is a vertex-boundary
cut, i.e. at least one of the points p, q is a vertex and the other one lies on the boundary OP.

Lemma 2 suggests the following strategy: For every vertex p of P and every edge e of the
boundary compute the local maximum maxge. dp(p,q) and return the maximum of these values.
However, this does not lead directly to a quadratic upper time bound because the local maximum
cannot be found in constant time.

Figure 2: Shortest path tree SPT(p), funnel F}, . and its regions

To find a local maximum we consider the funnel F}, . of p and e (see Fig. 2) first examined by
Lee and Preparata [7]. Let a and b be the vertices incident to e, then F, . is the polygon bounded
by e and the shortest paths 7(a,c) and 7 (b, c), where ¢ is the first common vertex of 7(a,p) and
7(b, p). This vertex ¢ is called the cusp of the funnel, and both paths 7 (a,c¢) and 7 (a,b) are outward
convex (see [5]).

For every point g € e the shortest path 7(g,p) can be divided into 7(g,c) and 7(c, p), the first
one completely contained within F, .. We associate with ¢ the first vertex of F, . hit by 7 (g,p).
Thus, if k£ is the number of vertices of F}, ., the edge e will be divided into k regions Ry, ..., Ry
including the degenerate cases Ry := {a} and Ry, := {b} (see Fig. 2). For each such region a local
maximum can be computed in O(1) if F, . and |7(p,c)| are known.

Hence, a local maximum of any point p and any edge e can be computed in O(k) where k is the
number of vertices (or edges) of F}, .. The funnel F), . can easily be computed from the shortest path
tree SPT(p) in O(k) time by looking for the first common vertex of m(a,p) and (b, p). Because
every edge of the shortest path tree SPT(p) (see Fig. 2) can be at most on the boundary of two
funnels and SPT(p) has n — 1 edges, we get the value max,esp dp(p, q) in time O(n) if SPT(p) is
known.
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Guibas et al. [5] have shown how to construct SPT(p) in linear time in any triangulated simple
polygon. Since we can use Chazelle’s [2] well-known algorithm to triangulate P in linear time, our
idea leads to an algorithm computing max,ecap 0p(p,q) in O(n). Thus, applying Lemma 2 yields
a way to get the detour of P in O(n?).

Theorem 3 Let P C R? be a simple polygon with n vertices. Its mazimum Euclidean detour
value §(P) and a pair of points (p,q) attaining the mazimum can be computed in time O(n?).

However, this result might not be best possible. One can transfer the approximation algorithm
of Ebbers-Baumann et al. [3] to the setting of simple polygons achieving a (1 + €)-approximation
in O(nlogn). This hints that there could be a sub-quadratic solution. The complete proofs of the
previous results can be found in [4].

4 L'-Detour of Monotone Rectilinear Polygons

Within the simpler setting of monotone rectilinear* polygons, we can compute the L'-detour in
linear time. The main reason is a stricter statement about detour maxima proven similarly to
Lemma 1:

Lemma 4 Let P C R? be a simple rectilinear polygon and let (p,q) € P x P be a L'-detour
mazimum. If R(p,q) denotes the bounding rectangle® of p and q, its intersection with P must be
empty apart from p and q, i.e. R(p,q) NP = {p,q}.

It follows immediately that any L!'-detour maximum (p,q) must either be a pair of vertices
or an axis-parallel pair of boundary points. In both cases, (p,q) must be co-visible in P€. If P
is z-monotone® (y-monotone), further arguments yield that every maximum must be a horizontal
(vertical) vertex-boundary cut.

W.lo.g. let P be z-monotone. We describe an algorithm examining all upper maximum
candidates, i.e. horizontal vertex-boundary cuts of the upper boundary which are co-visible in P€.
The lower boundary can be treated in the same way.

Figure 3: Some states of the algorithm for monotone rectilinear polygons

The algorithm starts at the left-most vertex of the upper boundary and proceeds to the right
(see Fig. 3). While moving on the boundary chain, a stack holds every previously visited left
vertical segment s (i.e. s is vertical and P lies to the left of s) for which there has not been found
any opposite right segment, yet. If the current boundary point is moving upward a vertical (right)
edge, the algorithm pops the corresponding left segments and examines a horizontal pair each time
it pops a vertex of a left segment or finds a vertex on the current right segment.

When the algorithm has found a maximum candidate (p,q), it has to calculate its detour.
Let m(p,q) be a rectilinear shortest path connecting p and ¢ within P. The y-length (7 (p, q))
is the summed up length of all vertical segments of 7(p,q). The z-length I, (7(p,q)) is defined
analogously. Obviously, d% (p,q) = I, (n(p, 0)) + Ly (n(p, q)) where l,(m(p,q)) = |ps — ¢z| due to P
being z-monotone. Thus, for computing (5%;1 (p, @) we just need the coordinates of p and g and the
value I, (7(p, ¢)). The additional path information for calculating , (7 (p, ¢)) can also be stored on
the stack without increasing the linear time bound of the algorithm. Further details are omitted
in this abstract.

Theorem 5 Let P C R? be an z-monotone (or y-monotone) rectilinear polygon with n vertices.
An L*-detour mazimum (p,q) and its value 51[;,1 (p,q) = 5L1(P) can be computed in time O(n).

4A polygon is rectilinear iff every edge is either horizontal or vertical.

SR(pa q)={re R2| min(pe, ¢z) < 72 < max(pz, ¢z) A min(py, gy) < 7y < max(py, gy)}-
P is z-monotone iff its intersection with any vertical line is connected.
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5

Open Questions

One main questions remains open: Is there a sub-quadratic algorithm computing exactly the
Euclidean detour of any simple polygon or is there a quadratic lower bound? The same problem
is not solved for the presumably easier setting of simple rectilinear polygons and the L'-norm.
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More results about spanners in the [;-metric.*

J. Céceres! C. I. Grima, A. Marqueztand A. Moreno-Gonzalez?

Abstract

In this work we study more questions about spanners in the l;-metric. Concretely, we
will see that adding some Steiner points to a set of sites the metrically complete graph of
the new set has a linear number of edges. We will also characterize the free dilation trees.
Finally, inspired in the work for the li-metric, we will study points in general position for
other metrics, the A-metrics.

1 Introduction.

There are many applications in geometric network design in which it would be interesting to find
graphs with few edges that approximate shortest paths between all pair of vertices. Since in many
problems, as the design of VLSI circuits, the metric that reflexes the actual distance between
the vertices is the [j-metric, in previous works [2, 3] we presented some results about the first
questions that arise in the study of these graphs. Given a set of sites .S in the plane, the dilation of
a subgraph of the complete geometric graph is the largest ratio between the length of the shortest
path from a pair of points of S to the distance of those points in the plane. In this way, we have
presented the next results:

e It is possible to construct graphs approximating the complete Euclidean graph closely in
the [;-metric. Moreover, we found graphs that are not the complete graph but they have
dilation 1 (dilation free graphs). More precisely, given a set of sites S in the plane, we call
the metrically complete graph of S (denoted M (S)) to the minimal dilation free graph.

e The metrically complete graph is strictly smaller than the complete graph in the [;-metric;
in fact, if K(S) denotes the complete geometric graph on S, then |K(S) — M (S)| € O(N3/?).

e There exists a characterization of the set of sites with a planar metrically complete graph.
Also, we have found some necessary conditions for a planar graph in order to be isomorphic
to a metrically complete graph.

In this work we present some additional results that continue those two mentioned works.
Firstly, given a set of sites S in the plane we try to reduce the size of M (S) and we will see that
adding some Steiner points to S the metrically complete graph of the new set of sites has a linear
number of edges. Secondly, we try to find which trees have dilation 1 in the [;-metric, obtaining a
characterization for these graphs. Finally, we try to generalize some of our first results for other
metrics, the A-metrics. In fact, we will see that the metrically complete graph of a set of sites is
smaller than the complete Euclidean graph for those metrics.

*Partially supported by MCyT project BFM2001-2474

fDepartamento de Matemaética Aplicada y Estadistica. Universidad de Almerfa. E-mail: jcaceres@ual.es
fDepartamento de Matemética Aplicada I. Universidad de Sevilla. E-mail: {grima,almar}@Qus.es
8Departamento de Matemaéticas. Universidad de Huelva. E-mail: maria.moreno@dmat.uhu.es
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2 It is possible to reduce the size of a metrically complete
graph.

As we have said above, given a set of sites S in the plane, |K(S) — M(S)| € O(N3/2) in the
l1-metric, but, in general, M (S) has a quadratic number of edges. Thus, the first question we
consider is to reduce the size of M (S) adding some new points to S. In order to find these points
we only have to make a partition of the initial set of sites that leads to a kd-tree [1], (see Figure 1).
Then, we add one Steiner point in the intersections of the lines used to make the partition. Then,
we can prove the next result.
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Figure 1: A partition of a set of sites.

Theorem 1 Given a set of n sites S in the plane, there exists a linear number of Steiner points
S¢ verifying that |M(S U Sy)| € O(n).

3 Free dilation trees.

As we have said in the Introduction, the second question we try to solve is to find which are the
trees with dilation 1. In the Euclidean metric the answer to this question is very simple: we can
only construct a free dilation tree when the sites are in a straight line. In the [;-metric, some new
cases appear.

Theorem 2 If T is a free dilation tree, then T is isomorphic to one of the trees in Figure 2.

4 Points in general position for a \-metric.

Given a A-metric, a ball centered in x and radio r is a regular polygon of A edges verifying that
the Euclidean distance between x and the vertices of the polygon is r.

Observe that for any value of A there exist infinite regular polygons centered in x, so a A-metric
is not only characterized by the number of edges, but also by their orientation. However, it is only
necessary to solve the question for one of them.

One of the 4-metrics is the [;-metric, so it is natural to consider the question of constructing
free dilation graphs for other values of . In fact, we will see that the metrically complete graph
of a set of points has less edges that the complete graph in a A-metric. In order to solve this result
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Figure 2: Free dilation trees in the [;-metric.

we will prove that for every A, there exists a number n(\) verifying that any set of points with
more than n(\) points in general position for the Euclidean metric, is not in general position in the
A-metric. We consider that a set of points is in general position if there are not three consecutive
points in a straight line.

Then, the first question we must solve is to find the minimum arc between two points. Then,
let u1,us be two points in the plane and for each point u; we consider a neighbor FE;. These
neighbors make a partition of the plane in sectors centered in the initial points. If we call Sij the
sector centered in w; that contains u;, the minimum arcs between u; and u; are all the arcs not
decreasing parallel to the border of Sij()Sji, [7, 5], (see Figure 3).

Figure 3: Two minimum arcs between u; and u; in a 6-metric.

Lemma 1 Given a \-metric, there exist, at most, A points in convex position in general position.

Now, in 1935 Erdos y Szekeres [4] proved that for every natural number n there exists an integer
g(n) verifying that for every set with more than g(n) points, there are n in convex position. Then,
we can prove the next result.
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Theorem 3 For any value of \ there exists n(\) verifying that every set of points with, at least,
n(\) points is not in general position.

Now, our objective is to find bounds for n(\). It is obvious that

A+ 1<) < gh+1),

and it is known [6] that

g(n) < (2:__25> +2

However, this bound does not seem to be tight because for n = 4 we obtain 12 as upperbound
and we know that n(4) = 5. In fact, for small values of A, it is easy to prove that n(A\) = A + 1.
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Approximately Matching Polygonal Curves under
Translation, Rotation and Scaling with Respect to the
Fréchet-Distance

Michael Clausen* and Axel Mosig
Institut fir Informatik III, Universitat Bonn

January 3, 2003

Abstract

Let P :[0,m] — R? and Q : [0, n] — R? be polygonal curves in the plane, G a subgroup of
the affine group AGL(2,R), and € > 0. By definition, a transformation g € G yields a (G, €)-
Fréchet-match of P and @ if the Fréchet-distance of P and the transformed version g@ of @ is
at most €. In this paper we design a c-approximation algorithm, ¢ > 2, that constructs such
(G, ce)-Fréchet-matches for both the group G, of rigid motions and the group G generated by
translations and uniform scalings. We associate to P, @ and € a certain acyclic digraph M, .,
see Fig. 1, whose edges are either weighted by closed intervals in R5 0 (G = G) or by circular
arcs (G = G,). All maximal paths in M, , correspond to discrete reparametrization pairs;
such a pair yields a c-approximate solution if the intervals assigned to the edges along the
path have a non-empty intersection. To decide whether such a path exists, we use a dynamic
programming approach, whose time complexity is O(m?n?). There is related work dealing
with smaller subgroups of AGL(2,R): Alt and Godau [1] investigated the case G = {1},
whereas both Alt, Knauer and Wenk [2] and Efrat, Indyk and Venkatasubramanian [4] studied
the case G = T5, which denotes the group of translations.

1 Fréchet-Matches

A polygonal curve of length m € N in R? is defined as a continuous mapping P : [0,m] — R
with the property that for all i € [0 : m — 1] := {0,1,...,m — 1} the curve P|; ;1] is affine,
ie, P(i+A) = (1 = NP(i) + AP(i + 1) for A € [0,1]. A polygonal curve P is completely
described by the sequence of its vertices (po,-...,Pm), where p; := P(i). For real numbers
xz < y and ¢’ < y', let Mon([z,y],[z',y']) denote the set of all continuous, weakly increas-
ing and surjective functions ¢ : [z,y] — [2',y']; note that the surjectivity implies p(z) = '
and p(y) = y' for all ¢ € Mon([z,y],[z',y']). Let P and @) be polygonal curves of lengths
m and n, respectively. The Fréchet-distance dp(P,Q) of P and @ is defined as dp(P,Q) :=
inf, g maxycjo1) d(v(a(t)),w(B(t))), where the infimum is taken over all a € Mon([0, 1], [0,m])
and 8 € Mon([0,1],[0,n]). Any subgroup G of AGL(2,R) acts on R? as well as on the set of
all polygonal curves P by (gP)(t) := gP(t) for ¢ € G. Moreover, if P = (po,...,pm), then
gP = (gpo, ..., 9pm).

We are now ready to describe a typical question in pattern matching: given a subgroup G of
AGL(2,R), two polygonal curves P and @, and € > 0, is there a g € G such that dp (P, gQ) < €7
Motivated by this question, we define the set of all (G, €)-Fréchet-matches of P and @ as

Fe(P,Q) :={9 € G |dr(P,9Q) <e}. (1)

Given two polygonal curves P and @ and € > 0, a decision algorithm for this pattern matching
task outputs 1 if F&(P,Q) # 0 and 0 otherwise. Letting ¢ > 1, a c-approzimation algorithm also
outputs 1 if F& (P, Q) # 0. However, the output is guaranteed to be 0 only if & (P,Q) = 0. In
case F&(P,Q) \ F&(P,Q) # 0, the algorithm may answer either 0 or 1. The algorithm proposed
in this paper yields c-approximate solutions for arbitrary ¢ > 2. The algorithm will also be able
to compute specific elements g € F& (P, Q) in case of output 1.

*This work was supported in part by Deutsche Forschungsgemeinschaft under grant CL 64/3
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2 Approximating Fréchet-Matches by Transporter Sets

In this section P = (po,-..,pm) and @ = {(qo,-.-,qn) will always denote polygonal curves of
lengths m and n, respectively. P is called reducible if and only if, for some i, the vertex p; is
contained in the line segment [p;_1,p;+1]. Eliminating p; from the sequence yields another curve
P’ with dp(P, P') = 0. This elimination process finally yields an irreducible curve. In general, two
polygonal curves P and P’ are called equivalent if and only if their Fréchet-distance is zero. The
Fréchet-distance defines a metric on the equivalence classes of polygonal curves. Obviously, in each
equivalence class there is a unique irreducible curve. All other members of this class can be viewed
as oversamplings of this irreducible version. In what follows, oversampling will play a crucial role.
Let 6 > 0. A polygonal curve P is said to be d-sampled if and only if d(p;—1,p;) < 26, for all
€ [1 : m]. Given a polygonal curve P, an equivalent, é-sampled curve P’ can be constructed in
an obvious way.
The notion of d-sampled curves is a first step towards discretizing the reparametrizations o and
B. We will replace («, 8) € Mon([0,1],[0,m]) x Mon([0, 1],[0,n]) by discrete reparametrizations
(K, ) € Iy n, where

I ={(k,A)| £:[0:m+n]—=>[0:m]and A:[0:m+n] = [0:m] (2)
are both weakly increasing and surjective}.

From the facts that the index sequences k and A are surjective and weakly increasing, we may
conclude that {kst1 — ks, Asy1 — As} € {0,1} for all s € [0 : n + m — 1]. To approximate sets
of Fréchet-matches we use certain transporter subsets of the group G. If d denotes the Euclidean
distance in R? and if P and @ have equal length, then TPQ = {g € G | max; d(p;,9q;) < €} is
called the (G,¢€)-transporter of @ to P. Similarly, 77 := {g € G | d(p,gq) < €} denotes the

(G, e)-transporter of ¢ € R? to p € R%. Obviously, TPQ = nTShe

Theorem 2.1 Let P and @) be 6-sampled polygonal curves of lengths m and n, respectively, with
Fe(P,Q) # 0. Then there exists a pair (k,\) € Ly, ., such that () # TSOTCSOA C ]-'EM(P Q).

Unfortunately, our proof of the theorem is not completely constructive, since we require some
g € F&(P,Q) for computing (k, A). When matching two curves, however, such a ¢ is what we are
looking for. Thus, our algorithm for deciding whether Fg (P, ()) is non-empty has to find suitable
integer sequences k and A in a different way. A naive method that enumerates all surjective and
weakly increasing candidate sequences and checks if Tgoi+£o)\ is non-empty for each candidate

sequence only yields an exponential-time algorithm.

3 Intersecting Projected Transporter Sets

Regarding the last theorem, both P ok and @ o A are in (R?)™+"*+1. Thus rp" ., is the

intersection of m + n + 1 individual transporters of the form Tg(’ +)6Q( A Unfortunately, these

individual transporters have a rather complicated structure. In order to simplify the intersection
problem we use the fact that our groups are semidirect products: G = T x H with H = H,. :=
SO(2) for G = G, and H = Hy; := {0E, | 0 > 0} for G = G, where E, denotes the 2 x 2 unit
matrix. Thus the projection n of G onto H with kernel T», i.e., n(th) := h, for t € T» and h € H,
is well-defined. Instead of ng we work with its n-image:

nSs = nlrSs] ={he H|3t € To: the 185}

Note that an analogous statement to TP Q =N T o does not hold for the n-images. Furthermore,

G, s = H, thus to obtain non-trivial transporters we use projected

for p,q € R? we always have 77
transporter sets of the form 77(,,0 o (ao,qn) 38 building blocks. To simplify notation, we let k :=

m+mn + 1 and write P and ( instead of P o x and @) o \.
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Theorem 3.1 Let G € {G,,G,}, k €N, and e > 0. For P,Q € (R*)* and every j € [1 : k — 1]
define

— G G,e
Hj:= m Mips 1,ps), (i 1,05) ﬂn(POvPi>7<IIO7Qi>'
1€[1:5]

Then ng # 0 implies H_1 # 0, whereas ngs = () forces Hi_1 = 0.

Expressed in simple terms, the preceding result states that deciding whether the intersection Hy_1
is non-empty yields an approximate solution to the decision problem asking if the intersection
Tﬁ’é = ﬁ,-nggi is non-empty. Next we take a closer look at the projected (G,e)-transporters

G,e
" po,p1).(q0,41) for G € {Gr:Gs}-

Theorem 3.2 FEach 77(%(;7;1) (go,q1) €O be viewed as a circular arc on the unit circle S', whereas
each 772):;1) (q0,q1) €07 be regarded as a closed interval on Rsq.
Sketch of Proof. One shows that it suffices to compute nff)fm) (0,01) for line segments (po, p1)
and (qo, ¢1) centered at the origin. The construction of the circular arc and the interval is illustrated
in the figure below. |
/’1
r @, )
’ £
a1 90 0, ‘ e % Po
P H r_/
do
9= o
= Po Pr=Po

G =G,. Obvious]y, ng,’é = [91,92]7 where G = Gs. The intersection of the ray HqO
6y — 6, = 2(r,po) and 6> = <Y(r,qo). with the disc Us(po) is a line segment, and thus
Hence, we get 61 = 602 — (f2 — 61) = ng’g can be identified with the closed interval

H(r, q0) — 2(r, po). llooll=/ligollz, llersll2/1lgoll2]-

In case G = G, we can easily decide whether the intersection of finitely many projected trans-
porters is non-empty as N;[z;,y;] # 0 iff max; z; < min; y;.

For G = G, the projected (G, )-transporters are circular arcs, hence intervals on the unit circle.
Such intervals differ in some respects from real intervals. For example, the intersection of two
intervals on S* may consist of up to two disjoint intervals. An easy way to avoid the difficulties in
conjunction with circular-arc intersections is to unroll S' — and intervals on S* — to the interval
[0,27]. Unrolling an interval that covers the angle 0 requires the interval to be split into two
intervals on [0, 27]. Thus, unrolling nG’E N nG V(i 1200) yields up to three (disjoint)

€
(Po,pi),{¢0,4i) (pi—1,pi
intervals in [0, 27].

4 An Efficient Approximate Matching Algorithm

We are now prepared to design an efficient algorithm for approximately matching two polygonal
curves with respect to the Fréchet-distance under a transformation group G € {G,,G;}. To this
end, we introduce for d-sampled polygonal curves P and @ of lengths m and n, respectively,
the acyclic digraph M, := (Vin,n, Em,n) together with a function that assigns a real interval
(G = Gs) or up to two circular arcs (G = G,) to each edge of the graph. (Efrat et al. [4] also
use a graph for finding paths in free-space. However, our graph differs substantially from their
construction.) The digraph M,, , defined by

Vi :=[0:m] x [0:n] and B, , :={((a,b),(c,d)) € V7 , | {1} C{c—a,d — b} C{0,1}},
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1 2 3

Figure 1: The digraph M3 ».

only depends on m and n, see Fig. 1, whereas the weight of the edge e = ((a,b), (¢,d)) € Ep,»,
depends on P, Q,d, e, and G:

. Getd G,e+d
[P7Q7‘5757G((a’ b)’ (C’ d)) = Mpa,pe)(as,qa) n po,pe)(g0,qa) "

Obviously, every pair (k,A) € Iy, ,, defines (after eliminating loops) a path in M, ,, with source
(0,0) and sink (m,n). Conversely, every such path can be transformed into an element of Z,, ,, as
follows: turn every vertex along the path into a pair (ks, As) and repeat the target node of every
diagonal edge, i.e., replace (a,b) — (a+1,b+1) by the subsequence (a,b), (a+1,b+1),(a+1,b+1).

Now we take a closer look at the case G = G5. (The case G = G, is similar, but a little bit
more technical.) Here, each edge e is assigned the empty set or a closed real interval [{.,r.], see
Theorem 3.2. We have to find a path from (0,0) to (m,n) in M,, , such that the intersection
of the involved intervals is non-empty. To decide whether such a path exists, we use the facts
that NI, [2;,y;] = [max; z;, min; y;] and that max; z; € {z1,...,zn5}. In particular, as M, ,
has 3mn + m + n edges, we have at most 3mn + m + n different left borders to consider. For
each possible left border ¢ we define a new 0 — 1 weight on the edges: edge e has weight 1 iff ¢
is contained in [/.,7.]. By dynamic programming one can test in time O(mn) whether there is a
path from (0,0) to (m,n) involving only edges with weight 1.

Theorem 4.1 For G = G, there is an algorithm that on input P,Q,m,n,0,c (with the above
meaning) computes an element g € fé(6+6) (P,Q) if F&(P,Q) # 0 and computes the output 0 if
]_.é(5+5) (P,Q) = 0. Its running time is O(m>n?).

Thus there is a c-approximation algorithm for determining whether the set of (G, e)-Fréchet-
matches is non-empty, for ¢ = 2(1 + d/¢). The same result holds for G = G,.

5 Final Remarks and Future Work

The systematic use of group transporter sets is the basis of a new technique that generalizes the
concept of inverted files from full-text retrieval. It has been successfully applied to content-based
multimedia retrieval, see [3]. In the present work this concept has been extended to (G,¢)-
transporters. We are currently investigating variants of the described algorithm, including match-
ing curves partially as well as matching under other subgroups of AGL(2,R), in particular the
group of similarity transformations generated by translations, rotations and uniform scalings.

References

[1] H. Alt and M. Godau. Computing the Fréchet distance between two polygonal curves. Internat. J.
Comput. Geom. Appl., 5:75-91, 1995.

[2] H. Alt, C. Knauer, and C. Wenk. Matching polygonal curves with respect to the Fréchet distance. In
Proc. 18th Int. Symp. on Theoretical Aspects of Computer Science, pages 63—74, 2001.

[3] M. Clausen and F. Kurth. A Unified Approach to Content-Based and Fault Tolerant Music Recogni-
tion. IEEE Transactions on Multimedia, 2003. To appear.

[4] A. Efrat, P. Indyk, and S. Venkatasubramanian. Pattern matching with sets of segments. In Proc.
12th ACM Symp. on Discrete Algorithms, January 2001.

72



The polytope of non-crossing graphs on a
planar point set *

David Orden, Francisco Santos

Universidad de Cantabria. Departamento de Matemaéticas, Estadistica y Computacién.
Av. Los Castros, s/n E-39005 Santander, SPAIN. {ordend,santos}@matesco.unican.es

Key Words: pseudo-triangulation, flip, graph, crossingness, marks, polytope.

1 Introduction

The set of (straight-line, or geometric) non-crossing graphs with a given set of vertices
A in the plane is of interest in Computational Geometry, Geometric Combinatorics, and
related areas. In particular, much effort has been directed towards enumeration, counting
and optimization on the set of maximal such graphs, that is to say, triangulations of A.
But little is known about the poset structure of the set of all non-crossing subgraphs under
inclusion. In this paper we associate to A a polytope whose face poset contains the poset
of non-crossing graphs on A embedded in a very nice way.

The construction is based on [5], where a polyhedron X ;(A) of dimension 2n—3 with face
poset (opposite to) that of pointed non-crossing graphs on A is constructed. A straight-line
graph embedded in the plane is called pointed if the edges incident to every vertex span an
angle smaller than 180 degrees. Let n denote the size of A, n, and n; the number of points
in the boundary and the interior of its convex hull, respectively. The polyhedron X_f(A) has
a unique maximal bounded face Xf(.A), of dimension 2n; + ny — 3, there called the polytope
of pointed pseudo-triangulations of A.

Our main new ingredient is that we consider “marked” non-crossing graphs, meaning non-
crossing graphs together with the specification of a subset of their pointed vertices. With
similar ideas but with n extra coordinates for the n possible marks, we get a polyhedron
Y} (A) of dimension 3n — 3 with a unique maximal bounded face Y} (A) of dimension 3n; +
np — 3. The face F in the statement of Theorem 2.5 is precisely the polytope X ;(.A), which
arises by setting to 0 the n new coordinates, corresponding to marks.

The technical tools both in our construction and in [5] are pseudo-triangulations of
planar point sets and their relation to structural rigidity of non-crossing graphs. Pseudo-

*Research partially supported by project BMF2001-1153 of Spanish Direccion General de Investigacion
Cientifica.
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triangulations, first introduced by Pocchiola and Vegter around 1995 (see [3]), have by now
been used in many Computational Geometry applications, among them visibility [4, 3], ray
shooting [1], and kinetic data structures [2]. Streinu [6] introduced the minimum or pointed
pseudo-triangulations, and used them to prove the Carpenter’s Rule Theorem. Pointed
pseudo-triangulations turn out to coincide with the maximal non-crossing and pointed
graphs; that is to say, with the vertices of the polytope Xf(A). Our method extends that
construction and Y} (A) is the polytope of pseudo-triangulations, since its vertices correspond
to all pseudo-triangulations of A.

2 Overview of the method and results

In the sequel we assume our point set A to be in general position, although the results are
proved in the full paper for point sets in degenerate position as well. Let n; and n; be
the number of points of A4 in the interior and boundary of conv(A), respectively, and let
n =n; +n,. We define:

Definition 2.1 (Flips in pseudo-triangulations) Let T be a pseudo-triangulation of A.
We call flips in T the following three types of operations, all producing pseudo-triangulations.

- (Deletion flip). The removal of an edge e € T, if T'\ e is a pseudo-triangulation.
- (Insertion flip). The insertion of an edge e ¢ T', if T' U e is a pseudo-triangulation.

- (Diagonal flip). The exchange of an edge e € T, if T'\ e is not a pseudo-triangulation,
for the unique edge e’ such that (T"\ e) U e’ is a pseudo-triangulation.

The graph of pseudo-triangulations of A has as vertices all the pseudo-triangulations of A
and as edges all flips of any of the types.

Proposition 2.2 The graph of pseudo-triangulations of A is connected and regular of degree
3n;+ny —3=3n—2n, — 3.

As happened with pointed pseudo-triangulations, Proposition 2.2 suggests that the graph
of pseudo-triangulations of A may be the skeleton of a simple polytope of dimension 3n; +
ny—3. As a step towards this result we look at what the face poset of such a polytope should
be. The polytope being simple means that we want to regard each pseudo-triangulation 7’
as the upper bound element in a Boolean poset of order 3n — 3 — 2ny. This number equals
the number of interior edges plus interior pointed vertices in T

Definition 2.3 A marked graph on A is a geometric graph with vertex set A together with
a subset of its vertices, that we call “marked”. We call a marked graph non-crossing if it is
non-crossing as a graph and marks arise only in pointed vertices.

We call a non-crossing marked graph fully-marked if it is marked at all pointed ver-
tices. If, in addition, it is a pseudo-triangulation, then we call it a fully-marked pseudo-
triangulation, abbreviated as f.m.p.t.

74



We start defining a linear cone Y, (A) by one inequality for each possible edge and each
n+1

point of A. Its ("}') facets are then translated using the entries of a vector f in R(":)

to produce a polyhedron Y;(A) which has as unique maximal bounded face a polytope

Y7 (A). Our proof goes by analyzing the necessary and sufficient conditions for f to produce

a polytope with the desired properties. We get the next result, where flips in fully-marked

pseudo-triangulations are defined in the natural way from those in pseudo-triangulations:

Theorem 2.4 (The polyhedron of marked non-crossing graphs) If f is a valid choice
of parameters, then there is a simple polyhedron Y; of dimension 3n — 3 whose face poset
equals (the opposite of ) the poset of non-crossing marked graphs on A. In particular:

(a) Vertices of the polyhedron are in 1-to-1 correspondence with fully-marked pseudo-
triangulations of A.

(b) Bounded edges correspond to flips of interior edges or marks in fully-marked pseudo-
triangulations, i.e., to fully-marked pseudo-triangulations with one interior edge or
mark removed.

(c) Extreme rays correspond to fully-marked pseudo-triangulations with one convex hull
edge or mark removed.

We prove valid choices of f to be the interior of a convex polyhedron defined by (7)
strict inequalities and give an explicit choice. Then, from the existence of a valid f and the
Theorem above, the following result is concluded:

Theorem 2.5 (The polytope of all pseudo-triangulations) Let Y;(A) be the face of
Y (A) defined turning into equalities the equations which correspond to convex hull edges or
convex hull points of A, and assume f to be a valid choice. Then:

1. Yy (A) is a simple polytope of dimension 3n — 2n, — 3 whose 1-skeleton is the graph of
pseudo-triangulations of A. (In particular, Yi(A) is the unique mazimal bounded face

of Y1 (A)).

2. Let F be the face of Yy (A) defined by turning into equalities the equations corresponding
to interior points. Then, the complement of the star of F' in the proper face-poset of
Y;(A) equals the poset of non-crossing graphs on A which use all the convex hull edges.

This result, which proves the claims advanced in the introduction, deserves some words
of explanation:

- Since convex hull edges are irrelevant to crossingness, the poset of all non-crossing
graphs on A is the direct product of the poset in the statement and a Boolean poset
of rank nyp.

- The equality of posets in Theorem 2.5.2 reverses inclusions. Maximal non-crossing
graphs (triangulations of A) correspond to minimal faces (vertices of Yy (A)).
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