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Abstract

Let G be a graph containing N disjoint ¢-spanners that are inter-connected with M edges. We present an algorithm
that constructs a data structure of size O(M? + nlogn) that answers (1 + €)-approximate shortest path queries
in G in constant time, where n is the number of vertices of G.

1. Introduction

The shortest-path (SP) problem for weighted
graphs with n vertices and m edges is a funda-
mental problem for which efficient solutions can
now be found in any standard algorithms text, see
also [6,8,12-14].

Lately the approximation version of this prob-
lem has also been studied extensively [1,5,7]. In
numerous algorithms, the query version of the SP-
problem frequently appears as a subroutine. In
such a query, we are given two vertices and have to
compute or approximate the shortest path between
them. Thorup and Zwick [15] presented an algo-
rithm for undirected weighted graphs that com-
putes approximate solutions using a pre-computed
data structure (the time of pre-processing was re-
cently improved by Baswana and Sen [3]). Since
the query time is essentially bounded by a con-
stant, Thorup and Zwick refer to their queries as
approximate distance oracles.

We focus on the geometric version of this prob-
lem. A geometric graph G = (V, £) has vertices cor-
responding to points in R% and edge weights from
a Euclidean metric, and is said to be a t-spanner
for V, if for any two points p and ¢ in V, there ex-
ists a path of length at most ¢ times the Euclidean
distance between p and g. Again considerable pre-

Email addresses: mattias@cs.lth.se (Mattias
Andersson), h.j.gudmundsson@tue.nl (Joachim
Gudmundsson), christos@cs.1lth.se (Christos
Levcopoulos).

L Supported by the Netherlands Organisation for Scientific
Research (NWO)

20th EWCG

vious work exists on the shortest path and related
problems for ¢-spanners. The geometric query ver-
sion was recently studied by Gudmundsson et al.
[9,10] and they presented the first data structure
that answers approximate shortest-path queries in
constant time, provided that the input graph is a
t-spanner for some known constant ¢ > 1. Their
data structure uses O(nlogn) space and can be
constructed in time O(mlogn).

In this paper we extend this result to hold
also for “islands” of t-spanners, i.e., a set of dis-
joint t-spanners Gi,...,Gy inter-connected by
M edges. We construct a data structure that
can answer (1 + ¢)-approximate shortest path
queries in constant time. The data structure uses
O(M? + nlogn) space and can be constructed in
time O((m + M?)logn), hence for M = O(y/n)
the bound is essentially the same as in [9] and [10].

We claim that this generalization is natural in
many applications. Consider for example the rail-
way network in Europe where each country has a
railway network which usually is a t-spanner for
some small value ¢. The railway networks of the
countries are then sparsely connected. Typically
the number of inter-connecting edges is very small
compared to the total number of edges in the net-
work, see Fig. 1.

In [9] it was shown that an approximate shortest-
path distance oracle can be applied to a large
number of problems, for example, finding shortest
obstacle-avoiding path between two vertices in a
planar polygonal domain with obstacles and inter-
esting query versions of closest pair problems. The
extension presented in this paper also generalises
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Fig. 1. (a) Many geometric networks consists of a set of
“dense” graphs that are sparsely connected.(b) Example
of an instance where the dashed edges are inter-connecting
edges.

the results for the above mentioned problems.

We will use the following notation. For points p
and ¢ in R?, |pg| denotes the Euclidean distance
between p and ¢. If G is a geometric graph, then
dg(p, q) denotes the Euclidean length of a shortest
path in G between p and ¢. If P is a path in G
between p and ¢ having length A with dg(p, q) <
A < (14€)-6g(p, q), then Pis a (14¢)-approximate
shortest path for p and q.

The main result of this paper is stated in the
following theorem:

Theorem 1 Let G be a geometric graph, with n
vertices and m edges, consisting of a set of dis-
joint t-spanners Gi=(V1,&1),...,G8=(Vn,EN)
inter-connected by M edges, and let € be a positive
constant. One can construct a data structure in
time O((m + M?)logn) using O(M? + nlogn)
space that can answer (1+ ¢)-approzimate shortest
path queries in constant time.

The set of pairwise disjoint t-spanners G; =
V1,&1),...,68 = (Vn,EN) will be called the
“islands” of G and, an edge (u,v) € & is said to
be an inter-connecting edge if u € V; and v € V;,
where i # j. A vertex v € V; incident to an inter-
connecting edge is called an harbor and, the set of
all harbors of V; is denoted C;. Note that the total
number of harbors is O(M) since the number of
inter-connecting edges is M.

2. Tools

In the construction of the distance oracle we will
need several tools, among them the well-separated
pair decomposition (WSPD) by Callahan and
Kosaraju [4], a graph pruning tool by Gudmunds-
son et al. [9] and well-separated clusters by Krz-
naric and Levcopoulos [11].
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Fig. 2. An example cell partition, with respect to V', made
by the algorithm. Doughnuts are drawn with solid lines,
while inner cells are drawn with dotted ones.

In this section, given a set V of n points in R?,
and a subset V' C V, we show how to associate a
representative point r € V to each point p € V,
such that the distance |[pr| + |rg|, for any point
g € V', is a good approximation of the distance
|pg|. The total number of representative points is
O(|V’|). The idea is to partition space into cells,
such that all points included in a cell may share a
common representative point.

We will use the fact that, given a set S of n
points in R?, an approximate nearest neighbor data
structure can be efficiently computed (Mount et
al. [2]).

Next the algorithm for computing representa-
tive points is presented. As a pre-processing step
we compute the b-cluster tree 7 ([11]) of V' with
b=10/&2 For alevel i in T let v(D1),... ,v(Dy,)
be the nodes at that level, where Dy, ..., Dy, are
the associated clusters. Let D;1...,D; ., be the
cluster associated with the children of v(D;). For
each cluster D; pick an arbitrary vertex d; as the
center point of D;. The set of the ¢; center points
is denoted D(i). Perform the following four steps
for each level ¢ of 7.

(i) Compute an approximate nearest neighbor
structure with D(7) as input, as described by
Mount et al. [2].

(ii) For each center point d; in D(¢) compute the
(1 + ¢)-approximate nearest neighbor of dj;.
The point returned by the structure is de-
noted v;.
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(ili) For each cluster D; construct two squares;
is(D;) and os(D;) with centers at d; and
side length 2a = 2(1 4 1/¢) - rd(cl(D;)) and
2B = 2¢|dj,v;]/(1 + €) respectively, where
a < 3. The two squares are called the inner
and outer shells of D;, and the set theoretical
difference between the inner and the outer
shell is denoted the doughnut of D;.

(iv) The inner shell of D; is recursively parti-
tioned into four equally sized squares, un-
til each square s either (a) is completely in-
cluded in Uy <y<y,,, 05(Dj) (the union of
the outer shells of the children of v(Dy)). In
this case the square is deleted and, hence, not
further partitioned. Or, (b) has diameter at
most 15? - K, where K is the smallest dis-
tance between a point within s and a point
in D;. A (1 + ¢)-approximation of K can be
computed in time O(log|D;|). This implies
that the diameter of s is bounded by ¢ - K.

The resulting cells are denoted inner cells.
Note that, due to step 4a, every inner cell is
empty of points from D;. An illustration of
the partition is shown in Fig. 2.
Finally, after all levels of 7 has been processed,
we assign a representative point to each point p in
V. Preprocess all the produced cells and perform
a point-location query for each point. If p belongs
to a doughnut cell then the center point of the
associated cluster (see step 1) is the representative
point of p. Otherwise, if p belongs to an inner cell
C and p is the first point within C processed in
this step then rep(C) is set to p. If p is not the first
point then rep(p) = rep(C). Further, note that an
inner cell may overlap with the union of the outer
shells of the children of v(D;). If a point is included
in both an inner cell and an outer shell, we treat
it as if it belonged to the inner cell, and assign a
representative point as above.
For the above algorithm we can show the fol-
lowing theorem:

Theorem 2 Given a set V of n points in R%, a
subset V' CV and a positive real value 71 < 1, one
can for each point p € V associate a representative
point r(p) such that for any point h € V', it holds
that

mln{|p7 ’f’(p)|, |’f’(p), h|} < 71 |p7 h|

The number of representative points is O(|V'|) and
they can be computed in time O(nlogn).

Seville (Spain)

3. Constructing the Oracle

In this section we consider the main result of the
paper, Theorem 1. The section is divided into two
subsections: first we present the construction of the
structure and then how queries are answered. Note
that the correctness analysis has been omitted.

3.1. Constructing the basic structures

In this section we show how to pre-process G
in time O((M? + m)logn) such that we obtain
three structures that will help us answer (1 + ¢)-
approximate distance queries in constant time. We
will assume that the number of edges in each sub-
graph is linear with respect to the number of ver-
tices in V;, if not the subgraph is pruned. This is
done in time O(mlogn) [9]. Hence, we can from
now on assume that #&; = O(V;).

Let V' be the set of vertices in V incident on
an inter-connecting edge. Now we can apply Theo-
rem 2 with parameters V, V' = IV and 71 to obtain
a representative point for each point in V.

Now we are ready to present the three structures:
Oracle A: An oracle that given two points p and

q answers ‘yes’ if p and ¢ belongs to the same

island, otherwise it will return the representative

points (to be defined below) for p and q.
Oracle B: An (1 + ¢)-approximate distance ora-

cle for any pair of points belonging to the same

island.

Matrix D: An O(M) x O(M) matrix. For each
pair of representative points, p and ¢, D con-
tains the (1 + €)-approximate shortest distance
between p and gq.

The representative point of a point p is denoted
r(p), and the set of all representative points of V;
and V is denoted I'; and T', respectively. Note that
C; C I';. Now we turn our attention to the con-
struction of the oracles and the matrix.

The construction of Oracles A and B are rather
straightforward, with construction details omit-
ted. However, Oracle A can be constructed in lin-
ear time, using linear space, and Oracle B can be
constructed in O(mlogn) time, using O(nlogn)
space.

Matrix D is constructed as follows. For each i,
1 < i < N, compute the WSPD of I'; with sep-
aration constant s = (32E™) (the constants 7

T3—T2
and 73 are necessary for the correctness analy-
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Fig. 3. Illustrating the approximate shortest path between
p and g. The boxes illustrate the “harbors” along the path.

sis). As output we obtain a set of well-separated
pairs {{(A1,B1},...,{Auw;, Bw, } }, such that w; =
O(#C;). Next, construct the non-Euclidean graph
F = (I, &) as follows. For each I'; and each well-
separated pair {A;, B;} of the WSPD of I'; select
two (arbitrary) representative points a; € A; and
b; € Bj;. Add the edge (a;,b;) to & with weight
Bi(aj,b;), where B;(p,q) denotes a call to oracle
B; for G; with parameters p and ¢. Note that the
graph F will have O(M) vertices and edges.

Let D be an O(M) x O(M) matrix. For each
representative point p € I' compute the single-
source shortest path in F to every point ¢ in T’
and store the distance of each path in Dl[p, q]. The
total time for this step is O(M?log M), and it can
be obtained by running Dijkstra’s algorithm M
times.

Lemma 3 The oracles A and B, and the matrix
D can be built in time O((M? + m)logn) and the
total complezity of A, B and M is O(M?+nlogn).

3.2. Answer a query

Given the two oracles and the matrices pre-
sented above the query algorithm is very simple.
Let r(p) denote the representative point of p € V.
Now assume that we are given two points p and
q. If p and ¢ belong to the same islands then we
query Oracle B with input p,q and return the
value obtained from the oracle. If p and ¢ does
not, belong to the same island we return the sum

of B(p,r(p)), D(r(p),r(q)) and B(r(q),q). Obvi-
ously this is done in constant time.

Using Lemma 3 and analysing the correctness
of the query algorithm above, we can finally show
Theorem 1.
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Geometric dilation of closed planar curves: A new lower bound
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Abstract

Given any simple closed curve C' in the Euclidean plane, let w and D denote the minimal and the maximal
caliper distances of C, correspondingly. We show that any such curve C' has a geometric dilation of at least

arcsin(5) ++/(5)% — 1.

Key words: computational geometry, convex geometry, convex curves, dilation, detour, lower bound

1. Introduction

Let C be a simple closed curve C' in the Eu-
clidean plane. For any two points, p and ¢, on C
let 7(p, q) denote the shorter of the two curve seg-
ments of C that connects p with ¢. Then the geo-
metric dilation, 6(C), of C is defined as

5(C) = 7 (p, )l (1)
pacCp£q [Pl

The computation of the geometric dilation (then
called detour) was first studied in [5], where an
O(nlogn) approximation algorithm for polygonal
chains in the plane was given. Further efficient al-
gorithms to compute the geometric dilation of cer-
tain classes of curves and networks were presented
in [1], [11], and [9].

The question of embedding a finite point set in
the plane into a network with low geometric dila-
tion was recently studied in [4]. There it has been
shown that any simple closed planar curve has di-
lation §(C) > m/2, using Cauchy’s surface area
formula.

Note, that the analogue concept on graphs,
where only the point set of the vertices is taken
into account for computing the dilation, was ex-
tensively studied under the notion of spanners
and low dilation graphs, see e.g. [7] for a survey
and [3], [2] for recent results. However, there are
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Ebbers-Baumann), gruene@cs.uni-bonn.de (Ansgar
Griine), rolf.klein@uni-bonn.de (Rolf Klein).
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structural differences between the two concepts,
as already mentioned e.g. in [5].

In this paper we prove a powerful generalization
of the lower bound from [4]. Namely, let w and D
denote the width and the diameter of the convex
hull of C, correspondingly, that is, the minimal
and the maximal distances of a rotating caliper
measuring C'; see Figure 1.

Fig. 1. Diameter D and width w of ch(C).

Then,

0(C) > arcsin (%) + (%)2 -1 (2)

holds for the geometric dilation of C'. This lower
bound has a minimum value of 7/2 if and only if
w = D holds. (Note, however, that the circle is not
the only closed curve satisfying w = D.)

The proof of formula (2) uses a well-known trans-
formation of convex curves called the central sym-
metrization, see e.g. [6] and [10].

The rest of this paper is organized as follows. In
Section 2 we give some necessary definitions and
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basic lemmata. Then, in Section 3 we cite the sym-
metrization transformation. Finally, Section 4 con-
tains the proof of our lower bound.

2. Definitions and basic properties

Throughout this paper we consider simple pla-
nar cycles C, i.e. closed curves in the Euclidean
plane without self-intersections. A simple cycle C
is convex iff it always turns into the same direction,
that is, iff C' has a convex interior domain.
Definition 1 (Dilation) Let C be a simple cycle,
and let p,q € C be two points on C.

(i) CJ denotes one of the two possible sub-paths
of C connecting p and q, characterized by its
turning direction: If one moves from p to q on

C{, one turns anti-clockwise (C = C1UCP ).
(i1) The dilation of a pair of points (p,q) €
C x C is the length of a shortest sub-path
7o (p,q) of C connectingp and.g, |rc(p, )| =
min( Cg| , ‘C};D, divided by its Euclidean

distance, i.e. ¢ (p,q) := %

(iii) The geometric dilation of C' is the supremum
of the dilation values of all pairs of points of
C,i.e. 6(C) := 8up, sec prq 00 (P, )-

By continuity and compactness arguments one
can show that every finite convex curve has a pair
of points attaining maximum dilation.
Definition 2 (Partition Pair) Let p € C be a
point on a cycle C. Then the unique partition part-
ner p of p is characterized by |mwc(p,p)| = |C| /2.
We say that (p,p) is a partition pair of C.

By continuity arguments it is easy to show that
for every direction v € S! there exists a partition
pair (p,p), i.e. p—p = [p — p|v.

Definition 3 (Breadths) Let C be a simple cycle,
and let v € S' be an arbitrary direction.
(i) Thev-length of C is the mazimum distance of
a pair of points with direction v , i.e. lo(v) =
max {|pq| | p,q € C,q —p = |¢ — p|v}.

(i4) The v-width (v-breadth) of C is the distance
of the two supporting lines of C' perpendicular
tov, i.e. we (V) ' = maxpec p-v—minyec p-v.

(iii) The v-partition pair distance, hc(v), of C is
the distance of the partition pair with direc-
tion v.

(i) The diameter, D(C), of C is the mazimal
v-length, i.e. D(C) = maxyest lc(v). The
width, w(C), of C is the minimal v-length,

i.e. w(C) := minyes lo(v).

(v) The maximal partition pair distance is de-
noted by H(C) := max,es1 ho(v) and the
minimal partition pair distance by h(C) :=
min, gt he(v).

Fig. 2. Three different breadth measures.

As used in the introduction, width and diameter
can also be defined using the v-width values which
is proved in [8], [12] respectively:

Lemma 4 Let C be a simple cycle, then D(C) =
max,est we(v). If C is convex, then w(C) =
min, st we (V).

The next statement follows immediately from
the definitions; see Figure 2.

Lemma 5 Let C be a simple convex cycle, and let
v € S! be an arbitrary direction. Then the following
inequalities hold: ho(v) <lo(v) < we(v).

3. Central symmetrization

The central symmetrization (see e.g. [6], [8], [10])
is a well-known transformation which maps any
convex cycle to a convex point-symmetric cycle.
In our notion, the central symmetrization is based
on the length values I (v), introduced in Defini-
tion 3(i).

Amazingly, it preserves all the width values
we (v). And Cauchy’s surface area formula implies
that the perimeter is not changed either.
Definition 6 Let C be a convez cycle. The central
symmetrization of C' is the cycle C' given by the
parametrization ¢’ : St — R2, ¢/ (v) = @u

As depicted in Figure 3, we can construct the
central symmetrization by translating all the cen-
ters of the segments of maximal length connecting
pairs of points on C' to the origin.

However, there is an easier and more helpful con-
struction, described in the following lemma.
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Fig. 3. The central symmetrization of an isosceles
right-angled triangle.

Lemma 7 Let X := f(C)UC be the face bounded
by C including C itself. Then define a set X’ to be
the arithmetic mean of X and —X; see [10]. It is
the Minkowski sum X & —X scaled by 1/2. Then,
the central symmetrization C' is the boundary of
this arithmetic mean X':

X = f(C)ucC

;1 1

X .—§(X€9—X))—{§(u—v) u,veX}
= C'=0X'

PROOF. The proof that this second way of con-
structing C’ is also correct is straightforward.
Let v € S! be an arbitrary direction. Define [ :=
sup{c € R>? | cv € X'}. Then due to X’ being
closed, lv is an element of X’. And for k > [ the
point kv is not in X’. Thus, lv € 0X".

It also follows that there are p,q € X such that
lv = (1/2)(g—p). On the other hand, the definition
of [ yields that k > [ implies there are no p,q € X
satisfying kv = (1/2)(¢—p). Thus, [ = (1/2)lc(v).

Hence, our analysis results in the following
parametrization of 0X': ¢/(v) = (1/2)lc(v)v. And
this is exactly the parametrization we used to
define C".

The following lemma, stated here without proof,
lists the most important properties of the central
symmetrization. The fact that the width values are
preserved is mentioned without proof in [6]. Gritz-
mann and Klee [8] prove the width-preserving and
length-preserving property. The statement that
the perimeter is preserved is also proved in [10].
Lemma 8 Let C be a simple convez cycle, and let
C' be its central symmetrization. Then, the cycle
C' has the following properties:

(i) Cycle C' is convez.

(ii) Cycle C' is point-symmetric with respect to
the origin.

(iii) For every directionv € S*, her(v) = lor(v) =
le(v) > he(v), and wer (v) = we(v).
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(iv) Width, diameter and perimeter are preserved
by central symmetrization, i.e. w(C') =
w(C), D(C") = D(C) and |C'| = |C]|.

Because we can show that the dilation of a con-
vex cycle is always attained by a partition pair, it
follows easily from those properties that the dila-
tion of the transformed cycle cannot be larger then
the original one:

Lemma 9 The dilation of C' is not larger than the
original dilation, i.e. 5(C") < 6(C).

4. The lower bound

To apply the transformation described in Sec-
tion 3, we need the fact that the dilation of the
boundary of the convex hull of any planar cycle
C is at most the dilation of C itself. Due to space
limitations we state this here without proof.
Theorem 10 Let C C R? be a simple closed
curve. Let Och(C) denote the boundary of the con-
vez hull of C'. Then holds

5(C) > 8(dch(C)).

Now we prove our result on the lower bound,
using the central symmetrization transformation.
Theorem 11 Let C C R? be a simple closed
curve. Let w be the width and let D be the diameter
of ch(C), the convex hull of C. Then the dilation
of C' is bounded from below by

5(C) > aresin (%) + (2>2 -~

w

Fig. 4. The shortest cycle not intersecting the disk By (c).

PROOF. Because of Theorem 10 we can assume
w.l.o.g. that C' is convex. To show the main idea
of the proof we first consider a point-symmetric
cycle C c R? with center-point ¢, see Figure 4.
Then, obviously, the partition pairs are also point-
symmetric with respect to c. Let (p, ¢) be a parti-
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tion pair having maximum distance |pg| = H(C).
We define R := H(C)/2.

Let B,(c) be the open disc with center point ¢
and radius 7 := h(C)/2, that is B.(c) := {b €
R2||b—¢| < r}. Then C cannot intersect with
B, (c), otherwise there would exist a partition pair
having a distance smaller than h(C) = 2r.

By using the shortest possible cyclic path con-
necting p and ¢ in the Euclidean plane, not inter-
secting By.(¢) but enclosing it, we obtain a curve
é7n1'nper, as shown in Figure 4. By construction
C’mmper is the point-symmetric curve of smallest
perimeter that has minimum partition pair dis-
tance h(C) and maximum partition pair distance
H(C). Due to symmetry reasons this perimeter is
P = 4x + 4ra, with x denoting the lengths of the
straight path segments from p and ¢ to the tan-
gent points on B,.(c), correspondingly, and ra the
lengths of the path segments on 9B, (c).

Using Pythagoras we get z = vV R? — r2. And by
considering the angles in the rectangular triangle,

we obtain sina = cos(§ — a) = . Because the

maximum dilation of the convex cycle C is attained
by a partition pair having shortest path distance
g > g, it holds:

P
~ 5 Az +dra RZ — 2
S(C)> 2 = =
( )_27" 4r r

<§)2 — 1+ arcsin (%) (3)

Now, let C be an arbitrary convex cycle, and let
C’ be its central symmetrization. Then, Lemma 9
yields that §(C') > 6(C"). And by Lemma 8(iv)
we know that width and diameter are preserved,
ie. w(C") = w(C) and D(C’") = D(C). However,
in a point-symmetric convex cycle v-length and v-
partition pair distance are equal, implying w(C’) =
h(C") and D(C") = H(C").

Thus, if we apply formula (3) to C’ keeping in
mind that » = h(C")/2 = w(C")/2 = w(C)/2 =
w/2 and R = H(C")/2 = D(C")/2 = D(C)/2 =

D/2, we get:
D\ 1 + arcsi (w)
i - arcsin [ —
w D

This lower bound equals the global lower bound
of & shown in [4] only for curves of constant width
(w = D). Further arguments show that the in-

5(C) >

equality gets strict if C' is not point-symmetric or
not convex. Hence, only circles have dilation 7.
Remark 12 By replacing lc(v) by he(v) in Defi-
nition 3 we get a new transformation, the partition
pair transformation. Ideas analogous to the ones

presented here show that

E2—1+ in (L
A arcsin H

where H = H(ch(C)) and h = h(ch(C)) for every
simple cycle C.

i(C) >
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Finding a door along a wall with an error afflicted robot
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Abstract

We consider the problem of finding a door in a wall with a blind robot, that does not know the distance to the
door or whether the door is located left hand or right hand to its start point. This problem can be solved with
the well-known doubling strategy yielding an optimal competitive factor of 9 with the assumption, that the robot
does not make any errors during its movements. We study the case, that the robots movement is errorneous. We
give upper bounds for the movement error, such that reaching the door is guaranteed. More precisely the error

range ¢ has to be smaller than % Additionally, the corresponding competitive factor is given by 1 + 8
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Keywords: Online algorithm, Online motion planning, searching, competitive ratio, errors.

1. Introduction

Online motion planning in unknown environ-
ments is theoretically well-understood and prac-
tically solved in many settings. During the last
decade many different objectives where discussed
under several robot models. For a general overview
of theoretical online motion planning problems and
its analysis see the surveys [3,9,10,7].

Theoretical correctness results and performance
guarantees often suffer from idealistic assump-
tions, therefore in the worst case a correct im-
plementation is impossible. On the other hand
practioners analyze correctness results and perfor-
mance guarantees mainly statistically. Therefore
it is useful to investigate, how online algorithms
with idealistic assumptions behave, if those as-
sumptions cannot be fulfilled. More precisely, can
we incorporate assumptions of errors in sensors
and motion directly into the theoretical analysis?
We already successfully considered the behaviour
of the well-known pledge algorithm, see Abelson

Email addresses: kamphans@cs.uni-bonn.de (Tom
Kamphans), langetep@cs.uni-bonn.de (Elmar
Langetepe).
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and diSessa [1] and Hemmerling [6], in the pres-
ence of errors [8].

The task of finding a point on a line without
knowing the direction or the distance to the start
point was considered by Baeza-Yates et. al. [2] and
independently by Gal [5] and lead to the so called
doubling strategy, which gives a basic paradigma
for other searching algorithms, i.e., searching for
a point on m rays or approximating the optimal
search path, see [4].

Under the competitive framework doubling with
a factor of two is the optimal strategy for search-
ing a point on the line. The competitive analysis
compares the cost of the strategy with the cost of a
solution which is computed under full information,
see [2].

In this paper we investigate how the doubling
strategy behaves in the presence of errors and how
the error influences the correctness and the corre-
sponding competitive factor of the strategy.

We assume that an error range for a single step
is known in advance but the agent gets no further
information about the cummulated error. There-
fore for the agent it makes no sense not to use the
doubling heuristic.

Seville, Spain (2004)
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2. The lost cow problem

The task is to find a door in a wall, respectively
a point, t, on a line. The robot does not know
whether ¢ is located left hand or right hand to its
start position, s, nor does it know the distance from
s to t. Baeza-Yates et. al. [2] describe the strategy
to solve this problem using a function f. f(i) is
the distance the robot walks in the ith step. If 7 is
odd, the robot moves f(i) steps from the start to
the right and f(¢) steps back; if 7 is even, the robot
moves to the left. It is assumed, that the movement
is correct, so after moving f(4) steps from the start
point to the right and moving f(7) steps to the left,
the robot has reached its start point. Baeza-Yates
et. al. showed, that a strategy with f(i) = 2¢ is 9-
competitive and this is optimal.

An online strategy that produces a path of
length |mon| is called C'-competitive if for all scenes

|7Tonl| S C- |7Topt| + A

holds, where |mopt| denotes the path length of the
optimal strategy which makes use of full informa-
tion.

3. Modelling the error

The robot moves straight line segments of a cer-
tain length from the start point alternately to the
left and to the right. Every movement can be af-
flicted with an error, that causes the robot to move
more or less far than expected. However, we require
the robots error in every step is within a certain er-
ror bound, §. More precisely if the strategy moves
the robot a distance ¢ we require that the covered
distance is in the range [¢ - (1 — §), - (1 + §)] with
d e [0,1].

4. Reaching the door

How large can the error bound § become under
the restiction, that the robot should be able to
reach the door? W. 1. o. g. we consider the case, that
the door is located on the same side as the first step
of the agent. We assume that the door is located
at d = 2%7 — ¢, so an error-free robot hits the door
during the iteration with step width f(j) = 2%.

1-90
1+90
249
2—-6
4-9

'

Aojyok_1

Fig. 1. In the worst case, the start point of every iteration
drifts away from the door. The vertical path segments
are to highlight the single iterations, the robot moves on
horizontal segments only.

In the worst case, every step to the right of the
error afflicted robot is too short and every step to
the left is too long, so start point of the iterations
drifts to the left, see Fig. 1. Let Ay denote the drift
after k iterations.

20 (1+9)
————
Steps, that are too long

- 2. (1—4) )
AL

Steps, that are too short

Akzi(

k
=25-) 2" =25(2"" —1).
i=0

Let the error afflicted robot miss the door dur-
ing the iteration with step width f(j) = 2%/ due
to the drift to the left. Now we are interested in
the number of additional steps, and whether the
robot is able to reach the door at all. Obviously the
reachability and the number of additional steps de-
pends on the error §. If the robot hits the door, it
will hit in the iteration with a step with of 227+2%
k € N> because the door is located right hand to
the start point. To ensure, that the robot hits the
door, the length of the last straight path must be
at least as large as the distance to door plus the
overall drift to the left. The last straight path may
be error afflicted again, but its length is a least
the lower bound of the error range in the iteration
2252k This yields
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Agjiop—1 +d <252k (1 - ¢)

25222 _ 95 4 9% — o < 220 H2k _ 927tk
= 2% [262%F +1 —22F 4 §2°F] — 25
< 2% [362°%F +1-2%] <e
2k
<z>5§:1))222k1 3,2§j+2k
122k —1
=0< 5 3 9%

The last term converges for kK — oo to % Thus

Corollary 1 If the error § is not greater than %
the robot will hit the door.

With the given analysis it is also possible to present
relations between the error range and the number
of additional iterations. For example:

Corollary 2 If the error § is not greater than i
the robot will hit the door with only one iteration

step more than the error-free robot.

5. Analyzing the performance

W.L o.g. for the competitive setting it would be
the worst, if the door is hit during the iteration
with step width 22772, but located just a litte bit
further away than the rightmost point that was
reached during the iteration with step width 227,
i.e.
d=2%(1-0)—Agj_q+e=2%(1-35)+25+e.

This yields a factor of

|7T0n1| 1 =« i
=2 > 24 Agjia+d

1=1
:%(2-(22j+2—1)+26(22j+2—1)+d)
j d+e
:22J((1+5) 1ote) .
0+e
2% (1 — 30 + Zf=)
1446
——+1
ST T

To show that this is the worst case, we show
that the robots errors in the left and in the right
direction are different. Furthermore the error in
each step may be a different one. Let 5;" be length
of the movement to the right in the i-th step and
0; be the length of the movement to the left. Now

Seville (Spain)

2j—1

> (67 —6)

i=1
denotes the deviation from the start point before
the 2j-th step and

2j—1

> (07 +67)

i=1
is the path length up to this point.

As above the door is hit during the step 2j + 2,
therefore its distance is

d=(5;j — A2j71 +e€
2j—1

=65 — ) (67 =61 +e

i=1

For the corresponding path length we have

2j+1 2j+1

Tomt| = D (67 +6;1) +Z T —oh)+
i=1

due to the fact that we will finally stop at distance
d, we add the deviation to d.

With this we get

rontl _ S 20r)
d 0 — PO — o) +e

We can conclude that the ratio achieves its maxi-
mum if we exceed every d; to the greatest extend,
which is 2¢(1 + ). Now we only have to fix §; in
order to maximize the ratio. Obviously the nom-
inator gets its smallest value if every ;" is very
small, therefore we use §;” = 2¢(1 — §).

Theorem 3 Ifthe error§ is not greater than % the
robot will hit the door with the doubling strategy.
The generated path is not longer than 811%355 +1
times the shortest path to the door.

6. Summary

We have analyzed a simple doubling strategy to
find a door in a wall respectively a point on a line
in the presence of errors in movements. We showed
that the robot is still able to reach the door if the
error is less than 1 5. Moreover, if the error is less
than i the robot will need at most two iteration

steps more than the error-free robot. If the error in
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the movement is bound by § < %, the competitive
ratio is

146
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Both error bounds are rather big, so it can be
expected, that real robots will meet this error
bounds.

The problem for m rays is a little bit different
because the robot may detect the starting point if
it changes from one corridor to another. Here, one
may be interested in the probability of entering
correctly the next corridor.

8

+ 1.
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Abstract

It is an open problem to determined whether a polygonal chain can be straightened inside a confining region if its
links are not allowed to cross. In this paper we propose a special case: whether a polygonal chain can be straightened
inside a circle without allowing its links to cross. We prove that this is possible if the straightened configuration
can fit within circle. Then we show that these simple chains have just one equivalence class of configurations.

Key words: folding, polygonal chain, reconfiguration

1. Introduction

A chain is a sequence of rigid rods or links
consecutively connected at their endpoints, about
which they may rotate freely. The link between
A;—1 and A; (1 <i < n) is denoted by L; and the
length of L; is denoted by [;. The angle at inter-
mediate joint A;, 6; € [0,27), is that determined
by rotating L; about A; counterclockwise to bring
L; to L;y1. The chain I' is simple if it is non-self-
crossing and non-self-touching. The subchain of "
with joints A;, ..., 4; is denoted by I'[i, j].

We say a bend operation is performed at joint
A;, when the joint angle 6; is changed between 6;
and 7. Throughout this paper, we assume that the
only bend operations allowed are single-joint bend
operations, in which only one joint angle is altered
at a time. A bend operation is complete if, at the
end of the operation the joint angle is 7. We then
say that the joint has been straightened. A bend
Operation that is not complete is called a partial
bend. A sequence of bend operations is said to be
monotonic if no operation increases the absolute
deviation from straightness, |§; — |, for a joint A;.

Let o = (i1,i2,...,in—1) be a permutation of the
indices {1,2,...,n — 1}. For a simple chain T, we
say that a sequence (A;,, Ay, ..., A;,_, ) of joints is
unfoldable, if T can be straightened into a straight
line segment L using the joints in the sequence in

Email address: mohades@aut.ac.ir (Ali Mohades).
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turn, such that I' remains simple and all of the
bend operations are complete. A simple chain I is
called wunfoldable chain, if it has a unfoldable se-
quence of joints. An intermediate joint A; is called
unfoldable joint, if a complete bend operation can
be performed at A; such that during the perform-
ing bend operation, I' remains simple.

The union chain, Ty, of a chain T' is a chain
which is obtained from I' in the following way: if
none of the joints of T is straight joint, I'yy = T if
I’ has at least one straight joint, for any straight
joints A;, we delete joint A; and put A; 1 A;4; as
a single link.

Reconfiguration problem and in particular, fold-
ing problem, been raised independently by several
researchers. [3] has considered reconfiguration of
robot arms inside a circle, with allowing its links
to cross. In [4], Pei has proved that for a chain T’
inside a circle whose radius is sufficiently big, there
is just one equivalence class when its links are al-
lowed to cross. In [5] and [2], straightening a simple
chain in the plane is studied and is proved that any
simple chain can be straightened in the plane. And
in [1] Arkin, Fekete and Mitchell have given an ef-
ficient algorithm to determined if a simple chain
can be straightened by performing complete bend
operations. In this paper, we study straightening a
simple chain within a circle. we give a quadratic-
time algorithm to straighten a simple unfoldable
chain within a circle whose radius is sufficiently
big. Then we prove that all of simple chains can

Seville, Spain (2004)
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be straightened within a circle, if and only if their
straightened configuration can fit in the circle. Fi-
nally we show that any two configuration of these
simple chains are equivalent.

2. Preliminaries

Let I" be a simple chain inside circle C'(O, r) with
joints Ag...A,. For fitting straightened configura-
tion of I' in C, we must have > I; < 2r. From
now on, we suppose ' is a simple chain inside C'
such that Y1 | 1; < 2r.

For a circle C(O,r) and two points z,y € 9C,
we use zy to denote the clockwise arc from z to .
For a point 4; € 9C we denote the other endpoint
of the diameter of C' which is containing A;, by M;.
Definition 1 A joint A,, is called rim joint
if it lies on boundary of circle C. We denote
the set of all rim joints of chain T by Agrim =
{Aroa Am PR A'r's }

Definition 2 For any rim joint A; of chain T, the
vector OWZ is called radius vector of A; and is de-
noted by r;.

Lemma 3 There is a diameter s = ab of circle C
such that all of rim joints of chain T belong to one

of the arcs ab or ba.

PROOF. If Ag;,n = 0, there is nothing to prove.
Let A; be a rim joint of I' and X be a moving

object which is walking along arc A; M; clockwise,
starting at the point A;. Suppose A, is the last rim
joint of T that is visited by X . Diameter s = A, M,

is a solution. Because arc A, M, contains no rim
joint of T, except A,. O

Definition 4 Suppose Ag;m has at least two point

and rim joints of I' belong to ab. The nearest rim
joints to points a and b are denoted by Ay and A,
respectively. These joints are called limit-joints.

It is clear that all of the other rim joints of I' are

on arc AfA..

Definition 5 Let A, and Ay be limit-joints of T
Vectors re and re are called direction vectors.
Definition 6 The sum of direction vectors, re and
r¢, s called central direction and denoted by d, i.e.,
d =r¢ +rf.

Central Translation:We draw n vectors parallel
to d from any joint A; until hit circle at points
N;, then put g; = ||A;N;|| and € = min{e; | 0 <
i < n}. Translation of T inside C' along the vector

d. d, is called central translation of I'. New

€
IRICH -
positions of I and any joint A;, after the central
translation, are denoted by I'" and Af. It is clear
that e, = €.

3. Unfoldable Simple Chains

Suppose o = (4;,, Ai,, ..., A;,_,) is an unfold-
able sequence of joints of I'. For straightening I"
inside circle C(O, ), we propose the following al-
gorithm which contains three steps:

Algorithm 1 Unfolding Simple Chain T':

step1. ' =T;;=0.

step2. I =Ty, =47+ 1. If j =n, stop. else
k= ij 5

step 3. Straighten Aj. Go to step 2.

Now for step 3, straightening joint Aj; within cir-
cle C', we propose the following algorithm which
contains four steps:

Algorithm 2 Straightening joint Ay :

step 1. Iy =10, k]; '), = T'[k, n];

step 2. Rotate I'g about Ay, until Ay, straightens or
one of joints of Tg hits C and 'y can not rotate more
about Ay. If Ay, straightens, stop; else go to step 3.
step 3. Rotate T',, about Aj until Ay, straightens
or one of joints of Ty, hits C and T';, can not rotate
more about Ay. If Ay straightens, stop; else go to
step 4.

step 4. Calculate d. and transmit T’ by d.. Go to
step 2.

4. Correctness of Algorithm 2

Any repeat of algorithm 2 is called a phase and
the joint angle at Ay, at the end of phase i, is
denoted by «;. For showing correctness of algo-
rithm 2, we show that during the algorithm, IT" re-
mains simple and it remains inside C. And we prove
that by using algorithm 2, after a finite number
of repeats, Ay, straightens. Furthermore, this finite
number is independent of n.

Chain T remains simple, because Ay, is an unfold-
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able joint in the plane. Now for showing that I re-
mains inside C', we first prove that central transla-
tion always can be done.

Lemma 7 d. #0.

PROOF. If d = 0, we have rf = —r.. That is
implies Ay = M, and A, = My, ie., AfA, = 2r.
Therefore Y2;"  li > 3 crpe ppli > ApAde = 27
That is a contradiction. Thus d # 0.

Because the angles between d and its compo-
nents are less than 7/2 and all of radius vectors
lie between vectors re and rg, the angle between
d and radius vectors are less than 7/2, too. Thus
any rim joint can transmit in direction d inside C'.
Any interior points of C' also can transmit in all di-
rections inside C'. Therefore £ # 0. Consequently
d. A#0. O

It is clear that during the step 1 and step 2, all of
the joints remain inside circle. At step 3, because
e = min{e; | 0 < i < n} and the angle between
radius vectors and d are less than 7/2, I' remains
inside C.

Now to show that after a finite number of repeats,
algorithm 2 is terminated, we first show that at
the end of any phase of algorithm 2, a; becomes
strongly close to m, i.e., |7 — ajt1| < |7 — a4]. So
we have to prove at the end of central translation
of T', at least one of the subchains I'y or I'),, can
rotate about Aj such that joint angle at Ay has
became close to w. Note that at the end of step 1
and step 2, if Aj, does not straighten, Ag;,, has at
least two points, one point from I'g and the other
point from T',,.

Lemma 8 Let A, and Ay be the limit-joints of T
at phase i. If both of A. and As belong to one of the
subchains Ty or T'y,, then at the end of translation,
none of the joints of the other subchain lie on 0C'.
Furthermore, this subchain can rotate about Ay at
phase i + 1.

PROOF. Assume without loss of generality that
Ay, A, € Ty. Suppose for a contradiction, A; is a
joint of T',, such that A} € C. At the beginning
of translation, T',, has at least one rim joint, A,,,

which lies on arc A;Ae. If A is in the exterior
of closed curve § =A;A, Ulgle, f], Tnlm, k] and
Tole, f] will be intersecting. Thus Ay, is in the in-

terior of d. See figure 1. Therefore A}, is in the in-
terior of the closed curve §' = S U I'y[f, e] where
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Fig. 1. If T, contains no limit-joints, T}, has no rim joint.

f is the translation of arc Ay A. by the vector d..
But A} is in the exterior of 8’. So I'/, [k, t] intersects
boundary of §'. That is a contradiction. Because
Iy, [k,t] does not intersect boundary of 6. O

By lemma 8, we suppose A, and A; don’t belong
to the same subchain. From now on, the subchain
which contains A, is denoted by I, and the other
subchain which contains A; is denoted by I'y. We
have the following theorem.

Theorem 9 At the end of translation, at least one
of the subchains I'. and I'y can rotate about Ay.

PROOF. Refer to full paper. O

Corollary 10 |o; — 7| > |1 — 7.

By corollary 10, the configuration of I' in two con-
secutive phase is different. Thus during the algo-
rithm 2, straightening Ay is strongly progressed
and cycling is not, possible. Now for showing that
after a finite number of repeats, algorithm 2 is ter-
minated, we use simplicity of I'. Assume without
loss of generality that 6, < 7. Thus according to
definition of joint angle, Iy must rotate about Ay
clockwise. First suppose there is no confining re-
gion. So Ay can be straightened and then I'y can
rotate about Ay, clockwise more, until first self-
touching is occurred. This operation is called =-
passage motion and the joint angle at Ay, is denoted
by 7 + 71, that 7, > 0. Now suppose T is inside
C(0,r). We change the stopping criteria of algo-
rithm 2, from achieving 7 to achieving 7 + 7, and
use this new algorithm on Aj. All of above proofs
also hold for this new algorithm. So by corollary
10 we also have:

lip1 — 7 — 1| < o — T — 7 (%)
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Assumption ), < 7 yields: for every i > 0, a; <
m+75. So (%) yields m+71, —a;11 < m7+7p—a;. In the
other words, {a;}i>0 is a bounded and monotone
sequence. Therefore it converges to its suprimum,
T 4 71,- Thus for every € > 0 exists a finite natural
number N > 0 such that for every i > N we have
lo; ——71| < €,1.e., foreveryi > N, m+1, —a; <
€. Thus for € = 74, there is a finite number N
such that for all ¢ > N, m + 17, — a; < T3. So for
i =N,, wehave m + 1, —an, < T, i.e., an, > 7.
Because N, is the smallest natural number that
T+TE—o; < T, wehave m+ 1, —an__1 > T, i.e.,
an.—1 < . Therefore Ay can straighten in phase
N, or N; — 1. Because ay,_1 < mand ay_ > 7.
It is clear that N, is independent of n.

Therefore proof of correctness of algorithm 2 is
terminated. Complexity of algorithm 1 is O(n?),
because complexity of each step is O(n) and the
number of repeats is n — 1.

5. Arbitrary Simple Chains

Now we prove that an arbitrary simple chain can
be straightened inside a circle. First we have the
following theorem.

Theorem 11 Any simple chain T can be straight-
ened using a finite number of monotonic single-
joint bend operations.

PROOF. See[l]and [2]. O

Theorem 11 is true, if chain is inside a circle as a

confining region.

Theorem 12 A simple chain T' can be straight-

ened inside a circle using a finite number of mono-
n

tonic single-joint bend operations, zfz li < 2r.
i=0

PROOF. By theorem 11, I" can be straightened
in the plane using a finite number of monotonic
single-joint bend operations. If all of these bend
operations are complete, I' can be straightened by
using algorithm 1. But if at least one of the bend
operations is not complete, these bend operations
will be in accordance with a sequence of motions,
M = {Mj}le, such that M; is a partial bend
operation and I' can be straightened by using M.

Any operation Mj is single-joint, so it is in accor-
dance with a joint A;, and this accordance is not
one to one, because M; s are not complete. Sup-
pose any bend operation M is changed joint angle
at A;; by A(A;;;7). Now note that any operation
Mj is monotone; so if we change the stopping cri-
teria of algorithm 2, from achieving 7 to achieving
0i; + A(Aj;; j), this new algorithm can be used to
perform any bend operation A; inside C'. There-
fore I' can be straightened inside C' by performing
Mj s in turn, because k is finite. O

6. Conclusion

Assume that I' is a simple chain such that
Z?:l l; < 2r and T’y and T’y are two configuration
of I inside circle C(O, r). We denote their straight
configurations by L; and Lo, respectively. Let M
be a sequence of bend operations for straighten-
ing T'5 inside C and M ¥ be the reverse of Motion
M. It is clear that by performing MF, L, can be
reconfigured to T's. Now by theorem 11, we can
reconfigure I'y to Ly, then we can reconfigure L,
to Lo by translation and rotation operations and
finally we can reconfigure Ly to T's by MF. So T'y
can be reconfigured to I's inside C, i.e., for a simple

n
chain T, if Z l; < 2r, then any two configurations
i=1
of I, inside circle C'(O, r) are equivalent.
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Abstract

A rectangular cartogram is a type of map where every region is a rectangle. The size of the rectangles is chosen
such that their areas represent a geographic variable (for example population). Rectangular cartograms are a useful
tool to visualize statistical data. However, good cartograms are generally hard to generate: The area specifications
for each rectangle may make it impossible to realize correct adjacencies between the regions and so hamper the

intuitive understanding of the map.

Here we present the first fully automated algorithms for rectangular cartograms. Our algorithms depend on a
precise formalization of region adjacencies and are building upon existing VLSI layout algorithms. Furthermore,
we characterize a non-trivial class of rectangular subdivisions for which exact cartograms can be efficiently com-
puted. An implementation of our algorithms and various tests show that in practice, visually pleasing rectangular
cartograms with small cartographic error can be effectively generated.

1. Introduction

Cartograms. Cartograms are a useful and intu-
itive tool to visualize statistical data about a set of
regions like countries, states or counties. The size
of a region in a cartogram corresponds to a partic-
ular geographic variable [1,6]. Since the sizes of the
regions are not their true sizes they generally can-
not keep both their shape and their adjacencies. A
good cartogram, however, preserves the recogniz-
ability in some way. Globally speaking, there are
three types of cartogram. The standard type (the
contiguous area cartogram) has deformed regions so
that the desired sizes can be obtained and the ad-
jacencies kept. Algorithms for such cartograms are
described in [10,2,3]. The second type of cartogram
is the non-contiguous area cartogram [7]. The re-
gions have the true shape, but are scaled down and
generally do not touch anymore. The third type
of cartogram is the rectangular cartogram intro-
duced by Raisz in 1934 [8] where each region is
represented by a single rectangle.

Quality criteria. Whether a rectangular car-
togram is good is determined by several factors.
One of these is the cartographic error of the car-
togram [2,3], which is defined for each region as
|A. — As| /As, where A, is the area of the region
in the cartogram and A; is the area of that region
as specified by the geographic variable to be dis-
played. The following list shows all quality criteria:
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Fig. 1. A cartogram depicting the native
population of the United States.

— Average cartographic error.

— Maximum cartographic error.

— Correct adjacencies of the rectangles.

— Maximum aspect ratio.

Suitable relative positions.

For a purely rectangular cartogram we cannot ex-
pect to simultaneously satisfy all criteria well.
Related work. Rectangular cartograms are
closely related to floor plans for electronic chips.
Floor planning aims to represent a planar graph
by its rectangular dual, defined as follows. A rect-
angular partition of a rectangle R is a partition of
R into a set R of non-overlapping rectangles such
no four rectangles in R meet at the same point.
A rectangular dual of a planar graph (G,V) is a

Seville, Spain (2004)
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rectangular partition R, such that (i) there is a
one-to-one correspondence between the rectangles
in R and the nodes in G, and (ii) two rectangles
in R share a common boundary if and only if
the corresponding nodes in G are connected. The
following theorem was proven in [5]:

Theorem 1 A planar graph G has a rectangular
dual R with four rectangles on the boundary of R if
and only if

(i) every interior face is a triangle and the exte-

rior face is a quadrangle

(i) G has no separating triangles.

Note that although every triangulated planar

graph without separating triangles has a rectan-
gular dual this does not imply that an error free
cartogram for this graph exists.
Results. We present the first fully automated
algorithms for the computation of rectangular
cartograms. We formalize the region adjacencies
based on their geographic location and are so able
to enumerate and process all feasible rectangular
layouts for a particular subdivision (i.e., map).
The precise steps that lead us from the input
data to an algorithmically processable rectangular
subdivision are sketched in Section 2.

We describe three algorithms that compute a
cartogram from a rectangular layout. The first is an
easy and efficient (segment moving) heuristic which
we evaluated experimentally. The visually pleas-
ing results of our implementation can be found in
Section 3. Secondly, we show how to formulate the
computation of a cartogram as a bilinear program-
ming problem. The details concerning these two
methods can be found in the full paper.

For our third, exact, algorithm we introduce an
effective generalization of sliceable layouts, namely
L-shape destructible layouts. We show that:
Theorem 2 An L-shape destructible layout with
a given set of area values has exactly one or no
realization as a cartogram.

The proof of Theorem 2 (which is given in the full
paper) immediately implies an efficient algorithm
to compute an exact (up to an arbitrarily small
error) cartogram for subdivisions that arise from
actual maps.

Finally we also establish the following theorem:
Theorem 3 A subdivision S withn vertices whose
face graph is outerplanar can be represented by a
rectangular cartogram with the correct adjacencies
and any pre-specified area values. This cartogram
can be computed in linear time.

2. Algorithmic Outline

Assume that we are given an administrative sub-
division into a set of regions. The adjacencies of
the regions can be represented in a graph F', which
is the face graph of the subdivision.

1. Preprocessing: The face graph F' is in most
cases already triangulated (except for its outer
face). In order to construct a rectangular dual of F'
we first have to process internal vertices of degree
less than four and then triangulate any remaining
non-triangular faces.

2. Directed edge labels: Any two nodes in the
face graph have at least one direction of adjacency
which follows naturally from their geographic lo-
cation. While in theory there are four different di-
rections of adjacency any two nodes can have, in
practice only one or two directions are reasonable.

Our algorithms go through all possible combina-
tions of direction assignments and determine which
one gives a correct or the best result. While in the-
ory there can be an exponential number of options,
in practice there is often only one natural choice
for the direction of adjacency between two regions.
We call a particular choice of adjacency directions
a directed edge labeling.

Definition 4 (Realizable directed edge la-
beling)

A face graph F' with a directed edge labeling can
be represented by a rectangular dual if and only if

(i) every internal region has at least one North,

one South, one East, and one West neighbor.
(i) when traversing the neighbors of a node in
clockwise order starting at the western most
North neighbor we first encounter all North
neighbors, then all East neighbors, then all
South neighbors and finally all West neigh-
bors.
3. Rectangular layout: A realizable directed
edge labeling constitutes a reqular edge labeling for
F as defined in [4]. Therefore we can employ the
algorithm by He and Kant [4] to construct a rect-
angular layout, i.e., the unique rectangular dual
of a realizable directed edge labeling. The output
of our implementation of the algorithm by He and
Kant is shown in Figure 2.
4. Area assignment: For a given set of area val-
ues and a given rectangular layout we would like
to decide if an exact assignment of the area val-
ues to the regions is possible without destroying
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Fig. 2. One of 4608 possible rectangular layouts of the US.

the correct adjacencies. Should the answer be neg-
ative or should the question be undecidable, then
we still want to compute a cartogram that has a
small amount of cartographic error while maintain-
ing reasonable aspect ratios and relative positions.
Exact algorithm. For certain types of rectangu-
lar layouts we can compute an exact cartogram.
We first determine for a given rectangular layout a
maximal rectangle hierarchy. The maximal rectan-
gle hierarchy groups rectangles that together form
a larger rectangle, as illustrated in Figure 3. It can
be computed in linear time [9]. All groups in the
hierarchy are independent and we will determine
areas separately for each group.

A node of degree 2 in the hierarchy corresponds
to a sliceable group of rectangles. If the maximal
rectangle hierarchy consists of slicing cuts only,
then we can (in a top-down manner) compute the
unique position of each slicing cut.

Nodes of a degree higher than 2 require more
complex cuts (see for example the four thick seg-
ments in Fig. 3). Here we introduce a type of non-
sliceable layout for which the coordinates are still
uniquely determined by the specified areas. We say
a rectangular layout R is irreducible if no proper

Gr
Fr | Dr
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‘ ‘ Fr FI  Gr
Ze| NB |Li Dr Ov

Fig. 3. Rectangular layout of the 12 provinces of the
Netherlands and a corresponding
maximal rectangle hierarchy.

Seville (Spain)

subset of R (of size greater than one) forms a rect-
angle. Furthermore, we call a rectilinear simple
polygon with at most 6 vertices L-shaped. We say
that an L-shaped polygon is rooted at a vertex p if
one of its convex vertices is p.

Definition 5 (L-shape destructible)  An ir-
reducible rectangular layout R of a rectangle R is
L-shape destructible if there is a sequence starting
at a corner s of R in which the rectangles of R can
be removed from R such that the remainder forms
an L-shaped polygon rooted at the cornert of R op-
posite to s after each removal.

s
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L
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4
VA 8
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Fig. 4. An L-shape destructible layout of the Eastern US.
The shaded area shows the L-shaped polygon after the
removal of rectangles 1 — 4.

3. Implementation and experiments

We have implemented the segment moving
heuristic and tested it on some data sets. The
main objective was to discover whether rectangu-
lar cartograms with reasonably small cartographic
error exist, given that they are rather restrictive
in the possibilities to represent all rectangle areas
correctly. Secondary objectives were to determine
how the cartographic error depends on maximum
aspect ratio and correct or false adjacencies.

Our layout data sets consist of the 12 provinces
of the Netherlands and the 48 contiguous states
of the USA. Here we present only some of the re-
sults pertaining to the US data sets, all other re-
sults can be found in the full paper. We allowed 13
pairs of adjacent states of the USA to be in differ-
ent relative positions leading to 8192 possible lay-
outs. Only 4608 of these correspond to a realizable
directed edge labeling. We considered all 4608 lay-
outs and chose the one giving the lowest average
error as the cartogram.



20th European Workshop on Computational Geometry

WA

|

OR

MN

NORTH

wi

NV

Soms

CA

MO

co

AR

AZ

Mi

NY

OH

KY

™

wv

MD
VA
NC

Ms| AL

GA

sC

ME|
NH

MA

CcT

—o>m

RI

SOUTH

Fig. 5. The population of the US.

Data set | Adjacency | Aspect ratio | Av. error | Max. |

Soms
—Hw>m

Fig. 6. The highway kilometers of the US.

data sets allowed an aspect ratio of 10 or lower to
yield an average error between 0.03 and 0.06.

US pop. | false 81 0.104 0.278
US pop. | false 9 | 0.085 0.193
US pop. | false 10 | 0.052 0.295
US pop. | false 11 | 0.030 0.091
US pop. | false 12 | 0.022 0.056
US pop. | correct 12 | 0.327 0.618
US pop. | correct 13| 0.319 0.608
US pop. | correct 14 | 0.317 0.612
US pop. | correct 15| 0.314 0.569
US pop. | correct 16 | 0.308 0.612
US hw. | correct 6| 0.073 0.188
US hw. | correct 7 1 0.059 0.111
US hw. | correct 8 | 0.058 0.101
US hw. | correct 9| 0.058 0.101
US hw. | correct 10 | 0.058 0.101

Table 1. Errors for different aspect ratios, and
correct/false adjacencies. Sea 20%.

As numeric data we considered population, na-
tive population, number of farms, number of elec-
torial college votes, and total length of highways.

Table 1 shows errors for various settings for two
US data sets. Only the average error is significant
in the table, since the rectangular layout chosen for
the table is the one with lowest average error. The
corresponding maximum error is shown only for
completeness. Since cartograms are interpreted vi-
sually and show a global picture, errors of a few per-
cent on the average are acceptable. Such errors are
also present in standard contiguous cartograms.

The error decreases with a larger aspect ratio,
as expected. For the native population data set an
aspect ratio of 7 combined with false adjacency
results in a cartogram with average error below
0.04 (see Fig. 1). Figures 5 and 6 show rectangular
cartograms for two of the five US data sets. The
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1. Introduction

In this paper we discuss farthest-point problems,
in which a sequence S = (p1, pa, . . ., Pn) of n points
in the plane is given in advance and can be prepro-
cessed to answer various queries efficiently. We first
consider the general setting where query points can
be arbitrary, then we investigate a special setting
where each point in S is queried exactly once.

To describe our problems, we use the following
notation. Given two points p # ¢, let pg denote
the line through the points p and ¢, let pg denote
the line segment joining p and ¢, and let |pq| be
the Euclidean distance of p and g. We will use ¢ to
denote a fixed arbitrarily small positive number.

FARTHESTPOINTABOVELINE (FPAL): Given a
pair (g,ly), where ¢ is a point and I, is a line
through ¢, decide whether there is a point in S
above [, and if yes report the one farthest from gq.

Our solution to this problem is a data structure
based on [6] that takes O(nlogn) space, O(n'*+e)
preprocessing time and O(n'/?*¢) query time. We
can do better if S is in convex position:

FPALINCONVEXPOLYGON (FPALCP): Given
a convex n-gon C and a pair (q,l,), where g is a
point and /, is a line through ¢, decide whether
there is a point in C' above Iy, and if yes report the
one farthest from gq.

Our solution takes O(n logn) space, O(n log®n)
preprocessing time and O(log® n) query time.

FARTHESTPOINTSAMESIDE (FPSS): Given a
triplet (g, L4, A), where ¢ is a point and £, is a
line through ¢ such that all points in S are within
distance A from L4, decide whether there is a

Email addresses: daescu@utdallas.edu (Ovidiu
Daescu), nxm024100@utdallas.edu (Ningfang Mi),
cssin@hufs.ac.kr (Chan-Su Shin).
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point p € S such that (i) |gp| > A, and (ii) p is
above the line [, orthogonal to £, at g. If yes,
report the point p farthest from ¢ that fulfills (ii).

Our data structure for this problem has the same
time and space bounds as that for FPALCP.

FARTHESTINDEXEDPOINTOTHERSIDE (FIPOS):
Given a triplet (7,7,A), such that 1 <i < j<n
and all points pi, € S withi < k < j are within dis-
tance A from p;p;, decide whether there is a point
pr with ¢ < k < j such that (i) |p;px| > A, and (ii)
pr. and p; lie on different sides of the line that goes
through p; and is orthogonal to p;p;. If yes, report
the point py farthest from p; that fulfills (ii).

Our time and space bounds for this problem are
by a log-factor above those for FPALCP.

In the special setting where each point in S is
queried exactly once we investigate the following
problem. We assume the existence of a point p & S.

BATCHEDFARTHESTINDEXEDPOINTSAMESIDE
(BFIPSS): For each point p; € S decide whether
there is a point py € {p1,...,p;} that lies on the
same side as p with respect to the perpendicular
bisector of p and p;. If yes report the point pj
farthest from p that has the above property.

Our algorithm for this problem runs in O(n log® n)
time and uses O(nlogn) space.

The problems we study are related to the
nearest-point query problem, to the all-pairs far-
thest and closest neighbors problem, and to the
closest-point-to-line query problem. Although
these problems are well understood, we are not
aware of work on the problems we consider.

Applications of our data structures are polyg-
onal chain approximation [2], approximate solu-
tions for the one-cylinder problem [1], and geomet-
ric spanning trees [5].

Seville, Spain (2004)
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2. Farthest-Point Queries

We first tackle FPALCP, since it is part of the
solutions for the problems FPSS and FIPOS.

In the preprocessing phase, we construct a bal-
anced binary tree T in O(n log® n) time as follows.
The vertices of the convex polygon C, in counter-
clockwise order from the rightmost vertex, are as-
sociated with the leaves of T'. At each internal node
u, we compute and store the convex hull and the
farthest-point Voronoi diagram V,, of the leaf de-
scendants of w from the information available at
the children of u. We then preprocess V,, for pla-
nar point-location queries, which takes a total of
O(nlogn) time for each level of T'. Thus, the over-
all computation of T' takes O(nlog?n) time.

Given a query pair (g,l;), we find in O(logn)
time the intersection points of [, with the boundary
0C of C by binary search. We assume that [, has
non-empty intersection with the interior of C' (the
four other cases are trivial). The sought point is
either one of the two intersection points of I, with
0C or a vertex of C that is above ;. Without loss
of generality, we assume that no vertex of C lies on
l, and that [, has positive slope.

We query T as follows. We select the two end-
points of the segments intersected by [, that are
above l,. Let s be the first and ¢ the second end-
point in counter-clockwise order on 9C. We walk
in T from s to t and collect a set V of O(logn)
farthest-point Voronoi diagrams in two phases. In
the ascending phase we go upwards from s. When-
ever we get to a node u from its left child, we add
to V the Voronoi diagram stored at the right child
of u. In the descending phase we go down towards
t. Whenever we go to the right child of a node wu,
we add to V the Voronoi diagram stored at the left
child of u. Clearly, all points associated with these
Voronoi diagrams are above [, and thus the sought
vertex is either s, ¢ or one of these points. We lo-
cate ¢ in O(logn) time in each Voronoi diagram in
V and keep track of the point farthest from ¢. Thus
we can answer the query in O(log® n) time.

Theorem 1 There is a data structure for
FPALCP that takes O(nlogn) space, O(nlog®n)
preprocessing time and O(log2 n) query time.

One can answer queries for FPSS using the
same approach as for FPAL: construct a partition
tree based on a fine simplicial partition in O(n'**)
time [6] and enhance it with a second-level data

Fig. 1. The point p farthest from ¢ must be a vertex of the
convex hull C of S if |gp| > A.

structure consisting of the farthest-point Voronoi
diagram (of the points at each internal node)
preprocessed for planar point location. This data
structure can be used to obtain a collection of
disjoint subsets of points representing all points
in S which are above the line [/;, and then query
the farthest-point Voronoi diagrams for the points
in each subset in order to answer the query. Note
that the point farthest from the query point ¢ may
lie inside the convex hull C' of S, so it seems our
solution of FPALCP cannot be applied here. The
following lemma, however, does give us a way to
use the FPALCP data structures to solve FPSS.

Lemma 2 Given S C R? and a triplet (q, Ly, D),
where q is a point and L, is a line through q such
that all points in S are within distance A from Lg,
if there is a point p € S such that (i) |gp| > A,
and (i) p is above the line l; orthogonal to L, at
q, then the point in S farthest from q is a vertex of
the convex hull C of S.

PROOF. Wlog. we assume that [, intersects 0C
in two line segments p;p; 1 and p;p; 41 with 1 <
1 < j < n and that p;11,...,p; all lie above ;.
Let a and b be the intersection points. Clearly for
each triangle gpypr+1 above [, either py or piy; is
farthest from g. We now consider the triangle t =
gp;b, the triangle qap;11 is analogous.

Let £ be the line through ¢ that is orthogonal
to pjpj+1. Consider the right-angled triangle ¢’
(shaded dark in Figure 1) that is defined by ¢,
pjpj+1 and ¢gb. Due to Thales’ theorem t’ is con-
tained in the disk D, whose diameter is gb. Since
lgb| < A, Dy (and thus t’) is contained in the
radius-A disk Da centered at q.

Now if ¢; € t/ then ¢t C ¢/ C Da. Otherwise ¢
splits ¢ into ¢’ and another right-angled triangle ¢”
(shaded lightly in Figure 1) that is defined by gp;,
p;ip;j+1 and £. Since gp; is the hypothenuse of t”,
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p; is farthest from ¢ in ¢”. Thus the point farthest
from q either lies in D or is a vertex of C. O

Theorem 3 There is a data structure for FPSS
that takes O(nlogn) space, O(nlog® n) preprocess-
ing time and O(log® n) query time.

To solve FIPOS, the indexed version of FPSS,
in the preprocessing phase we construct an
O(nlog® n)-size balanced binary tree T as follows.
Each leaf of T is associated with a point in S such
that the point p; € S is stored at the i-th leaf of
T. We go up the tree T" and, at each internal node
v, we compute and store the convex hull C,, of the
leaf descendants of v. We also compute and store
at v a secondary level data structure in the form
of a balanced binary tree T,, of the farthest-point
Voronoi diagrams on the vertices of C,,, enhanced
with a planar point-location data structure, sim-
ilar to the one used in solving FPSS. Then, the
overall computation of T' takes O(nlog®n) time
and requires O(n log? n) space. For a query pair
(2,7), let m;; be the path in T from p; to p;. We
use this path to obtain a set C of O(logn) convex
hulls whose union contains only the points p; with
i < k < j as follows. In the ascending phase we
add to C the convex hull stored at the right child
of v if m;; gets to v from its left child. In the de-
scending phase we add to C the convex hull stored
at the left child of v if m;; goes from v to its right
child. For each convex hull C' € C, querying the
secondary data structure reduces to FPSS. Let
t be the number of vertices on C. Then we can
determine in O(log?t) time whether there is a k,
i < k < j, such that the point pp € S associated
with C satisfies the two FIPOS conditions. Since
the size of the set C is O(logn), the overall query
time is O(log® n).

Theorem 4 There is a data structure for FIPOS
that takes O(nlog®n) space, O(nlog®n) prepro-
cessing time and O(log® n) query time.

Building on our solutions of FPALCP, FPSS,
and FIPOS, we extend a recent result in [3].

Theorem 5 Given a polygonal chain P = (py, p2,
...y DPn) in the plane, the min-# problem with the
tolerance zone criterion and Lo distance metric can
be solved in O(F(m) nlog® n) time with O(nlog* n)
space, where F(m) is the number of vertices of the
path approximation graph reachable from p1 with at
most m — 2 edges and m is the number of vertices
of an optimal approximating path.
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A version of BFIPSS without the index restric-
tion has been considered in [5]. There the problem
was to report for each point p; € S a point far-
thest from the fixed point p € S that lies on the
same side as p with respect to the perpendicular
bisector of p and p;. In [5] the problem is reduced
to the problem of finding for each p; € S the first
disk in a sequence of disks that does not contain
p;. This problem has been addressed in [2] under
the name off-line ball exclusion search (OLBES).
The authors set up a tree data structure with a
space requirement of O(nlogn) and then query
this structure with each point in S. This results in
a total running time of O(nlogn) for OLBES in
dimension d = 2. For d > 2 the problem is solved
differently in O(n?~2/(L4/2D+1) time. In [5], a ver-
sion of OLBES where all disks intersect a common
point has been solved for d = 2 in O(nlogn) time
and O(n) space by sweeping an arrangement of
circular arcs. To solve BFIPSS in dimension 2 we
set up a tree data structure similar to [4, proof of
Lemma 2]. Here, however, we must solve a differ-
ent OLBES problem in each query and thus need
to modify our tree successively.

Theorem 6 BFIPSS can be solved in O(nlog® n)
time and O(nlogn) space for a sequence S of n
points and a point p € S in the plane.

PROOF. Let D,,; 1 = 0 and let Dy,...,D, be
the sequence of disks in order of non-increasing
radius that are centered on the points in S and
touch p. We build a binary tree B that we query
with the points in S, and the answer of a query
will correspond to the index of the first disk in the
sequence Dy, ..., D, that does not contain the
query point. The leaves of B correspond to these
answers from left to right. Each inner node v stores
the intersection I, of all disks (except D,,y1) that
correspond to the leaves in the subtree rooted at v.
We label each node v with a pair [a,, b,] encoding
the set S, = {ay,...,b,} of consecutive indices
that correspond to these disks. In Figure 2 a tree
with n = 13 is depicted. We build B in a bottom-
up fashion. Each inner node has two children in the
previous level, except possibly a level’s rightmost
node that can have a right child in an earlier level,
see the node with label [9,13] in Figure 2.
Querying B with a query point ¢ means to follow
a path from the root to a leaf. In each inner node v
with left child £ the test ¢ € I, is performed. If g €
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Fig. 2. The tree data structure B for n = 13.

Iy, the query continues with the right, otherwise
with the left child of v.

Other than in [2,4], we start with an empty skele-
ton of B, i.e. all inner nodes v are labeled by [a,, by),
but all intersections I, are set to R%. Also other
than in [4], the order in which we query becomes
crucial. We go through the points p1,...,p, € Sin
order of increasing index. Before querying B with
p; we update B by adding the new disk Dy, centered
on p; (note that usually &k # 4) to the intersection
I, for each node v on the path from the root to the
leaf that corresponds to Dy.

The result of a query with p; is the disk D; that
corresponds to the leaf at the end of the query path
m. If j = n 4+ 1 then 7 is the rightmost root—leaf
path. Consider the left children of the nodes on 7.
The sets Sy that belong to these left children par-
tition {1,...,n}. In other words, the intersection
of Iy over these children is Dy N ---N D,,. Since 7
is the rightmost root—leaf path, the containment
queries in all nodes on 7 were answered positively.
Thus g; is contained in all disks currently in B, i.e.
qi € D(q1,p) N ---N D(q;,p), where D(a,b) is the
disk centered at a that touches b. This means that
none of ¢qi, ..., q; lies in the halfplane h(p, ¢;) that
contains p and whose boundary is the perpendic-
ular bisector of p and ¢;. Otherwise [5, Lemma 1]
would guarantee that ¢; & D(qx,p) for the point
gr in {q1,...,q;} farthest from p in h(p, ¢;).

If j < n we again consider the left children of the
nodes on the query path 7 of ¢;. The sets Sy par-
tition {1,...,75 — 1} if we take only those left chil-
dren ¢ into account that do not themselves lie on 7.
Similarly to above, the intersection of I, over these
children is Dy N---N D;_;. Thus ¢; is contained in
all Dy with k < j that are currently in B. On the
other hand, since 7 is not the rightmost root—leaf
path, there must be left children that lie on 7. The
last such left child v is the root of the subtree whose
rightmost leaf corresponds to D;. Thus v is asso-

ciated with some set S, = {iy,...,j}, where 1 <
i, < j. Since we have already observed that g; is
contained in all Dy with k£ < j that are currently in
B, but 7 came to v via a “no”-branch, we now know
that ¢; € D;. Let m be such that D; = D(gpm, D).
Note that ¢; € D(gm,p) means that D(g,,,p) was
inserted in B before querying with ¢;, and thus
m < i. Since ¢; & D(qm,p), and ¢; € D(g,,p) for
all » < i with |pg.| > |pgm|, [0, Lemma 1] yields
that g, is farthest from p in {q1,...,q;} Nh(p, gi).

The running time is as follows. Querying B takes
O(log? n) time since the height of B is O(log n) and
in each node of the query path the query point has
to be located in the intersection I, of some disks,
which can be done in O(logn) time.

When we update B by adding a new disk Dj,
we have to go from the root to the leaf that corre-
sponds to D;. In each node on this path we must
compute I, N D; and update our data structure
for I,,. This can be done in O(logn) time per node
by a procedure detailed in [5, proof of Lemma 4].
Thus each update also takes O(log? n) time.

Now the running time of O(nlog®n) is obvious.
The space consumption is O(n logn) since a) each
disk contributes only to intersections stored on the
path from the root to “its” leaf, and b) a disk that
contributes to some intersection I, adds at most
one arc to the boundary of I, [5, Fact 2]. O
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Abstract

Let S be a set of n points in the plane and let 7s be the set of all crossing-free spanning trees of S. We show that
any two trees in 7g can be transformed into each other by O(nQ) local and constant-size edge slide operations. No
polynomial upper bound for this task has been known, but in [1] a bound of O(n? log n) operations was conjectured.

Key words: crossing-free spanning tree, local transformation, edge slide

1. Introduction

Let S be a set of n points in the Euclidean plane.
W.lo.g. we assume that no two points of S have the
same z-coordinate, otherwise we rotate the coor-
dinate system appropriately. A crossing-free span-
ning tree of S is a tree whose edges connect all
points in S (and no others) with straight line seg-
ments that pairwise do not cross. With 7g we de-
note the set of all crossing-free spanning trees of S.

An interesting question is whether, and how
fast, two members of 75 can be transformed into
each other by means of predefined rules, often
called flips. A common operation is what is called
an edge move, which relates two trees in the set
7s iff they have all but one edge in common (one
edge is ‘flipped’). For this general setting Avis and
Fukuda [2] showed that the corresponding tree
graph is connected and has a diameter bounded
by 2n — 4. If we restrict the set of allowed flips to
planar, length-improving edge moves then in [1] a
way to transform any tree T' € 7g into the mini-
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mum spanning tree of S in only O(nlogn) steps
was given. For a more detailed discussion and
some historical background see [1].

Our interest is focused on a local edge move that
keeps one endpoint of the moved edge fixed and
moves the other one along an adjacent tree edge.
Following [3], we will call this constant-size opera-
tion an edge slide. More formally the central oper-
ation we consider is defined as follows [1]: Consider
atree 7' € Tg. A (planar) edge slide on T' takes
some edge e € T’ and moves one of its endpoints
along some edge adjacent to e in T", without gen-
erating any edge crossings. This gives a new edge
f and a new tree T = T U {f} \ {e} such that
T" € Ts. An edge slide is a special kind of planar
edge move: T" is obtained by closing with f a 3-
cycle C in 77 and by removing e from C, in a way
such that 7" avoids the interior of the triangle C.
Intuitively speaking, an edge slide is an edge oper-
ation as local as it can be.

In this paper we investigate the questions of
how fast two crossing-free spanning trees of 7g
can be transformed into each other by means of
the edge slide operation. To this end consider the
tree graph TG(S) which is an undirected graph
that has 7g as its set of nodes. It realizes an arc
between two nodes (trees) 77 and T" if and only

Seville, Spain (2004)
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if T” can be transformed into T” by an edge slide
(and vice versa). In [1] it was shown that 7G(S)
is connected. The length of a shortest path in
TG(S) corresponds to the distance between the
two respective trees. However, for the edge slide
operation no polynomial upper bound on this
length has been known. It was conjectured that
‘if two trees are part of the same triangulation of
S then they can be transformed into each other
by O(n?) edge slides’. By results in [1], this would
give a diameter of O(n?logn) for the correspond-
ing tree graph 7G(S). We are able to prove the
following, stronger result:

Theorem 1 Let T’ and T" be any two crossing-

free spanning trees of S. Then T’ can be trans-
formed into T" by O(n?) edge slides.

As mentioned in [1] the edge slide operation
could also prove useful in enumerating all simple
polygons on a point set S via constant-size local
transformations. This question is still unsettled;
see e.g. Hernando et al. [5]. Our upper bound on
the diameter of 7G(S) might be useful in this
respect.

2. Upper Bound Construction

Let S and T € 7g be as defined in Section 1.
We call a pair (e, p;), where e = p;py, is an edge of
T and p;,p;,pr € S are sorted in z-order, a slide
triangle if the open triangle A = p;p;py; is free of
points from S and edges from 7', that is, the inte-
rior of A is empty.

Fig. 1. A slide triangle (¢/,p), see Lemma 2.

Lemma 2 Let P be a simple polygon with vertex
set S, and let P be the boundary of P with one
marked edge e*. If P \ {e*} is no x-monotonous

path then in the interior of P there always exists a
slide triangle (e,p) C P, e # e*.

Proof Since 6P \ {e*} is not z-monotonous
there exists a vertex ¢ € S with two edges from
0P \ {e*} both emanating to the same side, i.e.,
both to the left or right of ¢q. Let ¢/ and e, re-
spectively, be these edges. W.l.o.g. we assume that
they emanate from ¢ to the left, ¢’ lies below e”
and the left endpoint p’ of €’ lies to the left of the
left endpoint p”of €”, see Figure 1 (all other cases
are symmetric). If the open triangle A = ¢p'p” is
empty we have a slide triangle (e’, p”). Otherwise
consider the point p which among all points of P
in the interior of A minimizes the angle /pp’q at
p’. Note that there are no edges (partially) inside
A that have g as an endpoint or intersect e’ or e”.
Therefore p provides a slide triangle (e’, p). O

@ (b) ©

Fig. 2. Cutting a tree polygon (a) along interior edges (b)
to obtain a simple polygon (c).

A tree polygon P is a simple polygon with inte-
rior points, each point connected to the boundary
0P via a unique (simple) path such that the result-
ing graph is planar, see Figure 2(a). In other words,
the graph without the edges of § P is a forest. We
claim that we can handle this more general situa-
tion like a simple polygon: Cut along interior edges
and move them apart at the cuts infinitesimally,
i.e., duplicate the related vertices, see Figure 2(b)
and (c). Observe that the proof of Lemma 2 still
holds for this setting by considering edges e’ and e’
that are neighboring in the cyclic order around gq.

We call the z-monotonous path connecting all
vertices of S in their x-sorted order the canonical
spanning tree T, € Tg of S.

Theorem 3 For a point set S and a crossing-free
spanning tree T € Tg, T # T, there always exists
a slide triangle (e,p), p € S and e € T such that
the path m € T connecting p to e, say at point q, is
x-monotonous. Moreover m U pq s a simple poly-
gon without interior points.



March 25-26, 2004

Proof We first show that there always exists some
slide triangle (e, p). The union of T" and the bound-
ary of the convex hull of S partitions S into k > 1
tree polygons P;, ¢ = 1,...,k. Since T is a con-
nected spanning tree each P; has a unique edge
which stems from the boundary of the convex hull
of S. We mark these edges. From Lemma 2 and the
discussion afterwards we know that we get a slide
triangle inside some P; unless for all P; the remain-
ing (non marked) part is z-monotonous. But in the
latter case T' must be z-monotonous, too, that is,
T =T,, a contradiction.

Fig. 3. A path 7 connecting p to g.

Let ¢ be the (first) endpoint of e to which p
is connected. If the edge pg belongs to T we are
done. Thus assume that p is connected to ¢ via
a path 7 of length greater than 1, see Figure 3.
Since (e, p) is a slide triangle the edge pg does not
cross an edge of T'. Thus the ‘pocket’ formed by
7 together with the edge pg and possible interior
edges and points is a tree polygon P. If 6P \ pq is
an z-monotonous path we are done. Otherwise we
mark the edge pq and apply induction on P. Note
that only one edge of P is marked, since T' does
not, contain cycles. Moreover, in every induction
step we obtain a smaller instance, since we get rid
of at least one edge of T'. O

For an edge e its weight is defined as the number
of points from S which lie in the open z-interval
spanned by e, that is, the number of points which
lie between the endpoints of e in the z-sorted or-
der. The weight of a tree T, denoted by w(T),
is the sum of the weights of its edges. Obviously
T. has weight zero and is the only tree with this
property. Since each of the n — 1 edges of T" has
at most weight n — 2 the weight of a tree with n
points is bounded by (n — 1)(n — 2) < n?. A tight
bound is given by the following lemma, for which
we omit the proof in this extended abstract.
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5 2
Fig. 4. A tree with maximum weight of W.

Lemma 4 The weight w(T') of a crossing-free
spanning tree T € Tg is bounded by 0 < w(T) <
LMJ, n > 2, and these bounds are tight.

Lemma 5 Any crossing-free spanning treeT € Tg
can be transformed into T, by at most 2-w(T') edge
slides.

Fig. 5. A slide triangle (e,p) with z-monotonous path
connecting p to q.

Proof If T'= T, the statement is obviously true,
so let T # T.. Let (e, p) be a slide triangle as pro-
vided by Theorem 3, see Figure 5. Let k > 1 be the
number of edges of the z-monotonous path 7 con-
necting p to some endpoint ¢ of e. We claim that
we can reduce the weight of e by at least k by per-
forming 2k — 1 edge slides. To this end let €’ be the
edge of 7 incident to g. Our first task is to slide €’
along 7 to obtain the edge gp.

Assume that k > 1. Then 7 avoids the interior
of the slide triangle (e, p) and thus contains at least
one vertex p’ pointed away from the edge gp. Since
7 is z-monotonous we can slide the edge of m which
has p’ as its left endpoint ‘towards’ p along the
edge of m which has p’ as its right endpoint. We
repeat this process until we obtain the edge gp, i.e.,
k = 1. Since each edge slide reduces the length of
the current path from p to g by one, we carry out
exactly k — 1 steps.

Now we can slide e along gp, reducing its weight
by at least k (the vertices of 7 different from gq).
Finally we slide gp back to e’ by reversing the steps
of the first phase.
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As long as the resulting tree is not T, we repeat
all above steps. After each iteration the weight of
a single edge has been decreased by at least half of
the number of the involved edge slide operations.
We thus can transform T into 7, with at most
2w(T') edge slides. a

We are now ready to prove our main result as
proposed in Section 1. We give here a more ex-
plicit statement and Theorem 1 then follows as a
corollary.

Theorem 6 For any pair T',T" € Tg we can
transform T’ into T" by at most 2(w(T’) +
w(T")) < 3n? edge slides.

Proof Lemma 5 shows that we can transform
any tree T’ € Tg into T, with at most 2w(T") edge
slides. By symmetry of the edge slide operation
we can use the reverse transformation for 7. To-
gether with the upper bound w(T”), w(T") < %
from Lemma 4, the theorem follows. O

Fig. 6. To obtain the edge pnpn—2 requires (n—1)(n—2)/2
edge slides for odd n > 3.

Figure 6 shows that there are examples requiring
Q(n?) edge slides to transform two spanning trees
into each other. Thus the bound of Theorem 1 is
tight. We omit the details on the lower bound con-
struction in this extended abstract.

3. Discussion and Open Problems

One might wonder whether the slide-distance
between two spanning trees which do not intersect
each other is smaller than in the general case. A

similar result holds for triangulations, where the
flip-distance can be bounded by the number of
crossing edges [4]. However, from the example in
Figure 6 it follows that even for two trees differing
in only one edge the slide-distance is quadratic.

Another observation is that the weight of a
spanning-tree is direction-sensitive. So an obvious
question is whether there always exists a ’nice’
direction with sub-quadratic weight? Again a neg-
ative answer is given by the example of Figure 6,
having weight ©(n?) for any direction of the z-axis.

So far we only obtained results on the number
of necessary slide operations. On the algorithmic
side we are also interested in the time complexity
to compute the O(n?) slide sequence. We plan to
investigate this question in the near future.

A related algorithmic question is how fast we
can compute a direction to minimize the weight of
a given tree. This can be done in time O(n? logn),
but we omit the details in this extended abstract.

Acknowledgments

We would like to thank Ferran Hurtado for his
presentation ‘Flip’ as the Paul Erdos lecture at
CCCG 2003 in Halifax, Canada. This inspired us
to (continue) work on the presented topic. We
are grateful to Franz Aurenhammer and Hannes
Krasser for enjoyable discussions and carefully
reading the manuscript.

References

[1] O.Aichholzer, F.Aurenhammer, F.Hurtado Sequences of
spanning trees and a fixed tree theorem. Computational
Geometry: Theory and Applications, 21(1-2):3-20,
2002.

[2] D.Avis, K.Fukuda Reverse search for enumeration.
Discrete Applied Mathematics 65: 618-632, 1996.

[3] W.Goddard, H.C.Swart Distances between graphs under
edge operations. Discrete Mathematics 161: 121-132,
1996.

[4] S.Hanke, T.Ottmann, S.Schuierer The edge-flipping
distance of triangulations. Journal of Universal
Computer Science 2 (1996), 570-579.

[5] M.C.Hernando, M.E.Houle, F.Hurtado On local
transformation of polygons with wisibility properties.
Proc. 6th International Computing and Combinatorics
Conference COCOON’00, Springer LNCS 1858: 54—63,
2000.



Curvature criteria to fit curves to discrete data

Lyuba Alboul *2Gilberto Echeverria *Marcos Rodrigues

aSheffield Hallam University, Sheffield S1 1WB, UK
http:www.shu.ac.uk/scis/artificial_intelligence

Abstract

Several geometric criteria to fit a polygonal closed curve to discrete two-dimensional data are considered and
analysed. Most of these criteria are related to the concept of curvature, for example, one criterion is minimisation of
total absolute curvature. On the basis of these criteria algorithms to construct a polygonal curve which is optimal

with respect to a specific criterion, are designed.

Key words: Curve reconstruction, total absolute curvature, polygonisation

1. Introduction

The work presented in this communication is ded-
icated to the following problem: Given discrete
point data set S in 2D, find a curve that spans all
these points and best satisfies a specific criterion.
We call this problem the Curve modelling prob-
lem, and in what follows we abbreviate it as the
Curvmod problem. This problem occurs in partic-
ular forms in various applications. For example,
an important problem in Computer Graphics is to
find a planar curve that is shaped in the way as
you want it to be shaped [8]. A well-known form
of the Curvmod problem is the Curve Reconstruc-
tion Problem which is concerned with finding a
piecewise linear approximation to a curve from a
set of given sample points [6]. An algorithm for
curve reconstruction should preserve the order of
the points sampled from the curve, i.e., the points
are connected only if they are adjacent along the
curve. Applications of this problem can be found in
many areas, for example, detecting boundaries in
Image Processing, determining patterns in Com-
puter Vision, and reconstruction of topographic
objects from aerial images.

Another form of the Curvmod problem is related
to polygonisation of a given planar point set S.
Studying the set of polygonisations of S is an ac-
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tive area of research in computational geometry.
For example, one of the polygonisation problems is
to determine a polygonisation (or polygonisations)
with the minimum number of reflex vertices, as the
number of reflex vertices quantifies in a combina-
torial sense the degree to which the point set S is
in convex position [5].

We restrict ourselves to polygonal curves. There
are various algorithms for curve reconstructing,
which give good results if the sampling of data
points is dense enough [4,6]. We look at the prob-
lem from another point of view. We omit any addi-
tional information on the data points, and attempt
to determine what 'reasonable’ curves can be con-
structed for the given data and what characteris-
tics these curves possess and how these character-
istics distinguish one curve from another. In this
setting the Curvmod problem can be viewed as an
optimisation problem: a 'reasonable’ curve can be
defined as an optimal curve with respect to a cer-
tain criterion.

We introduce several geometrical criteria, mostly
related to the concept of curvature, as curvatures
truly describe the shape of objects. Research on
discrete curvatures (i.e., curvatures that can be
computed on a set of points) is of growing interest
in geometric modelling (some overview is given in
[2]). An important measurement of an object is its
size, some criteria related to this measurement are
also considered.
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2. Preliminaries. Notions related to the
concept of curvature

2.1. Problem definition

The definition of the curvature of a curve is in
general given under the assumption that the curve
is of C?—class, and thus posseses two continuous
derivatives. However, the notion of curvature can
be generalised to the class of curves which pos-
sess continuous second derivatives except at a fi-
nite number of points where a jump discontinuity
in the first derivative can occur. We can introduce
the exterior angle a(s) formed by the right and
left tangents at a point of discontinuity s [9]. In
the case of a polygonal curve points of discontinu-
ity are its vertices. In this paper we discuss only
curves, which are continuous images of the circle
S into the plane, i.e., closed polygons. Let us de-
note with «(v;) the exterior angle at the vertex v;
of a curve. Then expression

w =

K2

n
a(v;) (1)
=1
represents the total curvature of a closed polygo-
nal curve. If this curve is the boundary of a closed
simple polygon, w is always equal to 27. Its abso-
lute value |w|, or absolute total curvature is more
informative. An important fact is that |w| reaches
its minimal value 27 on convex curves (polygons).
With respect to the concept of total absolute cur-
vature we can formulate the following problem:
Problem 1. Given discrete two—dimensional
data. Among all closed polygonal curves that
span these data find a curve (or curves) with
the minimal total absolute curvature.
Motivation to study polygonal curves of minimal
total absolute curvature is related to the concept of
Tight submanifolds [7]. One of the main properties
of one— and two—dimensional tight submanifolds
in R3 is that they possess the minimal total abso-
lute curvature. For non-regular curves and surfaces
such as polygonal curves and polyhedral surfaces
the concept of curvature is also determined, and
surface triangulations of minimal total absolute
curvature (MTAC) were introduced. MTAC trian-
gulation coincides with the convex triangulation of
the data if the data are in convex position, but the
properties of triangulations with MTAC for non-
convex data are still mostly unknown (see [3] for

areview). As surfaces are much more complex ob-
jects than curves, the study of the one-dimensional
version of the MTAC triangulation provides use-
ful insights for research on triangulations. Besides
this, the study of polygonal curves with respect
to their total absolute curvature is also interesting
for its own sake, as the total absolute curvature is
related to the global properties of the curve and
might be used to characterise diverse curve pro-
files. We are interested to determine to what extent
a polygonal curve is represented by its total absolute
curvature.

2.2. Some simple formulae and examples

The total curvature and total absolute curvature
coincide for a closed convex polygonal curve and
both equal to 27r. Therefore for a non—convex curve
the excess in the total absolute curvature with re-
spect to the curvature of the convex curve can be
used as a measure of deviation from the convex
curve.

Given the data, we take as a convex curve of refer-
ence the boundary of the convex hull of the data,
(referred to as the CB-curve). The statement of
Problem 1 allows self-intersecting curves, but in
this communication we presume that polygonal
curves represent boundaries of simple polygons,
i.e., are not self-intersecting.

A simple polygonal curve L, that spans the data,
is represented by its vertices Vi, Vo, ..., V1, V.
ViV;, where j = ¢ + 1, is a line segment, and its
length is denoted with l;;, l;; = lj;. A star of a
vertex V; is the union of the vertex and its two
adjacent line segments V;_1V; and V; V4.

We designate the vertices that lie on CB-curve
with VéB, and with v;,7 = 1,..., [ the exterior an-
gles at these vertices with respect to the CB—curve.
It is clear that Y v; = 2.

Let us denote with VJ  convex vertices of L and
with ay,j = 1,...,m the exterior angles at these
vertices with respect to L, and with \/;’Zflem - re-
flex vertices of L and with 8,7 = 1,..., p, the cor-
responding exterior angles at these vertices with
respect to Ly m +p = n.

For a simple closed polygon the following equality

holds:
o => Be=2r (2)

As |w| = > aj + > Ok, the total absolute curva-
ture of a polygonal closed simple curve can be rep-
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resented as

w] =27T+225k (3)

The set of convex vertices V7~ can be further
split into three disjoint subsets, namely, the sub-
set VCOM o p of vertices that lie on the CB—curve
and such that their stars belong to the CB—curve;
the subset VCJOQM e Of vertices that are convex
but do not belong to the CB—curve; and the subset
V23 orn Of vertices that lie on the CB-curve but
their stars do not belong to the CB—curve. Vertices
of the last type are called corner vertices as at these
vertices the curve is deviated from the CB—curve.
The corresponding exterior angles are denoted as
aj,, aj, and aj,. Obviously, any part of the curve
that is deviated from the CB—curve starts and ends
at the neighbouring vertices of V73— since
our curve has no self-intersections. Each «;, is
equal to v;, + a(CB);,; where by o(CB);, we de-
note the angle at a corner vertex of the curve L
with respect to the CB—curve, or in other words,
the angle between the edge of L that has this cor-
ner vertex as one of the end-vertices and the (imag-
inary) edge of the C'B-curve, that would have the
same corner vertex as one of the end-vertices. We
call such an angle a deviating angle. After some

computation, we obtain the following expression:

Z(ajz + o CB ja Zﬁk (4)

Therefore, to find the curve (or curves) of minimal
total absolute curvature among all curves that span
the given data, it is sufficient to minimise either the
sum of exterior angles at reflex vertices or the sum
of exterior angles at the internal convex vertices
and the deviating angles.

From formula 4 it follows that if the curve does not
have internal convex vertices then the amount of
deviation of the curve from the convex curve CB
is concentrated in deviating angles. Each deviated
part Ly, d =1,..., f contains in its turn some con-

5d
vex internal vertices Vignp, (its number may be

equal to zero) and reflex vertices Vre Fleza
Equality 4 holds for each deviated part:

Z(Oz a + af CB Zﬂkd (5)
Let us define a convex region R.,,, as a part
Vi, Vig1, ..., Vig; of a curve L that satisfies the
condition that each vertex that belongs to Reony
is convex, but vertices V;_; and Vj; ;41 are reflex.

Seville (Spain)

A concave region Reopncave 18 defined analogously.
The following statement is true:

Suppose we construct a curve Ly which has g con-
vex regions and h concave ones. If we manage to
add new vertices in such a way that the obtained
regions are preserved, than a new curve Lo will
possess the same total absolute curvature as L.

The spherical image of a curve visualises the con-
cept of total absolute curvature. The spherical im-
age for a polygonal curve is constructed by means
of outwards units normals to the line segments of
the curve, all of them are ’translated’ to the same
origin. The ends of the unit normals of a planar
curve will lie on the unit circle. Let us suppose that
we walk around the boundary of a polygon, for ex-
ample, in anticlockwise direction starting from ver-
tex V7, passing through all the vertices according
to their order until we arrive again at the vertex
V1. To this walk a corresponding walk on the circle
is generated, some of its parts are walked several
time for a non—convex curve.

The spherical image provides a vertex classifica-
tion of the curve as for a reflex vertex the direction
will be opposite to the chosen one. The spherical
images can be put in one—to—one correspondence
for two curves of the same data set if the numbers
of concavities/convexities and corresponding ’in-
corporated’ curvatures for the both curves are the
same. We say in this case that two curves are cur-
vature identical. Examples of two curvature iden-
tical curves and their corresponding spherical im-
ages (schematically depicted), are given in Fig. 1,
Fig. 2, Fig. 3 and Fig. 4.

Vs Vo Vs Vo
V3 Vi
Vi Vo Vs Vio

Fig. 1. Ten—points data set. Curve 1

Fig. 2. A spherical image of Curve one
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Vo V& Vs o Vo
| S
Vs Vi
Vi Vs Vs Vio

Fig. 3. Ten—points data set. Curve 2

Fig. 4. A spherical image of Curve two

3. Short overview of research

In order to construct 'reasonable’ curves we con-
sider the following criteria:
(i) minimisation of total absolute curvature;
(ii) minimisation of the length of a curve;
(iii) minimisation of the average curvature of a
curve, ie., [w|/ " lij;
(iv) minimisation of the total absolute curvature
of a curve with only one ’deviation’;
(v) minimisation of various weighted curva-
tures, such as ) (Ja(vi)|(li—1)i + ligi+1)),
> i la(wi)|li—1)ilii+-1) and some other.

Several algorithms are designed in order to obtain
optimal curves with respect to these criteria. The
objective of this research is to study how various
criteria influence the shape of a curve. Therefore,
we experimented with algorithms as well, at this
moment we are not really interested in their costs.
For certain criteria more than one algorithm is de-
signed, using local or global approaches. See Fig. 5
for examples of outputs of two different algorithms
to construct a curve of minimal total absolute cur-
vature. We tested the algorithms on many data
sets, among them data from curves with sharp cor-
ners, and onions with several layers when the min-
imum distance between the layers is greater than
a certain value e. In order to compare curves ob-
tained by different criteria various geometric shape
parameters are computed. The research is still in
its development. One of the goals is to optimise
some of obtained algorithms. All details and illus-
trative examples are given in the full version of the
paper [1].

Fig. 5. Outputs of two different algorithms for the same
input data. The curve in (i) is the curve of minimal total
absolute curvatue
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Abstract

We study the minimum number of different distances defined by a finite number of points in the following cases:
a) we consider metrics different from the euclidean distance in the plane, b) we consider the euclidean distance
but restricted to subsets of the plane of special interest, ¢) we consider other topological surfaces: the cylinder
and the flat torus. All these results extend those obtained by Erdos and other mathematicians for the euclidean
distance in the plane.

Key words: distances, metrics, integer lattice, flat torus, cylinder

1. Introduction Erdoés conjectured that f(n) > en!~¢ for each
¢ > 0 and offered 500% for a proof or a disproof.

In 1946 [4] Erdés posed the following problem:

o o Erdos conjecture is still open. The last improve-
let f(n) denote the minimum number of distinct

ment was made by Szemerédi (1992) who proved

distances that can occur among the % dis- that f(n) > cn®/5 (2]).

tances between n distinct points in the plane; what

can we know about f(n)? f(n) can be investigated in dimension RY

with d > 2. For d = 3 the best bounds are

For small values of n it is easy to compute f(n) cnd/3 loglogn < f(n) ([5]) and f(n) < n3/2+o(1)

and many times the number f(n) is attained for (3]).

different configurations. Let us see the first exam-

ples. Recently Braf$([1]) determined f(n) exactly in

dimension d = 4.

f4)=2 . .
O E 4» There are also bounds for general dimensions.

The aim of this communication is to extend
(6) =3 Erd6s problem to other ambient spaces.

2
. / a) First we consider metrics different from the

euclidean distance in the plane.
b) Then we consider also the euclidean distance
Erdos obtained asymptotic estimates for f(n).
The first asymptotic estimate was

but restricted to subsets of the plane of spe-
cial interest (points of the integer lattice and

n
(Inn)/2

points of rational coordinates).
¢) Finally we consider Erdos problem in other

ent/? < f (n)<c topological spaces.

Email addresses: alab@alu.ua.es (Albujer, A.),
Salvador.SeguraQua.es (Segura Gomis, S.).

20th EWCG Seville, Spain (2004)
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2. Erdos problem considering arbitrary
distances in the plane

In the plane we can define many distances. Let
us recall that a distance in the plane is a map

d:R2xR2 >R
such that
i) d(z,y) > 0,d(z,y) =0ifx =y
it) d(z,y) = d(y, )
iii) d(z,2) < d(z,y) + d(y, )

An interesting way to define a metric in the plane
is as follows.

Let us define the gauge function g(K,z) of a
closed, convex set K relative to an origin 0 as

g(K,z) =inf{\:z € AK, X > 0}

It is easy to prove that if K is a proper con-
vex body and 0 € intK, the function m(z,y) =
g(K,x —y) almost defines a distance in the plane.
The condition that is violated is the symmetry con-
dition m(z,y) = m(y,z) that holds only if K is
centrally symmetric.

So a closed, centrally symmetric, convex set K
with 0 € intK defines a metric ([7]).

All these metrics generate the euclidean topol-
ogy.

In the particular case that the set K that
induce this metric is a square of the type
((p,0),(0,p), (—p,0), (0, —p)), then we obtain the
famous taxi-cab metric which is also known as
the Manhattan metric. This metric is particularly
relevant for our analysis.

The taxi-cab metric can also be defined as

dr((z1,y1), (v2,92)) = \352 - ivl\ + |y2 — 1

We are going first to estimate the minimum num-
ber of distinct distances with the taxi-cab metric.

We begin showing in table 1 that the taxi-cab
metric provides different values for f(n) than those
values attained with the euclidean metric.

f(n) |Euclidean metric|Taxi-cab metric
3 1 1
4 2 1
5 2 2
6 3 2
7 3 2

Table 1
Some values of f(n) with the taxi-cab metric

»

F3) =t =1 f(5) = = (9) = 3

Now we are going to estimate precisely f(n).

Lemma 1 Considering the taxi-cab metric

fn) < [Vn] -1

PROOF. Let L be the lattice generated by the
vectors (1,1) and (1,-1). Let p be an integer number
and let K, be the point set determined by K, =
Lm<(0a0)v (p_]-v_(p_l))v (2(]7_1)70)7 (p_lap_
1)).

Consider K7 /7. This set contains at least n
points since [y/n] - [v/n] > v/n-/n = n, so we
can always choose n points in K7 /7. As the points
in K /s determine [\/n] — 1 different distances

among them, f(n) < [y/n] —1
]

This estimate is not only an upper bound but a
precise determination of the minimum number of
distinct distances:

Lemma 2 Considering the taxi-cab metric

f(n) > [vn] -1

PROOF. We are going to give a sketch of the
proof:

We consider the “metric circumferences”, which
in our case are square-shaped, as the locus of the
points that are at distance r from a point p € R2:

S(p,r)={z € R?: dr(p,z) = r}

Now we are going to locate the maximum num-
ber of points who define at most m distances among
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them. As we are always dealing with a finite num-
ber of points, there would be at least two points
a, b such that the distance between them is the
maximum possible. All the others points should
be located in the intersection of m “metric cir-
cumferences” centered at a and m “metric circum-
ferences” centered at b. If we do not want to in-
crease the number of different distances, the radius
of these “metric circumferences” are {i@ e
There are two possible situations:

i) All the “metrics circumferences” intersect
properly. In this case as they have the pseudodisc
property (there are at most two proper intersec-
tions for each pair of pseudodiscs), then we obtain
that the maximum number of possible points is
given by (m + 1)? and they are distributed in a
translated of the square K, 1. From this config-
uration we obtain our lower bound.

ii) There are some pairs of “metric circumfer-
ences” that do not intersect properly but are tan-
gent. In this case they are tangent along a straight
line segment. Considering the ends of this straight
line segment and taking the “metric circumfer-
ences” centered at these ends we conclude that
there are no more than (m+1)? possible locations.
So we also reach the same lower estimate.

O

It is easy to see that the argument in the proof
of lemma 2 holds for all metrics generated by the
gauge function of a centrally symmetric, convex
set; as the equality sign is attained in the case that
the body which generates the metric is a square,
we can conclude the following corollary:

Corollary 3 Among all metrics generated by a
closed, centrally symmetric, convex set K , the met-
rics that give the smallest values for f(n) are those
in which the metric is generated by the gauge func-
tion corresponding to a square.

Forinstance the tazi-cab metric or the maximum
metric defined as

Seville (Spain)

d((z1,y1)(z2,y2)) = max{|ra — 21|, [y2 — y1[}

Corollary 3 does not hold for general metrics. For
example, let us consider the so called post office
metric

d((z1,y1)(z2,92)) = da2((71, 1), (0,0))

+d2((07 0)7 (xQ’ yQ))
where dy stands for the euclidean distance in the
plane. In this case it is easy to see that we can
arrange infinite points so that each pair of them is
at distance one; so f(n) =1 for all n.

3. The minimum number of distinct
distances problem with the euclidean
distance in the integer lattice

If we consider Erdés problem restricted to the
integer lattice we obtained different values for f(n)
as the following table shows:

f(n) Plane Integer lattice
3 1 2
4 2 2
5 2 3
6 3 4
7 3 4

Table 2
Some values of f(n) in the integer lattice

In general, we have the following upper bound:
Lemma 4 In the integer lattice

([l = 2)([v +1)
fn) < ;

PROOF. Let L be the integer lattice and let
P, be the point set P, = LN {(0,0),(0,[y/n] —
1), ([vn] = 1,0), ([vn] = 1,[/n] = 1)). P, con-
tains at least n points.We can compute the number
of distinct distances by considering only the dis-
tances between (0, 0) and the the rest of the points
below the diagonal of the square. Then we have at
most 2 + 3 + ... + ([v/n] — 1) distinct distances,
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that is the sum of the terms of an arithmetic pro-

gression, so f(n) > 2+3+ ...+ ([Vn] — 1) =
(\/m(f;/m—l) 1= ((\/51—2)2(“/771-&-1)

The values of f(n) if we restrict to the integer
lattice are the same that if we restrict to the points
with rational coordinates because a finite number
of points with rational coordinates are included in
an integer lattice generated by the vectors (g, 0)
,(0, q) where q is the least common denominator of
the coordinates of the points that we are consider-
ing.

This estimate of f(n) can be applied to com-
puters, because the computer screen can be repre-
sented as a finite number of points with rational
coordinates.

4. Erdos problem for other topological
spaces

The first mathematicians to consider this prob-
lem in other topological spaces were Erdos, Hick-
erson and Pach ([6]) who studied the case of the
sphere.

We are going to consider two other particular
topological surfaces: the cylinder and the flat torus.

As we can see in table 3, for small values of n we
obtain the same values for f(n) in both topological
surfaces, but this do not occur for greater values
of n.

f(n)| Plane Cylinder | Flat torus
3 1 1 1
4 2 1 1
5 2 2 2
6 3 2 2

Table 3
Some values of f(n) in different topological surfaces

Now, we can give upper bounds for both topo-
logical surfaces.

Lemma 5 In the flat torus

fn) < (Lvrl/2+1] +2)(l[Vn]/2+1] = 1)
= 2

Lemma 6 In the cylinder

fin) < L2+ 1 +2)([vnl2+1) = 1)
= 2

+(L[Vnl/2+1)([Vn] = [[Vr]/2+1])

We omit the proofs because they are similar to
the proof of lemma 3. We have to consider a par-
ticular lattice and intersect it with the topological
surfaces, as the figure shows. Then, by some arith-
metic computations, we obtain the bounds.

i

Flat Torus

Cylinder
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1. Introduction

Analysis and comparison of geometric shapes are
of importance in various application areas within
computer science, such as pattern recognition and
computer vision, but also in other disciplines con-
cerned with the form of objects such as cartogra-
phy, molecular biology, medicine, or biometric sig-
nal processing.

The general situation is that we are given two
objects A, B modelled as subsets of 2- or 3-
dimensional space and we want to know how much
they resemble each other [1].

For this purpose we need a similarity measure
defined on pairs of shapes indicating the degree
of resemblance of these shapes. A frequently used
similarity measure is the Hausdorff distance, which
is defined for arbitrary non-empty compact sets A
and B. It assigns to each point of one set the dis-
tance to its closest point in the other and takes the
maximum of all these values. Formally, we define
the one-sided Hausdorff distance from A to B as

0rr (4, B) = maxmin d(a, b), (1)

where d(z,y) denotes a distance measure between
points z and y.
Here we will assume the planar case, i.e., that
A, B C R? and that d is the Euclidean distance.
The (bidirectional) Hausdorff distance between
A and B is defined as

6H(A7B) = maX(SH(A7B)7SH(BaA)) (2)

We will only describe the computation of the
one-sided Hausdorff distance from A to B, the com-
putation of the bidirectional Hausdorff distance is
then straightforward.

L This research was supported by the European Union
under contract No. IST-2000-26473, Project ECG.

20th EWCG

The aim of this paper is to find an algorithm for
general shapes which are modelled by two sets of
algebraic curves. When we speak about the Haus-
dorff distance between these two sets we actually
mean the Hausdorff distance between the two sets
of points lying on these curves. We will restrict
to curves that are given by rational parameteriza-
tions, i.e., each curve is represented by a parame-
terization

c: I - R?,

c(t) = (2(t), y(t)) 3)

where I C R is a closed interval and z(t),y(t) are
rational functions with no poles in I.

Observe that this definition includes some im-
portant families of free-form parametric curves, for
example B-splines.

For simplicity, we assume a certain general posi-
tion of the input curves. In particular, we assume
that any two curves intersect in at most finitely
many points.

2. Basic cases

In this section we will investigate how the di-
rected Hausdorff distance between two single ob-
jects (curves or points) can be computed.

2.1. Point-curve and curve-point

The Hausdorff distance from a point p = (u, v)
to a curve c(t) = (x(t),y(t)),t € [ is rtm}l d(p, c(t)).
€

The Hausdorff distance from a curve ¢(t) to a
point p is the maximum Euclidean distance from
any point on ¢ to p.

In order to find those parameters ¢t where the
minimum or maximum is attained, we consider the

Seville, Spain (2004)
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zeroes of the derivative of the squared distance
L[d*(p, c(t))], i.e., the equation
2-(u—az(t)-2'(®) +2-(v—y(t) - y'(t) =0 (4)
This equation has constantly many solutions if the
degree of ¢ is bounded. We call a point satisfying
this equation a footpoint of p on c. In addition to
the points given by the solutions of equation 4 the

minimum or maximum distance can be attained at
the endpoints of ¢ (Fig. 1).

p

Fig. 1. Hausdorff distance from a curve ¢(t) to a point p is
the distance from p to the farthest point on c.

2.2. Curve-curve

We reduce the problem of determining the Haus-
dorff distance from a curve a, a(t) = (z,(t), ya(t)),
t € I, to a curve b, b(s) = (zp(8), ys(s)), s € Iy to
determining the distances of constantly many can-
didate points on a to the curve b.

There are four different types of candidate
points. Firstly, the Hausdorff distance can be as-
sumed at one of the endpoints of curve a (type
EA).

Secondly, it can happen that the Hausdorff dis-
tance is attained between an endpoint () of b and a
point on a. Therefore, we determine on a all foot-
points of the endpoints of b by equation (4) (type
EB).

For the third type of candidate points we con-
sider the self-bisector (or medial axis) of a curve,
which is the set of all points whose minimal dis-
tance to the curve is attained at more than one
point on the curve, cf. Fig. 2.

The Hausdorff distance from a to b can be at-
tained at an intersection point of a with the self-
bisector of b. We will only give a system of equa-
tions describing such a point here for the part of
the self-bisector where the two closest points are
interior points of b, see Fig. 3.

,,,,,, point—point bisector
point—curve bisector

curve—curve bisector

Fig. 2. Self-bisector of a parabola segment.

b(s)

Fig. 3. The Hausdorff distance from the curve a(t) to the
curve b(s) is assumed at the intersection point @ of the
curve a with the self-bisector of the curve b. The point Q
has two different internal foot-points P and R on b.

Suppose = a(t) and that P = b(s) and R =
b(r) with  # s are the points on b closest to Q.
Then we obtain the following system of equations
for t,s, and r:

[(@a () = 26()) + (vat) = w(5))?] -

[(@a(t) — (r))?
(wa(t) = To(s)) - h(s)
)

Tp
(@a(t) — zp(r)) - 2 (r

+ )
+ (Wa(t) = ys(s)) - yp(s) =
+ (ya(t b

In order to enforce the condition r # s we intro-
duce a new variable u and add one more equation

to the system:
1—u(s—r)=0 (8)

We add all points determined by the finitely many
solutions of this system to the candidate list (type
SB).

For the fourth type of possible candidate points
we observe that the Hausdorff distance can occur
between two interior points p € a and ¢ € b with-
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out one of them lying on the self-bisector of the
other curve, see Fig. 4.

p

/m

b(s)

Fig. 4. Hausdorff distance at interior points.

Since ¢ is a footpoint on b for point p, the line
segment pg must be perpendicular to the tangent
line to curve b at point ¢. In addition it can be
shown that the tangent line to the curve a at point
p must be parallel to the tangent line to the curve b
at point ¢ and, thus, also perpendicular to the line
segment pg. The remaining candidate points (type
I) for the Hausdorff distance are, therefore, among
the solutions of the following system:

(wa(t) — @p(s)) - 74(5) + (Ya(t) — ys(s)) - yp(s) =0 ()

(@a(t) = 25(5))  Ta (t) + (Ya(t) — vo(s)) - va(t)

0 (10)

A detailed geometric proof for this fact is omitted
due to space limitations and can be found in [7].

3. The general case

As was said before, the general problem we con-
sider is to find the Hausdorff distance between two
point sets given by two sets A, B of rationally pa-
rameterized algebraic curves.

In order tofind 6(A4, B) we split the curves of A at
their intersection points with the Voronoi diagram
of B. Theresulting set A’ of curves has the property
that each curve lies in one Voronoi cell of B, so its
distance to B is the distance to one curve and can
be determined using the techniques of section 2.

Computing the complete Voronoi diagram of al-
gebraic curves is a very difficult task in practice and
there are some open questions about the bisector
of algebraic curves [3-5]. In [5] an approximation
algorithm for Voronoi diagrams of curves is given.

Instead, we just compute the intersection points
described. The splitting of each curve a of A is done
incrementally. Suppose that we have list of inter-
section points of the Voronoi diagram of a subset
of B with a and we want to add a new curve b €
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B. We do this by scanning the current segments
of a. Each segment s belongs to some curve ¢ € B
which has already been processed. First we deter-
mine all intersection points of the bisector between
b and ¢ with a and find out which ones lie inside s.
s is split further with these points and some por-
tions are labelled with b as nearest neighbor, others
with c. After this has been done it might be nec-
essary to merge neighboring segments which are
both marked with b but are separated by a split-
point from previous steps.

Similar to the case of self-bisectors, the intersec-
tion points of with the bisector between b and c
can be found as solutions of systems of equations.
We only give this system here for the “interior” bi-
sector of two curves b and ¢, not the ones for the
bisector between an endpoint of one curve and an-
other curve or between two endpoints. These sys-
tems, however have to be considered, as well.

The system for the “interior” bisector uses the
property that if a point a(t) lies on the bisector
between b and ¢ and the corresponding footpoints
are b(s) and c¢(r) then the line segment a(t)b(s)
is perpendicular to the tangent vector b'(s), and
a(t)c(r) is perpendicular to ¢'(r).
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((a(t) = b(s)),b'(s))
((a(t) = c(r)),¢'(r))

The worst case running time of our algorithm
as stated is O(nm?) if A consists of n and B of m
curves, assuming that the degrees of the curves are
bounded. It can be easily improved to O(nm log m)
by using a divide-and-conquer approach for the
splitting of the curves of A. It should be worthwhile
to further improve the combinatorial complexity of
the algorithm (see also [2]), but our major intent
was to find a simple algorithm that can be put into
practice with a reasonable amount of effort.

4. Implementation

We implemented the algorithm described in
C++ using the computer algebra software library
SYNAPS (SYmbolic Numeric APplicationS), see
[8,6], for solving the systems of polynomial equa-
tions.
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For visualization purposes a graphical user in-
terface was developed using the GTK library. It
includes visualization of the curves, the input and
editing of the parameterization and the intervals
if the parameter values, the computation of the
Hausdorff distance and the graphical indication of
the candidate points considered for the computa-
tion. Figure 5 shows the interface with an example.

™} b e
Eile Edit View Help

EEx5Ex Qe akIRR |
i fy fw left right
II.DOOOOO“JO, |ID 000000*%0~2-10.000000 |1 000000; 0.300000 0.499990 D

% @8

fx [y

1.000000°40; 6.666000° 0~

1.000000*x0; -35.000000*x!

e ]

3 @8

fx %

1.000000*x0; -17.777000*x!

5]

7 p— & I |
| [Squared Hausdorff Distance = 0.033178

Fig. 5. Result of a Hausdorff distance computation with
two B-splines of degree 2. Both one-way distances and all
candidate points are shown.
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A certified conflict locator for the incremental maintenance of the
Delaunay graph of semi-algebraic sets
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Abstract

Most of the curves and surfaces encountered in geometric modelling are defined as the set of solutions of a system
of algebraic equations or inequalities (semi-algebraic sets). The Voronoi diagram of a set of sites is a decomposition
of the space into proximal regions (one for each site). Voronoi diagrams have been used to answer proximity
queries. The dual graph of the Voronoi diagram is called the Delaunay graph. Only approximations by conics can
guarantee a proper continuity of the first order derivative at contact points, which is necessary for guaranteeing the
exactness of the Delaunay graph. The central idea of this paper is that a (one time) symbolic preprocessing may
accelerate the certified numerical evaluation of the Delaunay graph conflict locator. The symbolic preprocessing
is the computation of the implicit equation of the generalised offset to conics. The certified computation of the
Delaunay graph conflict locator relies on theorems on the uniqueness of a root in given intervals (Kantorovich,
Moore-Krawczyk). For conics, the computations get much faster by considering only the implicit equations of the

generalised offsets.

Key words: Delaunay graph, semi-algebraic sets, conics, conflict locator

1. Introduction

Most of the curves and surfaces encountered in
geometric modelling are defined as the set of com-
mon zeroes of a set of polynomials (algebraic vari-
eties) or subsets of algebraic varieties defined by
one or more algebraic inequalities (semi-algebraic
sets). Many problems from different fields involve
proximity queries like finding the nearest neigh-
bour, finding all the neighbours, or quantifying
the neighbourliness of two objects. The retraction
planning [OY85] problem (that addresses the op-
timal trajectory of a robot around obstacles) in
robotics and spatial analysis and influence zones
in Geographic Information Systems [VC90] are
strongly linked to questions of proximity among
real-world objects in real-world environments.

The Voronoi diagram [Vor08] (see Fig. 1) of a set
of sites is a decomposition of the space into prox-
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(Frangois Anton).
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imal regions (one for each site). The proximal re-
gion (or Voronoi zone) of a site is the locus of points
closer to that site than to any other one. Voronoi
diagrams allow one to answer proximity queries af-
ter a query point has been located in the Voronoi
zone it belongs to. The Voronoi diagram defines a
neighbourhood relationship among sites: two sites
are neighbours if, and only if, their Voronoi regions
are adjacent. The graph of this neighbourhood re-
lationship is called the Delaunay graph. The De-
launay graph of sites in the plane satisfies the fol-
lowing empty circle criterion (see Fig. 2): no site in-
tersects the interior of the circles touching (tangent
to without intersecting the interior of) the sites
that are the vertices of any triangle of the Delau-
nay graph (see Fig. 3). There have been attempts
[OBS92] to compute Voronoi diagrams of curves
by approximating curves by line segments or circu-
lar arcs, but the exactness of the Delaunay graph
is not guaranteed [RF99a]. Indeed, the Voronoi di-
agram is very sensitive to the order of continuity
at contact points (see [RF99al). Only approxima-

Seville, Spain (2004)
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Fig. 1. The Voronoi diagram (light) of a circle, an ellipse
and a hyperbola (dark)

Fig. 2. The 3 empty circles for the sites of Fig. 1

HYPERBOLA ELLIPSE

CIRCLE
(]

Fig. 3. The Delaunay graph of the sites of Fig. 1

tions by conics can guarantee a proper continuity
of the first order derivative at contact points, which
is necessary for guaranteeing the exactness of the
Delaunay graph [RF99a]. Other approximation al-
gorithms have used a Newton-Raphson scheme to
compute and classify Voronoi vertices for curves
with a rational parameterisation [RF99a,RF99b].
These do not directly address the exactness of the
Delaunay graph.

2. Preliminaries

We will recall now the formal definitions of the
Voronoi diagram and of the Delaunay graph. For
this purpose, we need to recall some basic defini-
tions.

Definition 1 (Metric) Let M be an arbitrary set.
A metric on M is a mapping d : M x M — Ry
such that for any elements a, b, and ¢ of M, the
following conditions are fulfilled: d(a,b) = 0 <

a =b,d(a,b) = d(b,a), and d(a,c) < d(a,b) +

d(b,c). (M,d) is then called a metric space, and

d (a,b) is the distance between a and b.

Let M = R¥, and § denote the Euclidean dis-
tance between points. Let & = {s1,...,8m} C
M, m > 2 be a set of m different subsets of M,
which we call sites. The distance between a point
x and a site s; C M is defined as d(z,s;) =
inf, c., {0 (2.9)}.

Definition 2 (Influence zone) Fors;,s; € S, s; #

sj, the influence zone D (s;,s;) of s; with respect

to s; is: D (si,s5) ={x € M|d(z,s;) < d(z,s;)}.

Definition 3 (Voronoi region) The Voronoi re-

gion'V (s;,8) of s; € S with respect to the set S is:

Vi(5::8) =, e85, D (5i85)-

Definition 4 (Voronoi diagram) The Voronoi di-

agram of S is the union V (S) = aV (s, S)

of all region boundaries.

Definition 5 (Delaunay graph) The Delaunay

graph DG (S) of S is the dual graph of V (S)

defined as follows:

— the set of vertices of DG (S) is S,

— for each N — 1—dimensional facet of V (S) that
belongs to the common boundary of V (s;,S) and
of V (s;,S) with s;,s; € S and s; # s;, there is
an edge of DG (S) between s; and s; and recip-
rocally, and

— for each vertex of V (S) that belongs to the com-
mon boundary of V (si,S),...,V (51;1\,“,8),
with Vk € {1,...,N+2},s;, € S all distinct,
there exists a complete graph Ky o between the
si k€ {1,..,N+2}, and reciprocally. (see
example on Fig. 8).

Let us introduce the generalised offset and the
generalised Voronoi vertex. We place ourselves in
the affine space K2 where K = C for the sake of
introducing those notions in an easier way. While
the R—generalised offset to v is the locus of the
centres of circles of radius R that are tangent to v,
the true R—offset to v is the locus of the centres of
circles of radius R that are tangent to v and do not
contain any point of v in its interior (see Fig. 4).
Definition 6 (generalised Voronoi vertex) A gen-
eralised Voronoi vertex of three semi-algebraic sets
S1, So, and S3 is a point of intersection of the
R—generalised offsets of S1, Sa, and Ss (see Exam-

s; €S
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Fig. 4. The strophoid and its true (left) and generalised
(right) offsets

-
) \\
¢ AN

CON

N

\ -
N NN

|

Fig. 5. A generalised Voronoi vertex (dot) of three conics
(thick lines)

ple on Fig. 5).

3. The Delaunay graph conflict locator for
semi-algebraic sets

Let Xi,...,Xnyt2, be semi-algebraic sets
[BR90,BCR98]. A semi-algebraic set X; is de-
fined as: szl Ne?y {x € RN |f; .k *i,,6 0}, where
fijk is a polynomial with real coefficients in the
variables x;,,...,z;y and %; ;1 is either < or =,
fori =1,2,3,4,j =1,..,s; and k = 1,...,1 ;.
The Delaunay graph conflict locator determines
which ones of the maximal dimensional facets of
the Delaunay graph of N 4 1 semi-algebraic sets
X1, ..., Xn+1 would be changed by the addition of
the semi-algebraic set X nyo.

Let us assume without loose of generality that
each ﬂ;;’l {z ERN|fi ik *ijk O} for each X; is
defined by at least one non-trivial algebraic equa-
tion (i.e. different from the zero polynomial). If
our starting assumption is not valid in the case we
treat, we can make it valid by adding the equa-
tions corresponding to f; ;r = 0 for each (4, j, k)
such that j is the index of a component that is not
defined as in the assumption and 4 is the index of
the semi-algebraic set to which the component be-
longs. Let us denote V; as the intersection of all the
V' (fi;k) such that %; ; 1, is = for each ¢ = 1,2,3,4.
Let V; be the normal space to V; at the point z; =
(@iy, s Tip ). Bach f; j i defining V; induces N —1
polynomials n; ;5 with [ = 1,..., N — 1 that are
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the equations defining the normal to V (f; ;&) at
x;. A point ¢ = (y1, ..., yn) belongs to N if its co-
ordinates satisfy all the equations of the normal
spaces to V' (fi j.x) at ; such that *; ; 1 is =.

For a given ¢ = (y1,...,yn), let M; be the the
set of points m; = (z;,,...,2ziy) € X; such that ¢
belongs to the normal space to V; at the point m;.
In the general case, each set M, is a finite set of
points. However, if V; contains a portion of hyper-
sphere PHS (g, p) centered on ¢, then M contains
that portion of hypersphere. To get in all cases a
finite set of points m; of V;, we use &; = M; when
M, is finite, and &, PHS (¢,p) = {w;} for an
arbitrary point w; of PHS (g, p) when V; contains
a portion of hypersphere PH.S (g, p) centered on q.

We are now able to write the system of alge-
braic equations and inequalities that define the
outcome of the Delaunay graph conflict locator.
Let us consider the map 7 : K3V — K% defined
by 7 (xi,q,m;) = q.

The point ¢ is at the distance r from the point
x; if, and only if, the distance between ¢ and x; is
r. This is expressed algebraically by the equation
d; ((L-Ti) = (yl - $i1)2+~-.+(yN - xiN)2_r2 =0.

The generalised r-offset O; to X; is the image
by 7 of the points of K3V defined by the following
system of equations and inequalities:

Jj e l,s],Vk € [1,7"1‘,]‘],

fijr (i) %i g1 0

« ”

if *i,5.k is =",
vi=1,.,N — 1,ni,j,k’l (xi7q) =0

fl'il (‘rl) 7é Oor ... or f-'L"iN (‘rz) 7é 0
The true r-offset to X; is obtained as the differ-
ence of the generalised r-offset O; to X; and the
union of each one of the images by 7 of the semi-
algebraic sets defined by the following system of
equations and inequalities for each point m; of &;:

35 € [1,8],Vk € [1,7: 4],
i (M) %5 5.1 0
if xs e B8 =7,
f(mi) =0
Vi=1,..,N—1,m;k1(miq) =0
d(m;,q) <0

It is obvious that a true Voronoi vertex of
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Running time | above systems |generalised offsets

General Solve 6 min 38 s 12 min 37 s
Gradient Solve| 2 h 56 min 10 s 2 min 26 s
Hessian Solve (20 h 17 min 42 s 3 min 42 s

Table 1
Some running time results for ellipses

X1, ..., XN+1 1s a point of intersection of the true
r—offsets to Xi,..., Xny1 respectively. A true
Voronoi vertex of Xy, ..., Xy is at the distance
R from X 42, or alternatively, a true Voronoi ver-
tex of Xi,..., X1 belongs to the true R—offset
to Xy 42. Consider the N + 2—dimensional points
whose first IV coordinates are the coordinates of
a true Voronoi vertex of X, ..., Xy4+1, and the re-
maining two are the distances r between that true
Voronoi vertex and X, ..., Xy+1, and R between
that true Voronoi vertex and Xpyyo. The Delau-
nay graph conflict locator should report all the
true Voronoi vertices such as the corresponding
N + 2—dimensional points satisfy R —r < 0.

We have evaluated the Delaunay graph conflict
locator without solving any intermediary system
by using an interval analysis based library (ALIAS
[Mer00]) for solving zero-dimensional systems of
equations and inequalities. The certified computa-
tion of the Delaunay graph conflict locator relies
on theorems on the uniqueness of a root in given in-
tervals (Kantorovich and Moore-Krawczyk). This
computation uses a bisection process on one or
all the variables using either only the equations of
the system, or using the Jacobian of the system
(Moore-Krawczyk test for finding “exactly” the so-
lutions), or using the Jacobian and the Hessian of
the system (with Kantorovich, Moore-Krawczyk
tests). We first used ALIAS on the above system
of algebraic equations and inequalities that spec-
ify the Delaunay graph conflict locator for semi-
algebraic sets. Then for conics, we used ALTAS on
the system simplified by replacing the equations f;,
n; and d; of the conics, normals and distances be-
tween the points on the conics and the true Voronoi
vertex by the implicit equations of the generalised
offsets to the conics (see [Ant04]). This induces
much faster computations (see Table 1).

4. Conclusions

We have presented what we believe is the first
certified conflict locator for the incremental main-
tenance of the Delaunay graph for semi-algebraic
sets. Further research will try to improve the run-
ning time of the computations.
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3D realization of two triangulations of a convex polygon.
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Abstract

We study the problem of construction of a convex 3-polytope whose (i) shadow boundary has n vertices and (ii)
two hulls, upper and lower, are isomorphic to two given triangulations of a convex n-gon. Barnette [1] proved the
existence of a convex 3-polytope in general case. We show that, in our case, a polytope can be constructed using

an operation of edge creation.

Key words: triangulation, convex polytope, Steinitz theorem

1. Introduction

Let P be a convex polygon in the zy-plane with
n vertices. Two triangulations of P are called dis-
tinct if the only edges they share are the edges of
P. Let 11 and T5 be two distinct triangulations of
P. At the First Canadian Conference on Compu-
tational Geometry Leo Guibas conjectured that it
is always possible to perturb the vertices of P ver-
tically out (i.e., by displacements parallel to the
z-axis) so that the polygon P becomes a spatial
polygon P’ such that the convex hull of P’ is a
convex polyhedron consisting ot two triangulated
cups glued along P’, and the triangulation of the
upper cup (i.e., those faces oriented toward +z) is
that specified as 77, and the triangulation of the
lower cup is that specified as T5 [4].

Boris Bekster [2] disproved Guibas’ conjecture
by showing a counterexample, a convex hexagon
with two triangulations. Marlin and Toussaint [3]
considered the computational problem of deciding
whether a triple (P, Ty, T3) admits a realization in
R3. They reduced the problem to a linear program-
ming problem with O(n?) inequality constraints
and n variables. The variables are z-coordinates of
lifted vertices of P and the constraints correpond
to vertex-face relations: the vertices must be be-
low/above the planes passing through faces of the

Email address: besp@utdallas.edu (Sergey Bereg).
URL: http://utdallas.edu/ sxb027100 (Sergey
Bereg).
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upper/lower cup of P’. The number of constraints
can be dropped to 2n—6 = |T1 |+ |T2| by consider-
ing dihedral angles corresponding to diagonals of
the triangulations [7].

Guibas conjecture is related to Steinitz’s theo-
rem [5].
Steinitz’s Theorem: A graph G is isomorphic
to the edge graph of a convex 3-polytope if and
only if G 1s 3-connected and planar.
By Steinitz’s theorem the graph (P, 71 U T5) is the
edge graph of a convex 3-polytope [3]. According
to Barnette’s theorem [1], every 3-polytope with a
Hamiltonian circuit has realization such that the
Hamiltonian circuit is a shadow boundary. This
implies that Guibas’ conjecture 1s true up to a com-
binatorial deformation [2]. Formally this can be
stated as follows.
Theorem 1 For any two distinct triangulations
T, and Ty of a convexr polygon Ps in B? with n
vertices, there is a convex polytope Ps in R with n
vertices such that (1) the zy-shadow S of Ps contains
all its vertices, and (ii) there is a isomorphism T :
Py — S that maps the edges of Ty (resp. Ty) to the
edges of the upper hull of Ps (resp. the lower hull).

Barnette’s proof deals with general faces (not
just triangles) due to its generality. In this paper
we give a different proof of Theorem 1 that uses
only triangular faces of polytopes which can be
turned into a more robust algorithm for finding a
combinatorial realization of (P, Ty, T5) in R,

Realization questions have been studied in com-
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puter graphics and scene analysis as well. Sugihara
[6] established necessary and sufficient conditions
whether a line drawing in the plane can be realized
in R3 by lifting.

We call a triple (P, T1,T%) a configuration. We
call a map 7 satisfying the conditions of Theorem
1 a realization.

2. Edge contraction

P2
b3

D1
(a)
—

b2
p3
b1

(b)

Fig. 1. (a) Edge contraction of a triangulation. (b) Edge
contraction of two triangulations. The diagonals of one tri-
angulation are solid and the diagonals of the other trian-
gulation are dashed.

As in Barnette’s proof we use the operation of
edge removal. The difference is that we will not
apply it for diagonals of P. This prevents the ap-
pearence of faces with more than three vertices.
The edge contraction in a configuration is defined
by idetifying the edge enpoints. If applied to one
triangulation of P, it produces a triangulation, see

Fig. 1 (a) for example where the edge pipa is con-
tracted. When applied for two triangulations, we
want the reduced triangulations to be distinct. An
edge e of a configuration (P, 71, T%) is contractible
if the new triangulations T} and T4 are distinct.
In general, not all edges are contractible. For ex-
ample, the edge p1ps in the Fig. 2 (a) is not con-
tractible since two edges p1ps and papg from differ-
ent triangulations coincide after the contraction of

pPip2.
p3

» g
D2
b1

‘ Pe

pr

(a)

Po D2

—

P3
P1 (

2

P1 = P4

(b)

Fig. 2. (a) The edge (p1,p2) is not contractible. (b) The
edge contraction for n = 4.

Lemma 2 Let C be a configuration with n > 4
vertices. There 1s a contractible edge of C among
the edges of the convex polygon.

PROOF. If n = 4 then every edge of the convex
polygon is contractible, see Fig. 2 (b). We prove
the lemmafor n > 5. Suppose to the contrary that
there is a configuration (P,T1,73) such that all
edges of P are not contractible. Let p1,...,p, be
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the vertices of P in clockwise order. The edge p1ps
is not contractible. Then there is a vertex pg, 4 <
k < n—1such that pypy is an edge of one triangu-
lation, say 77, and papy 1s an edge of T5, see Fig. 3
(a).

Consider an edge p;pi+1,2 < ¢ < k — 1. Since
pipi+1 1s not contractible, there is a vertex pc)
such that p;p.(;) is a diagonal of T;,j = 1,2 and
Pit1Pe(sy is a diagonal of T3_;, see Fig. 3 (a). We
call p.(;y a witness since it indicates that p;p;11 is
not contractible. At least one vertex of {p;, p;i+1},
say pi, is different from p; and pg. Then the edge
Pipe(i) does not cross one of the edges p1pg or papy.
Therefore ¢(¢) is an index in the range 1,... k.

Pi+1

Di

b1

Pe(i)

Fig. 3. Lemma 2.

We call p.(;y a left witnessif (i) < i. We call p;)
a right witnessif ¢(¢) > ¢+ 1. Each witness is either
left or right since c(i) # 4,7 + 1. Note that p(s) is
a right witness and p.(x_1) is a left witness. Thus
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there is an index ¢,2 <4 < k — 2 such that p.(; is
the right index and p.(; 41 is the left index, see Fig.
3 (b). Then p;p. (i), a diagonal of a triangulation 7},
intersects both diagonals e; = (pig1, pei41)) and
€2 = (Pit2, Pe(i41))- Either e or ey is a diagonal of
T;. Contradiction.

3. Edge creation

We define an operation of edge creation as the
reverse operation of the edge contraction. The fol-
lowing lemma chracterizes the change of the con-
figuration when an edge is created. We denote the
sequence of indices from ¢ to j in clockwise order
by {i,i+1,...,5}.

Lemma 3 (Edge creation) Let C = (P,T1,T%)

be a configuration with n > 3 vertices where P =

{p1,...,pn}. Suppose that an edge e = (q1,q2

is created in place of a verter p; € P. Let ' =

(P!, T],T3) be the configuration obtained by replac-

ing a vertex p; by an edge e = (q1,q2) in clockwise

order. Then there are two edges (p;,p;) € Th and

(ps, p) € T such that

- an edge (pi,p;) € T, e i+ 1,i+2,...
replaced by the edge (p;, q1) € T1, and

- an edge (p1,pi) € i, € {4, j+1,...,i—1} is
replaced by the edge (p, q2) € T1, and

- an edge (pr,p;) €To,l € {i+1,i+2,...
replaced by the edge (p;, 1) € T4, and

- an edge (pr,p;) € To,l € {kk+1,...,i—1} s

replaced by the edge (pr, q2) € T.

We show that an edge can be always created.
Theorem 4 LetC = (P, T1,T5) be a configuration
with n > 3 vertices and let p : P — R3 be its re-
alization in R3. Let C' = (P',T],Ty) be the con-
figuration obtained by an edge creation. There is a
realization of C' if there is a realization of C.

Theorem 1 follows from Theorem 4.

g} s

apk} is
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Planar embeddability of the vertices of a graph
using a fixed point set is NP-hard !
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Abstract

Let G = (V, E) be a graph with n vertices and let P be a set of n points in the plane. We show that deciding
whether there is a planar straight-line embedding of G such that the vertices V' are embedded onto the points P
is NP-complete, even when G is 2-connected and 2-outerplanar. This settles an open problem posed in [2,4,14].

1. Introduction

A geometric graph H is a graph G(H) together
with an injective mapping of its vertices into the
plane. An edge of the graph is drawn as a straight-
line segment joining its vertices. We use V (H) for
the set of points where the vertices of G(H) are
mapped to, and we do not make a distinction be-
tween the edges of G(H) and H. A planar geomet-
ric graph is a geometric graph such that its edges
intersect only at common vertices. In this case,
we say that H is a geometric planar embedding of
G(H). See [15] for a survey on geometric graphs.

Let P be a set of n points in the plane, and let G

be a graph with n vertices. What is the complexity
of deciding if there is a straight-line planar embed-
ding of G such that the vertices of G are mapped
onto P? This question has been posed as open
problem in [2,4,14], and here we show that this de-
cision problem is NP-complete. Let us rephrase the
result in terms of geometric graphs.
Theorem 1 Let P be a set of n points, and let G
be a graph on n vertices. Deciding if there ezists
a geometric planar embedding H of G such that
V(H) = P is an NP-complete problem.

The reduction is from 3-partition, a strongly NP-
hard problem to be described below, and it con-
structs a 2-connected graph G. The main ideas of

Email address: sergio@cs.uu.nl (Sergio Cabello).
L Partially supported by the Cornelis Lely Stichting. A full
version is available as [5].
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the proof are given in Section 2, and we use that
the maximal 3-connected blocks of a 2-connected
planar graph can be embedded in different faces. In
a 3-connected planar graph, all planar embeddings
are topologically equivalent due to Whitney’s the-
orem [10, Chapter 6]. Therefore, it does not seem
possible to extend our technique to show the hard-
ness for 3-connected planar graphs.

Related work A few variations of the problem of
embedding a planar graph into a fixed point set
have been considered. The problem of characteriz-
ing what class of graphs can be embedded into any
point set in general position (no three points be-
ing collinear) was posed in [12]. They showed that
the answer is the class of outerplanar graphs, that
is, graphs that admit a straight-line planar embed-
ding with all vertices in the outerface. This result
was rediscovered in [6], and efficient algorithms for
constructing such an embedding for a given graph
and a given point set are described in [2]. The cur-
rently best algorithm runs in O(nlog® n) time, al-
though the best known lower bound is ©(nlogn).

A tree is a special case of outerplanar graph. In
this case, we also can choose to which point the
root should be mapped. See [3,13,16] for the evo-
lution on this problem, also from the algorithmi-
cal point of view. For this setting, there are algo-
rithms running in O(nlogn) time, which is worst
case optimal. Bipartite embeddings of trees were
considered in [1].

Seville, Spain (2004)
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Fig. 1. Graph G for the NP-hardness reduction.

If we allow each edge to be represented by a
polygonal path with at most two bends, then it
is always possible to get a planar embedding of a
planar graph that maps the vertices to a fixed point
set [14]. If a bijection between the vertices and the
point set is fixed, then we need O(n?) bends in total
to get a planar embedding of the graph, which is
also asymptotically tight in the worst case [17].

We finish by mentioning a related problem,
which was the initial motivation for this research.
A universal set for graphs with n vertices is a
set of points S,, such that any planar graph with
n vertices has a straight-line planar embedding
whose vertices are a subset of S,,. Asymptotically,
the smallest universal set is known to have size at
least 1.098n [7], and it is bounded by O(n?) [8,18].
Characterizing the asymptotic size of the smallest
universal set is an interesting open problem [9,
Problem 45].

2. Planar embeddability is NP-complete

It is clear that the problem belongs to NP: a ge-
ometric graph H with V(H) = Pand G(H) =G
can be described by the bijection between V(G)
and P, and for a given bijection we can test in
polynomial time whether it actually is a planar ge-
ometric graph; therefore, we can take as certificate
the bijection between V(G) and P.

For showing the NP-hardness, the reduction is
from 3-partition.

Problem: 3-partition

Input: A natural number B, and 3n natural num-

bers aq,...,as, with % <a; < %.

Output: n disjoint sets S1,...,.S, such that for

all S; we have S; C {a1,...,asn}, |S;| =3, and

Zaesj a=B.

We will use that 3-partition is a strongly NP-hard
problem, that is, it is NP-hard even if B is bounded
by a polynomial in n [11]. Observe that because
% <a; < g, it does not make sense to have sets
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Fig. 2. Point set P for the NP-hardness reduction. K = (B + 2)n.

S; with fewer or more than 3 elements. That is, it
is equivalent to ask for subdividing all the numbers
into disjoint sets that sum to B. Of course, we
can assume that 2?21 a; = Bn, as otherwise it is
impossible that a solution exists.

In the following, we only give the reduction,
and do not discuss how the solution to the con-
structed problem relates to the original problem.
Details can be found in the full version [5]. Given
a 3-partition instance, we construct the following
graph G (see Figure 1):
— Start with a 4-cycle with vertices vy, . .., vs, and

edges (v;—1, Vi moa 4)- The vertices vy and vy will

play a special role.

— For each a; in the input, make a path B; consist-
ing of a; vertices, and put an edge between each
of those vertices and the vertices vg, vs.

— Construct n — 1 triangles 11, ..., T, _1. For each
triangle T3, put edges between each of its vertices
and vo, and edges between two of its vertices and
vg. We call each of these structures a separator
(the reason for this will become clear later).

— Make a path C of (B 4+ 3)n vertices, and put
edges between each of the vertices in C' and vy.
Furthermore, put an edge between one end of
the path and v1, and another edge between the
other end and vs.

It is easy to see that G is planar; in fact, we are
giving a planar embedding of it in Figure 1. The
idea is to design a point set P such that G \ (By U
.-+ U Bs,,) can be embedded onto P in essentially
one way. Furthermore, the embedding of G\ (B1 U

-+ -UBs3y,) will decompose the rest of the points into
n groups, each of B vertices and lying in a different
face. The embedding of the remaining vertices By U

-+ U Bs,, will be possible in a planar way if and

only if the paths B; can be decomposed into groups

of exactly B vertices, which is equivalent to the
original 3-partition instance. The following point

set P does the work (see Figure 2):

— Let K := (B + 2)n.

— Place (B + 3)n points at the coordinates
(0,—n),(0,—(n — 1)),...,(0,—1) and at the
coordinates (0,1),(0,2),...,(0, K).

— Place points py := (1,0),p1 = (K, K),ps =
(2K,0),ps = (K,—n). In the figure, these
points are shown as boxes and are labeled.

— For each i € {0,...,n — 1}, place the group of
B points (K, -2+ (B+2)i+1), (K, -2+ (B +
2)i+2),...,(K,—-2+ (B+2)i+ B).

— For each i € {1,...,n — 1}, place the group of
three points (K, (B + 2)i — 3), (K, (B + 2)i —
2),...,(K+1,(B+2)i—3). In the figure, these
points are shown as empty circles.

3. Concluding remarks

The point set P that we have constructed has
many collinear points. However, in the proof we do
not use this fact, and so it is easy to modify the
reduction in such a way that no three points of P
are collinear. Probably, the easiest way for keeping
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integer coordinates is replacing each of the points
lying in a vertical line by points lying in a parabola,
and adjusting the value K accordingly. Therefore,
the result remains valid even if P is in general po-
sition, meaning that no 3 points are collinear.

In the proof, the graph G that we constructed
is 2-outerplanar, as shown in Figure 1. k-
outerplanarity is a generalization of outerplanarity
that is defined inductively. A planar embedding of
a graph is k-outerplanar if removing the vertices
of the outer face produces a (k — 1)-outerplanar
embedding, where l-outerplanar stands for an
outerplanar embedding. A graph is k-outerplanar
if it admits a k-outerplanar embedding. For out-
erplanar graphs, the embedding problem is poly-
nomially solvable [2], but for 2-outerplanar we
showed that it is NP-complete. Therefore, regard-
ing outerplanarity, our result is tight.

The graph G that we constructed in the proof
is 2-connected; removing the vertices vy, vs discon-
nects the graph. As mentioned in the introduc-
tion, we use this fact in the proof because in a 2-
connected graph the maximal 3-connected blocks
can flip from one face to another one. Therefore, it
would be interesting to find out the complexity of
the problem when the graph G is 3-connected, and
more generally, the complexity when the topology
of the embedding is specified beforehand.
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Abstract

Let A(T") be the arrangement induced by a set I' of n unbounded Jordan curves in the plane that intersect each
other in at most two points. The upper bound for constructing those arrangements by an incremental method is,
up to now, O(nA4(n)). In this paper we improve this bound to O(nAz(n)).

Key words: arrangements of curves, incremental algorithms, zones

1. Introduction

The arrangement of a set I' of n unbounded Jor-
dan curves, denoted by A(T"), is the plane subdivi-
sion induced by the curves in I'. Let vg be a curve
not belonging to I'. The zone of v¢ in A(T'), denoted
by z(70), is the set of faces of A(T") intersected by
70-

Up to now, the best known upper bound for the
zone of vp in A(T) is O(A4(n)) = O(n2%M), ob-
tained from its relation with the complexity of a
face in an arrangement of Jordan arcs: by deleting
small pieces in the curves of I' just containing the
intersection points with ~g, all faces of z(vg) be-
come a part of the same face of an arrangement of
Jordan arcs. The total amount of new elements in
the arrangement is a constant factor of the size of
the arrangement ([3], pg. 23). By using an incre-
mental algorithm, in which curves are inserted in
the arrangement one by one, the construction of
A(T) takes O(n Ag(n)) time. In this paper we im-
prove this bound to O(n A3(n)) if the curves inter-
sect each other in at most two points (remember
that A\y(n) = O(n2°M) and \3(n) = O(na(n))).
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The algorithm that computes A(T") in O(nAz(n))
time is based in three lemmas.

The first lemma considers the frontier of a face
in the external zone composed by the edges of the
face not belonging to 7y and says that if p and ¢
are the extreme points of the frontier of a face in
the external zone, then the segment pg in vy is an
edge of the arrangement. This property allows to
travel through the frontiers of the successive faces
of the external zone thus obtaining the intersection
points of v with the curves in the arrangement just
in the order they appear in 7. Therefore, the time
complexity for the insertion of 7y depends on the
complexity of the external zone which is O(A3(n)).

The second lemma considers the case in which
the infinite extremes of all the curves that intersect
Yo in two points are in the same side of 7, and
proves that the complexity of the zone in this side
of vp is O(Ag(n)). We call external zone to this part
of the zone.

Last lemma shows that it is always possible to
list the curves of I' in order 71, 2, ..., Yn, such
that each v; with 2 < ¢ < n verifies that the infinite
extremes of every curve in the set {1, 72, ..., vi-1}
that intersects 7; in zero or two points are in the
same side of ;.

Seville, Spain (2004)



20th European Workshop on Computational Geometry

2. Notation and definitions

Every curve in T' intersecting ¢ is decomposed
by 7o in two or three connected pieces. The un-
bounded pieces will be called branches. Branches
will be oriented, being the starting point the in-
tersection point with vg. This point will be called
the base of the branch. Base of a branch r will be
noted by 7. Every curve in I intersecting 7o in two
points give rise to two branches.

If all branches of the curves intersecting 7 in two
points are in the same side of vy we will say that
Yo is a pseudo-convex curve in the arrangement
and the external zone of 9 will be the half-zone
containing all these branches. From now on v will
be pseudo-convex in the arrangement A(T") and we
will only consider the external zone of 7y, noted by
z* (7).

We will call external frontier every connected
component obtained by deleting edges contained
in g in the frontier of a face of the external zone.
As a consequence, extreme points of the external
frontiers belong to p.

Without lost of generality, we will suppose that
every face of the external zone, but the first and
the last, are bounded. If this where not the case,
one can add a curve to I' that intersects only the
unbounded faces.

3. The external frontier

Lemma 1 The extreme points of an external fron-
tier are the extreme points of an edge contained in
Yo in the arrangement A(T U {vo}).

PROOF. Let F* be the external frontier of a face
in the external zone. Let p and g be the extreme
points of F*. If pg, the arc of vg with extreme points
p and ¢, were not an edge in the mentioned ar-
rangement, pg would contain at least one intersec-
tion point ¢ in its interior. As pq is contained in 7,
then necessarily c is the base of a branch. Because
branches are not bounded, ¢ and F* intersect each
other. This is a contradiction with the fact that F*
is an external frontier of a face.

4. External zone complexity

In this section one proves the O(As3(n))
complexity of the external zone of 7o in A(T). It is
proved by bounding the number of its edges.

The idea is to visit the external frontiers in the
order they appear along 7y and write down, for
every edge encountered, the branch or supporting
curve. Let U = (uq, ug, ..., un) be the obtained
list of symbols. One realizes that U is a Davenport-
Schinzel sequence.

(n,s) Davenport-Schinzel sequences have to
satisfy the following properties (see [4], pg. 1):

(i) To contain at most n different symbols.

(il) u; # w41 for every 1 <i < m.
(iii) there cannot be s+ 2 indices 1 < 41 < ip < ...

< is42 < msuch that u;, = u;, = wy ... = aq,

Uiy = Ui, = Uy, ... = band a # b.

In order to have condition (ii) satisfied one uses
different symbols for each side of the same branch.
In this way, n curves give rise to 4n symbols at
most (two for every of the 2n possible branches).

Proposition 2 U is a (4n,3) Davenport-Schinzel
sequence.

PROOF.
(i) 4n symbols corresponds to the, at most, 2n
branches.

(ii) In the same face there are not two consecutive

edges from the same branch (nor curve, if it does
not intersect -p). This is due to the fact that
curves intersect in a transversal way. When pass-
ing from one face to the consecutive one, there
are neither two equal consecutive symbols be-
cause they corresponds to the two sides of the
same branch, marked with different symbols.

(iii) Third condition is due to the fact that two

branches intersect in at most two points. One
can prove that, under this condition, the maxi-
mum length of an alternating sub-chain of two
symbols is 4.

Lemma 3 The external zone of vy has O(A3(n))
complezity.

PROOF. By proposition 2, it suffices to note that
Az(4n) = O(A3(n)).
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5. Insertion order

In this section it’s seen how to sort the set of
curves I' in such a way that, if they are inserted
one by one in this order in the arrangement, curve
7; is pseudo-convex with respect to the previous v;
inserted curves, 2 < j <i¢—1.

Without lost of generality one can suppose that
the external zone of every curve is always to its left.

The idea for sorting is the following: a curve -~y
is fixed while the others are classified with respect
to v into two sets that will be recursively sorted:
the set of curves that must be inserted before « in
the arrangement and the set of curves that have
to be inserted after . We insert before v all the
curves that give rise to unbounded branches to
the left of 4 (v must be oriented before doing this
classification). Let |§ N | denote the number of
intersection points between § and .

Procedure for sorting the set T';

(1) If T = 0 nothing to do. Return .

(2) Select at random a curve vy € T".

(3) If it is still not oriented, select an orientation
for .

(4) Classify the rest of curves into two sets Cy(7)
and Ca(7y) containing the curves of I' - {~} that
have to be inserted in the arrangement before
and after ~y respectively:

— Curve § is included in Cj(7y) whenever one of
the three following conditions holds:
[0 N~| =0 and § is to the left of ~.

[0 N~ =1.
|0 N y| = 2 and the branches of § are to the
left of ~.

— Curve ¢ is included in Ca(%) if it has not been
included in Cj(7), that is:
[6 N~y =0 and ¢ is to the right of v or
|0 Ny| = 2 and the branches of § are to the
right of ~.

(5) Orient the curves in Cy(y) depending on the
orientation of v in such a way that the infinite
extremes of vy lay to the left of each curve.

(6) Recursively repeat the procedure for Ci(7)
and Cs(7y), thus obtaining the sorted lists L (y)
and Lo () respectively.

(7) The final sorting in T is Ly (v) + [v] + L2(7),
being “+” the concatenation of lists operation.
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Definition 4 Curve vy is called reference curve of
the process. Sets C1(7y) and Ca(7y) determined by -y
are called associated sets.

One can proof that the orientation that a refer-
ence curve vy determine in its associated set Ca(7y)
do not prevent a future sorting of this set. No care
is necessary with curves in Cj(y) because they
appear in the arrangement before ~.

Observation: Every curve is, at some point dur-
ing the execution of the procedure, a reference
curve having the corresponding associated sets
(may be empty some of them).

In order to facilitate the proof of the pseudo-
convexity of every curve with respect to the pre-
ceding ones, one consider a surrounding pseudo-
circumference containing in its interior all in-
tersection points of the arrangement. This extra
curve represents the infinity and intersects every
curve in two points.

Definition 5 The intersection points between a
curve v € T and the pseudo-circumference are
called the extreme points of v. They are considered
points at infinity.

Definition 6 Every curve 7y divides the pseudo-
circumference in two pieces called vaults. Once the
curve y is oriented, the corresponding vaults be-
comes left vault and right vault of v. The left vault
is denoted by 7.

Vault concept allow us to define pseudo-
convexity in the following way:

Definition 7 + is pseudo-convex with respect to a
set of curves if all of them have at least one inter-
section point with 5.

Proposition 8 A curve v and its associated sets
verify the following properties:
(i) v is pseudo-convex with respect to curves in
Ci(7).
(ii) Curves in Co(vy) are pseudo-convex with respect
to .

(i1i) Curves in Co(y) are pseudo-convex with respect

to those in Cy (7).



20th European Workshop on Computational Geometry

PROOF. Items (i) and (ii) are verified by con-
struction. For item (iii), let be v; € Ci(v). By
construction, v; have at least an intersection
point with 7. Let be v € Ca(7). By construction,
4 C 3. That means that +; have at least an in-
tersection point with 43. Therefore, by definition
7, 72 is pseudo-convex with respect to 7.

Finally, we can proof the third lemma:

Lemma 9 If v1, 7o, ..., 7o is the sorted set of
curves given by the sorting procedure, then ~y; is
pseudo-convex with respect to 1, Yo, ..., Yi—1 for
every2 <1 < n.

PROOF.

Let be 2 < ¢ < n and let ; be a curve with
7 < i. By construction there is a reference curve
Vi, J < k <4, separating y; and «y;, thus having
one of the three following situations:

(i) v = vi and v; € Ci(W)-
(ii) v = and v; € Co(yk).

(iii) v; € Ci(vk) and v; € Co(yk)-

Taking into account proposition 8 one verifies in
all three cases that v; is pseudo-convex with re-
spect to ;.

As a consequence of the previous lemmas, one
verifies the main theorem of the paper:

Theorem 10 The arrangement A(I') of un-
bounded Jordan curves that intersect each other in
at most two points can be computed incrementally
in O(nAs(n)) time.

6. Applications

This result can be applied in geometric location
problems. In particular in covering problems with
geometric figures as wedges, circular annulus or
strips.

In these problems one wants to locate the best
position for a geometric figure in the plane in order
to cover as much points of a given set of points as
possible. In the solution of these problems in the
dual space, arrangements as the considered in this
paper have to be managed. (Details can be found
in [1]).

7. Open problems

An open problem is to determine the complexity
of the internal zone of this kind of arrangements.
Internal zone is the half-zone which is not the ex-
ternal zone. It is an open problem for s > 1 for
specific families of curves. For arbitrary curves the
known complexity is O(A;12(n)) ([4], pag. 125).

Note that for s = 1 one have a known problem
that is open from more than ten years ( as men-
tioned M. Sharir in the Dagstuhl Workshop [2]):

Problem 11 Given a circle and an arrangement
of pseudo-lines determine the complexity of the
half-zone of the circle contained in its interior.
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Abstract

We consider subdivisions of convex bodies G in two subsets E and G'\ E. We obtain several inequalities comparing
the relative volume 1) with the minimum relative diameter and 2) with the maximum relative diameter. In the
second case we obtain the best upper estimate only for subdivisions determined by straight lines in planar sets.
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1. Introduction

Relative geometric inequalities are inequalities
in which we compare relative geometric measures,
i.e., functionals that give geometric information of
the subsets (F and G\E) determined by the sub-
division of an original set G.

The first relative geometric inequalities that ap-
peared in the literature were the so called relative
isoperimetric inequalities. These inequalities com-
pare the relative area with the relative perimeter:

If G is an open convex set in the Euclidean plane
R? and F is a subset of G with non-empty interior
and rectificable boundary such that both E and its
complement G\ E are connected, we define:

- the relative boundary of E as OF NG.

- the relative perimeter of E, P(E,G), as the
length of the relative boundary, and

- the relative area of E as:

A(E,G) = min{A(E), A(G\FE)}.
With the above assumptions we say that a rela-
tive isoperimetric inequality is an inequality of the

type:
A(E7 G) < 07

P(E,G)> =

where C' and « are positive numbers.
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Many results have been obtained about relative
isoperimetric inequalities (see for instance [2],[7]).

There are also results comparing the relative
perimeter with other geometric magnitudes diffe-
rent from the relative area. For results comparing
the relative perimeter with the relative diameter
and the relative inradius see [4].

In this paper we want to study relative isodia-
metric inequalities, in which we compare the rela-
tive volume with the relative diameters of a sub-
set of a convex body. First we need to define these
notions:

Let G C R™ be a convex body and E C G a
subset of G such that E as well as G \ E are con-
nected and have non-empty interior. Let D(.) be
the diameter functional.

(1) the relative volume is the minimum between the
volume of F and the volume of its complement,

V(E,G) =min{V(E),V(G\ E)},

(ii) the minimum relative diameteris the minimum
between the diameter of E and the diameter of its
complement,

dm (B, G) = min{D(E), D(G \ E)},

and

(iii) the mazimum relative diameter is the maxi-
mum between the diameter of E and the diameter
of its complement,

dy(E,G) = maz{D(E), D(G \ E)}.

Seville, Spain (2004)
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Relative isodiametric inequalities are those that
give either an upper or a lower estimate of the ra-
tios:

V(E,G)
dm(E,G)

V(E,G)

or
n

We compare the relative volume with the n-
power of the relative diameters (n is the dimension
of the ambient space) because as this ratio is in-
variant under dilatations, we obtain geometric in-
formation about the subdivision: the estimates do
not depend on the size of the bodies but only on
their shapes.

We are interested not only in obtaining relative
isodiametric inequalities, but also in determining
those sets (called maximizers or minimizers) for
which the equality sign is attained.

2. Relative isodiametric inequalities
concerning the relative area and the
minimum relative diameter of a subset of a
convex body

The aim of this section is to maximize and mini-
mize the ratio between the relative area and the n-
power of the minimum relative diameter of a sub-
set F of G.

We begin minimizing the given ratio, and in this
case we have to consider two different cases. First,
we are going to study general subdivisions of G and
later we are going to consider the special case in
which the subdivision is obtained by a hyperplane
cut.

Theorem 1 Let G be an open convex body and E
a subset of G such that E and G\ E are connected.
Then,

VEG)

dm(E,G)* —
PROOF. For any convex body GG we can consider
a sequence of hypersurfaces {S;}52, as close as we
want to the boundary of G, such that both ends
of the diameter of G belong to S; Vi € N, and the
regions E; bounded by S; have volume decreasing
to zero. Then, we conclude that:

V(E;,G) 0

lim = =0.

2 dp(E;, G)"  D(G)"

Theorem 2 Let G be an open convex body and E
a subset of G obtained by a hyperplane cut. Then,

V(E,G)
anEan = @)

PROOF. We can distinguish two cases:
Case 1: G is strictly convex:

As G is a strictly convex body, we can choose a
hyperplane II so that if F is a subset of G obtained
by the intersection with the half-space determined
by II, in all the points of OF'\ (GNIE) there exists
a tangent hyperplane.

Let us consider a straight line ¢ orthogonal to
the hyperplane II; we can apply the Schwarz sym-
metrization with respect to t to the subset F and
we obtain a new set E’ of revolution which has
the same volume than E and such that the image
of the relative boundary of E under Schwarz sym-
metrization is a (n-1)-dimensional ball with radius
r. Moreover, this symmetrization does not increase
the diameter, so D(E) > D(E’).

The body of revolution E’ is contained in a n-
dimensional cone C' with vertex V', which obviously
has greater volume than E’.

)
[
|

Schwarz . ,
symmetrization |
I

|

|

Finally, we consider a sequence of parallel hy-
perplanes to IT so that V(E’) decreases to zero and
the half angle at the vertex V goes to m/2. Then,

lim VEG) im VIE)
a—/2 dm(E,G)n T a—m/2 (27")” -

n—1

. w2 cotan «
lim ——MM— =

a—% n2”I‘(”T_1 + 1)

Consequently, the inequality (1) holds.

Case 2: GG is not strictly convex:

If G is not strictly convex there exists a straight
line segment ¢ in the boundary of G. We consider
a sequence of hyperplanes II; parallel to ¢ so that
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the volume of the subsets F; determined by the
intersections with II; decreases to zero. Then,
V(E;,G) 0

1' < =
M B G)r = (ength@)r "

O

The following proposition provides an upper
bound for the ratio between the relative area and
the n-power of the minimum relative diameter.

Theorem 3 Let G be an open convex body and E
a subset of G such that E and G\ E are connected.
Then,
V(E.G) _ /2
dn(E,G)" — T(14 §)27

PROOF. Let B(r)" be a ball with radius r such
that:

V(G vV(G)\'"
VB < D < (%)
then, as a consequence of the isodiametric inequali-
ty (see [1]):
V@ﬂ)< /2
dm(E,G)" — T(14 5)2n

3. Relative isodiametric inequalities
concerning the relative area and the
maximum relative diameter of a subset of a
convex body

The aim of this section is to maximize and mini-
mize the ratio between the relative area and the
n-power of the maximum relative diameter of a
subset E of G.

Theorem 4 Let G be an open bounded convex set
in R™ and E a subset of G such that E and G\ E

are connected. Then,
VEG
dym (.E7 G)" -

PROOF. Let G be an open convex body in the
Euclidean space. We can suppose without lost of
generality that 0 € G. Let us consider the sequence
{E;}3°, where each E; = 1G.

Seville (Spain)

If we compute the ratio between the relative vo-
lume and the n-power of the maximum relative
diameter, the limit of this ratio is 0 when i —
oo. In fact, the relative volume decreases to 0 and
dy(E;, G) = D(G\ E;) is the diameter of G for all
i

V(E;, G) 0

li = =0.
im0 dag (B, G 0

O

Theorem 5 Let G be an open convex body and E
a subset of G obtained by a hyperplane cut. Then,

V(E,G)
N 7 7 > .
. "

It is easy to prove this theorem using the same
argument that in the proof of theorem 2 (when G
is not strictly convex), considering t = D(G).

The problem of maximizing the ratio between
the relative area and the maximum relative diame-
ter is attached to the so called ”fencing problems”.
Such problems consider dividing a region into two
parts of equal volume (area) by a fence. We are go-
ing to use some results about fencing problems for
proving the following theorem (see [5], [6]).

Theorem 6 Let G be a planar bounded convex set
and E a subset of G obtained by a straight line cut,
then: A(E.G)
— 7 < 1.2869...
dy(E,G)*> ~
The equality is attained for the optimal body
described in the following figure (see [5]).

N

7

14 AV

7

PROOF. Let! be the straight line dividing G into
two regions F and G\ F, and suppose that A(E) <
A(G\ E). Let us consider two different cases:

1) dy(E,G) = D(G\ E) and 2) dy(E,G) =
D(E).
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D Ifdy(E,G) = D(G\E)and A(E) < A(G\ E),
we translate [ till another line I’ determining a new
division of G into two other regions E’ and G\ E’ in
such a way that one of the two following situations
hold:

1.1) A(E") = A(G\ E') and dps(E',G) = D(G\
E".

Then A(E',G) = A(E') > A(F) = A(E,G)
and dpy(E',G) < dy(E,G) and E’ determines a
fencing problem. Hence,

A(E, G) A(E)
d]v[(E‘7 G)2 - d]w(.E/7 G)

(For the last inequality see [5] and [6])

5 < 1.2860...,

1.2) A(E") < A(G\ E') and dy(F',G) =
D(E')=D(G\ E').

In this case we have A(E,G) = A(FE) < A(E') =
A(E',G) and dp (E, G) > dp (E', G), so:

A(E, Q) A(E")
v (B,G2 = DB @
and also,
A(E, Q) A(G\ E)

dy(E,G)?2 — D(G\ E')? ®)

Now we consider the intersection points P and
Q of I’ with 0G.

Let E” be either E' or G\ E’ where the suppor-
ting lines at P and ) make internal angles whose
sum is smaller or equal than 7. Let us consider the
symmetric set of E” with respect to the middle
point O of the segment PQ. Let this set be E'.
E"UE'" is a centrally symmetric convex set where
the area is 2A(E"). Tt is easy to see that:

D(E")=D(E")=dy(E' G) =
=D(E'")=D(G\ E).
Then, from inequalities (2) and (3),

AE,G) _ A(E")
dv(E,G)? = D(E")?

< 1.2869...,

(For the last inequality see [5]).
2) Suppose that dp(E, G) = D(E). Then,
A(E,G) _ AE)

dy(E,G)?2  D(E)?’

and also,

A(E,G)
du (B, G)2

A(G\ E)
D(G\ E)*

<

Let E’ be either E or G\ E, where the supporting
lines at P and @) realize internal angles whose sum
is smaller or equal than 7. By a similar argument
to that used in the case 1.2 we conclude that

A(E,G) < A(E")
dy(E,G)?2 — D(E")?

< 1.2869...
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Abstract

Three different concepts of depth in a point set are considered and compared: Convex depth, location depth and
Delaunay depth. As a notion of weight is naturally associated to each depth definition, we also present results
on minimum weight structures (like spanning trees, poligonizations and triangulations) with respect to the three

variations.

Key words: Tukey depth, halfspace depth, convex depth, Delaunay depth, minimum weight, layers.

1. Introduction

In bivariate data analysis, different ways of
partitioning data sets as well as peeling methods
(mainly for outlier rejection) have been proposed
by different authors according to several defini-
tions of depth. Every notion of depth of a point
with respect to a point set S gives rise to a parti-
tion of the set .S into layers and also to a partition
of the whole plane into levels. The layers are the
subsets of points of S having the same depth. The
level of a point g with respect to S is the depth
of ¢ in S U {q}. The weight of a segment is the
absolute value of the difference of depth between
its vertices. There are also several ways to asso-
ciate weights to geometric structures defined by
the points of S and some set of edges (segments
with endpoints in S), as described in Section 4.

In [10](pg. 363) Okabe et al. mention the interest
in comparing Delaunay depth with respect to other
depths. In this paper we do a comparative study of
properties of layers and levels associated to finite
sets of points in the plane considering three dif-
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ferent definitions of depth: convez depth [8], Tukey
depth also know as halfspace depth or location depth
[11] and Delaunay depth introduced by Green in
[7]. A thorough study is presented in [5].

After introducing basic definitions in Section 2,
we study and compare the complexity of layers and
levels in Section 3, and we give in Section 4 proper-
ties of minimum weight structures (spanning trees,
poligonizations and triangulations) related to the
three depths considered.

2. Preliminaries

Let S be a set of n points in the plane, CH(S)
the convex hull of S and p any point of S. Any
generic depth of p with respect to S is denoted by
ds(p).

The convex depth of p, is defined recursively as
follows: if p € CH(S), ds(p) = 1, else dg(p) =
ds\cH(s)(p) + 1. For values of j < |n/2] we say
that the location depth of p is dg(p) = j if and only
if there is a line through p leaving exactly j — 1
points on one side, but no line through p separates
a smaller subset. The Delaunay depth of p is defined
to be d + 1 when the graph theoretical distance
from p to CH(S) in the Delaunay triangulation
DT(S) of S is d. In all three cases we call depth of
S the depth of its deepest point.

Seville, Spain (2004)
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ds(p) (Depth)

Lay;(S) (Layer 7)

Lev;(S) (Level 1)

Convex if pe CH(S), ds(p) =1 else
ds(p) = ds\cu(s)(p) +1

Location ds(p) =4, §<SI/2] &

depth some line through p leaves exactly

j — 1 points on one side, none leaves less

Lay;(S) = CH(Ss)
Sy ={x € S/ds(x) =i}

Depth of a point

relative to a set S Lev; (S)=

Delaunay if pe CH(S), ds(p) =1 else
ds(p) = distance from p

to CH(S) +1,in DT(S)

Lay;(S) =subgraph of |d(p, ) = dsu(p) ()|{z € R?/d(z, S) = i}
DT(S) induced by S;
S; = {z € S|dg(z) =i}

Table 1: Definitions

The i-th layer of S, Lay;(S), is defined for
convex depth as well as for location depth by
Lay;(S) = CH(S;), where S; = {z € S | ds(z) =
1}, (Figures 1 and 2). For the Delaunay depth,
Lay;(S) is the subgraph of DT'(S) induced by S;,
(Figure 3).

Let p be any point in the plane. For the three
depths considered, the depth of p relative to the set
S'is d(p,S) = dsugpy(p) and the i-th level for the
set S is defined by Lev;(S) = {x € R?|d(z, S) = i}.
The concept of k-hull introduced by Cole, Sharir
and Yap in [6] corresponds to ;s Lev;(S).

Table 1 shows all these definitions together.

Fig. 1. Convex layers.

Fig. 2. Location layers.

1

Fig. 3. Delaunay layers.

3. Point set stratification

Given a set S of n points in the plane the convex
layers can be constructed with Chazelle’s optimal
O(nlogn) algorithm [4]. Convex layers form a se-
quence of nested convex polygons defining a parti-
tion of the plane into regions, which coincide with
the levels, (Figure 1). Therefore layers and levels
have linear complexity in the convex depth case
and can be constructed in optimal O(n logn) time.

As for location depth, a worst case optimal al-
gorithm for computing all Lev;(S), (where n/3 <
i <n/2) in O(n?) time is obtained by using topo-
logical sweep in the dual arrangement of lines (see
[5], [9]). The boundaries of the levels, in this case,
form a sequence of nested convex polygons. Points
of Lay;(S) are in convex position and belong to the
boundary of Lev;(S), but this boundary can also
have other vertices not in S, (Figure 4). Some lay-
ers can be empty and different layers can cross each
other. While the complexity of levels may reach
O(n?), the size of the layers is O(n). The layers
in the location depth case can be computed using
the mentioned O(n?) sweep algorithm yet, to our
knowledge, it is an open problem to construct them
in less time or to prove a quadratic lower bound
for the problem.
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1

Fig. 4. Location levels.

Fig. 5. Delaunay levels.

For Delaunay depth, all the layers Lay;(S), ¢ <
n/3, can easily be found by visiting DT'(S) in linear
time once constructed, which requires O(nlogn)
time (Figure 3). Notice that one layer can have
more than one connected component. The maxi-
mum number of connected components is strictly
decreasing on the number of layers, (see [5]). This
maximum number varies between |(n + 2)/3| and
|n/2], attained with suitable constructions having
|n/3| and 2 layers, respectively.

Delaunay layers are not necessarily polygons,
however they form a structure based in nested cy-
cles of points of the same weight.

The weight of a point relative to a set S de-

pends on the Delaunay circles (circumcircles of De-
launay triangles) that contain the point, therefore
the arrangement of Delaunay circles contains all
the information about Delaunay levels, (Figure 5).
As it has size O(n?) and can be constructed in
O(n?logn) time, it is possible to obtain the De-
launay levels within this time. Nevertheless, in the
following theorem we prove that in order to obtain
all the Lev;(S) it is not necessary to construct the
whole arrangement of circles.
Lemma 1 Let S be a set of points in the plane. If
the Delaunay depth of a point p with respect to S is
J, there is a cycle of Lay;_1(S) containing p in its
interior.

As a consequence, the number of levels for De-
launay depth is equal to the number of layers or to
the number of layers plus one.

Seville (Spain)

Observation 2 Let C' be a circle having exactly
two pointsu andv of S on its boundary and contain-
ing no points of S in its interior. Then any circle
crossing the two arcs determined by u and v in the
boundary of C' contains some interior point from S.
Theorem 3 Let S be a set of points in the plane
being f its Delaunay depth . The Delaunay levels of
S are nested sets. The boundaries between Lev;(S)
and Levj1(S), for 2 < j < f, are curves com-
posed by arcs of the Delaunay circles determined
by two points u,v of Lay;(S) and one point w of
Lay;-1(S).

Theorem 3 proves that the overall size of the
Delaunay levels is O(n) and justifies the steps of
the following algorithm.

Algorithm 1 DELAUNAY LEVELS OF S.

1. Compute DT(S).

2. Compute the Delaunay depths for all points

inS.

3. Compute the boundaries of the levels as fol-
lows: Levy (S) is the convex hull of S; for ev-
ery j > 2, the Delaunay circles C;, defined by
two points u,v of Lay;(S) and one point w of
Lay;_1(S), determine the boundary between
Lev;(S) and Levj1(S) which consists of the
inner boundary of the union of Delaunay cir-
cles C; (Figure 6).

The running time of the algorithm is O(n log? n):
DT(S) can be computed in O(n logn) time, Step 2
only takes O(n) time, and every boundary in Step
3 can be computed in O(n; log2 n;) time where n;
is the number of Delaunay circles C; considered in
the corresponding layer (see [12] pg. 97). Taking
into account that the total number of Delaunay
circles is O(n), Step 3 takes O(n log® n) time. Note
that the expected time for Step 3 is O(nlogn) [12],
and therefore, the expected time for the entire al-
gorithm is O(nlogn).

4. Minimum weight structures

A notion of weight related to the concept of
depth was associated in [2] to geometric structures
consisting of segments (edges) with endpoints in
S. The weight of a geometric structure admits two
natural definitions.

Definition 4 The total weight, t-weight, of a ge-
ometric structure, is the sum of the weights of its
edges.
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Fig. 6. The shaded region is Lev;;1(S).

Definition 5 The worse weight, w-weight, of a ge-
ometric structure, is the weight of its heaviest edge.

In this paper we focus on minimum t-weight
structures.

4.1. Minimum t-weight spanning trees

An algorithm for constructing a minimum t-
weight spanning tree (MWST), can be easily
obtained by taking for each weight a spanning tree
of the set of points of that weight and connecting
whith an edge every pair of trees whose weight
differs by one.

In [5] the following combinatorial result on the
number of MW ST for a set of points is proved
for convex depth. The result extends to Delaunay
weight but does not extend to the case of location
weight, since the vertices of Layy(S) may be points
not in S.

Proposition 6 Let S be a set of n points and let
C; be the cardinality of layer i. For convexr depth
and Delaunay depth, the number of MW ST in S is

e e
Ci-Cy

The number of MW ST is strictly decreasing on the
number of layers. The number of MW ST wvaries
between n" "2, attainable in the case of one layer,
and 3"~ 2, attainable when the number of layers is
k= (n+2)/3. For a fired number of layers, the
mazimum number of MW ST is attained when the
last layer has one point and all the others have 3
points except possibly one (this layer cannot be the
first except for the case of two layers).

f(Cry--- Cr)

4.2. Minimum t-weight polygonizations

Minimum weight polygonizations in the convex

case are studied in [2], where next proposition
is proved. This result also applies to each of the
weights we are considering, the proof is similar in
all the cases.
Proposition 7 Let S be a set of n points with
depth f. Every polygonization of S has weight
greater or equal to 2f — 2. The value 2f — 2 is
attained if and only if the sequence of depths of the
boundary vertices is (circularly) unimodal.

In [2] and [3] certain polygons are obtained with
good computational properties. In particular, after
the removal of any number of consecutive layers,
the remaining set can be polygonized in constant
time. These polygonizations, called onion polygo-
nizations, achieve the minimum weight and fur-
thermore, thanks to the convexity of the layers,
are always constructible for any set of points. In
the case of the Delaunay weight, we do not always
have polygonizations of weight 2f —2 (see [5]). This
does not depend on the number of connected com-
ponents of the Delaunay layers. Examples can be
found of polygonizations with weight 2f — 2 when
the number of components is as big as possible
(Figure 7).

Fig. 7. A polygonization scheme with Delaunay weight
2f — 2 for f = 5. The layers of the point set have 11
connected components.

Proposition 8 The minimum Delaunay weight of
any polygonization of a set of n points is never
greater than n. There are examples of sets in which

the weight of the minimum weight polygonization is

4.3. Minimum t-weight triangulations

For the convex depth case we have obtained the
following algorithm, which runs in O(nlogn) time
and generates triangulations that contain the con-
vex layers.
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1

Fig. 8. Every polygonization of this point set has weight

Algorithm 2 /5] SMALL WEIGHT TRIANGULA-
TION T' OF A SET S OF n POINTS.
1. IncludeinT all the edges of the convex layers.
2. For every convex layer find a minimal sub-
polygon P that contains the next inner layer;
add to T the edges of P.

3. Complete T in any way by triangulating the

remaining holes.

It is worth noticing that there are other trian-
gulations with the same weight that the triangu-
lations obtained as output of the above algorithm,
as shown in Figure 9.

Fig. 9. Two triangulations with the same weight; the right
one contains the convex layers. Solid edges have weight 1,
light edges have weight 0.

We conjecture that the triangulations obtained
using Algorithm 2 are always minimum weight tri-
angulations. We have proved that this is the case
for sets with two layers and also when all layers are
triangles (except possibly the innermost one), yet
a general proof remains elusive to us.

The study of the minimum t-weight triangula-
tions for location depth and Delaunay depth is on-
going work. One would expect the Delaunay trian-
gulation to have minimum Delaunay t-weight, but
this is not always the case (see figure 10); however
the Delaunay triangulation has minimum Delau-
nay w-weigt.

Seville (Spain)

Fig. 10. a) Triangulation of minimum t-weight 8. b) De-
launay triangulation of the same point set as to the left,
with t-weight 10, which is not minimum.
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Smoothed Number of Extreme Points under Uniform Noise
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Abstract

We analyze the maximal expected number of extreme points of a point set P in R? that is slightly perturbed by
random noise. We assume that each point in P is uniformly distributed in an axis-aligned hypercube of side length
2¢ centered in the unit hypercube (the center of the hypercube can be regarded as the point position without
noise). Our model is motivated by the fact that in many applications the input data is inherently noisy, e.g. when
the data comes from physical measurement or imprecise arithmetic is used. For this input distribution we derive
an upper bound of O((n - logn/€)*~*/@*1) on the number of extreme points of P.

Key words: Randomization, Smoothed Analysis

1. Introduction

The convex hull of a point set in the d-
dimensional Euclidean space is one of the funda-
mental combinatorial structures in Computational
Geometry. Many of its properties have been stud-
ied extensively in the last decades. In this paper
we are interested in the number of vertices of the
convex hull of a random point set, sometimes re-
ferred to as the number of extreme points of the
point set. It is known since nearly 30 years that
the number of extreme points of a point set drawn
uniformly at random from the (unit) hypercube is
O(log? ' n), cf. [1]. The number of extreme points
has also been studied for many other input dis-
tributions, e.g. for Gaussian normal distribution.
In this paper we consider the expected number of
extreme points when each input point is chosen
from a (possibly) different small subcube of the
unit hypercube. We can think of this input distri-
bution as resulting from some point set P (defined
by the centers of the subcubes), where each point
is afflicted with some small random noise. Our

Email addresses: vioQupb.de (Valentina Damerow),
csohler@upb.de (Christian Sohler).
I Partially supported by DFG project 872-8/2 and
IST program of the EU under contract IST-1999-14186
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model is motivated by the fact that in many ap-
plications the input data is inherently noisy, e.g.
when the data comes from physical measurement
or imprecise arithmetic is used.

1.1. Related Work

Several authors have treated the structure of the
convex hull of n random points. In 1963/64 Rényi
and Sulanke, [8] and [9], were the first to present the
mean number of extreme points in the planar case
for different stochastic models. They showed for n
points uniformly chosen from a convex polygone
with r vertices a bound of r - logn. This work was
continued by Efron [4], Raynaud [6] and [7], and
Carnal [2] and extended to higher dimensions. For
further information we refer to the excellent book
[10] by Santald.

In 1978 Bentley, Kung, Schkolnick and Thomp-
son [1] showed that the expected number of ex-
treme points of n i.i.d. random points in d space is
O(In?"* n) for fixed d for some general probabil-
ity distributions. Har-Peled gave in [5] a different
proof of this result. Both results are based on the
computation of the expected number of maximal
points (cf. Section 3).

The concept of smoothed analysis was intro-
duced in 2001 by Spielman and Teng [11]. In 2003

Seville, Spain (2004)
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this concept was applied to the number of changes
to the combinatorial describtion of the smallest
enclosing bounding box of a moving point set [3]
where different probability distributions for the
random noise were considered. This work already
covers the two dimensional case of this paper’s
problem. By considering moving points the two
dimensional problem was reduced to a one dimen-
sional probelm. The general extension to higher
dimensions holds some non trivial difficulties even
for the case when uniformle distributed noise is
considered.

2. Problem Statement and Uniform Case

Let P := {p1,...,pn} denote a point set in the
unit hypercube [0, 1]¢ and let V(P) be the number
of extreme points (i-e., the number of vertices of the
convex hull) of P. Furthermore, let rq,...,r, be
i.i.d. random vectors chosen uniformly at random
from [—¢, €] and let p; := p; 7, ,Pn i= PntTn
be the perturbed points and P the set of perturbed
points. Then we define the smoothed number of
extreme points to be V(P) := maxp E[V(P)].

Our bounds are based on the following observa-
tion: A point p € P is not extreme, if each of the 2¢
orthants centered at p contains at least one point.
In this case, we say that pis not mazimal. It follows
immediatly that the number of maximal points is
an upper bound on the number of extreme points.
Therefore, we will from now on count the number
of maximal points.

Fig. 1. A point in three dimensional space has eight or-
thants.” and 'Every extreme point is also a maximal point.’

As a warm-up we illustrate our approach on the
well-understood case of n points chosen uniformly
at random from the d-dimensional unit hypercube.
We show how to obtain in this case an upper bound
of O(log®™' n) on the number of maximal points
and hence on the number of extreme points.

Theorem 1 Let P = {p1,...pn} be a set of n
points chosen uniformly at random from the d-
dimensional unit hypercube. Then the expected
number of extreme points of P is O(log?* n) for
fized dimension d.

Proof : To prove the theorem we show that

Pr(p; is maximal] = O(log*™' n/n) . (1)
By linearity of expectation it follows immediately
that the number of extreme points is O(log? * n).
To prove (1) we consider the probability that a
fixed orthant ¢(p;) centered at p; is empty. Using
a standard union bound we get

Pr[p; is maximal] < 2¢ - Pr[p(p;) is empty] .

Wlog. we now fix orthant ¢(p;) := H?zl [—o0, pi7].
We can write the probability that ¢(p;) is empty as
an integral in the following way: consider p; having
the coordinates (z(1, ..., z(?). The probability for
any other point py € P\ {p;} to be not in ¢(p;) is
then equal to 1 — () . z(2) ... (4 Since there are
n — 1 other points in P the probability that o(p;)
is empty is exactly

1 1
/ / (1—z...
0 0

We solve this integral by repeatetd substitution
and demonstrate this on the 2 dimensional integral.
We start with the integral fol fol(l — zy)" " tdady
and substitute in a first step 1 — xy =: z = z(x)
which gives us dz = —y - dz and 2z(0) = 1 and
z()=1—y

// (1—ay)" 'dady = //1y

/0 H zyLydy = g/oi (1= (Loy™dy -

=z

w(d))nfldw(l) codz@ (2)

Now we substitute 1 — y =: z = 2(y) and we get
dz = —1-dy and 2(0) = 1 and 2(1) = 0:

1/ 1 P&
— . ]_— n = — ¢ =
n/o T (1—-2")dz n/ szz

ll”z_:lz“r :_Z_:logn+(’)() .
n i:0i+
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Since there are 4 quadrants and n points it follows
that the expected number of maximal points in the
planar case is O(logn).

The d-dimensional integral (2) boils down to the
sum

T 1 g1 &2 log®n
PP I z-“:O( ; )

11=1 io=1 ig—1=1

which proves the theorem. O

3. Smoothed Number of Extreme Points

We now want to apply the same approach to
obtain an upper bound on the smoothed number
of extreme points. We consider again a perturbed
point i = p; + ri, where p; = (pi),...,pl") €
[0,1]? and r; a random vector chosen uniformly
from [—e, €]%. It follows that p; lies in the hypercube

H?zl[pgj) - (—:,pgj) + €] =: phc(p;) which we want

to call the perturbation hypercube of point g)l
Now we recall that ¢(p;) = H?:l[—ooaﬁi(] ]. For
any other perturbed point py = pi, + 7, @ # k, the

probability that py does not lie in ¢(p;) is

e ol = [ (2)

where Z(p;, pr) is the set of all valid positions for py,
not lying in 0(57), L. Z(Firpr) = phe(pe) — 0(F7)-
Note that 1/(2¢)? is the probability density of py.
We get

Prlo(pi) is empty] =

1\" 1\*
— ] - — dy) dr .
/phc(pi) <2€> <kl;[l/1'(x,pk) <2€>

The main idea is now to subdivide the unit hy-
percube into m = 1/6? smaller axis-aligned hyper-
cubes of sidelength §. Then we subdivide P into
sets C', ..., C,, where Cy is the subset of P that is
located (before the perturbation) in the ¢-th small
hypercube (we assume some ordering among the
small hypercubes). Now we can calculate the ex-
pected number D(Cy) of maximal points for the
sets (¢ and use
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to obtain an upper bound on the expected num-
ber of extreme points in P. The advantage of this
approach is that for small enough § the points in
a single small hypercube behave almost as in the
uniform random case.

We now want to compute the expected number
of extreme points for the sets Cy. We assume wlog.
that Cy is the hypercube [0,6]%. Let § = (6,...,d)
and 0 = (0,...,0) etc. We now want to find an
upper bound on the probability that ¢(p;) is empty.
This probability is maximized, if p; = 0 and py, = 0
for every py, € Cy, i # k. Hence, we get

Pr(o(p;) is empty] <

n—1
1\ 1\¢
Lo o) (Lo (&) ) o
phe(0) \ 2€ Z(x,5) \2€

Using Z(w,0) = [§ — €,0 + €] = [[}_4 [~00,2)] =

H?Zl[max{é —e,20)},6 + €] we can write the in-
tegral as

1\

L) (5o

[=e.el 1C[d]
(6+€)1 1 ] n—1
TR € I B

where the subscript I for a variable denotes the
|I| dimensional projection of the variable to the
coordinates in I, i.e. zy = (zUV), ..., 200)) for I =
{j1,.--,Jt}, and the maximum is taken coordinate
wise. Let

F(z,j):= (_1)|I|+1/(5+6)I <%>I dyr

1C[d—j] (0=

+ Y (—phit /<5+€>1 - lIldyI :
2€

1C[5) a1

We can rewrite the integral (4) now in the form
SOL L]
=0 .7 J—e —c Y d—¢ (5—5

d—j j

&)d Bz, )" e . (5)

J

Next we want to calculate this integral. Again
we will use repeated substitution. We obtain the
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following result, which we prove only for the one
dimensional case (the complete proof is deferred to
the full version of this paper).

Lemma 2 Let Cy; C P be a set of ¢g points in the
hypercube [0, 0]¢ before the perturbation takes place.
The smoothed number of extreme points in Cy is at

most
log?te
N M)
Cye

Proof :(only the 1-dimensional case)
Let us consider the one dimensional integral.
From (5) we have

6—e 6+4€ n—1
1 1
. Sdy) d
[oae () o
€ 1 d+¢€ 1 n—1
_. “dy)  de =
([ aw)

V(é{) < D(é[) < c£-2d. (d%

o—e € n—1
1 1 1
—d — (= (f+e—2)) dz.
/_E 2€$+/6 2 <2€(+6 m) T
=

—€

The first integral solves to §/(2¢). In the second
integral we substitute d + € —z =: z = z(x) and we
get dz = —1-dx and 2(0 — €) = 2¢ and z(e) = 9.
Thus it is

c 1 /1 nt
/5_6£-<£-(5+6—$)> de =
O\" 1 §\"

[() e =00-(2))

It follows that in the one dimensional case the prob-
ability for a point to be maximal is at most

0 1
2 (5 +7)

We can now conclude from (3) and Lemma 2 that

O

~ AN d § log" e
P) < N L ) A W = B
V(P) < ;ce (d 7i— )

Our main theorem follows choosing

. d—1 1/d
6:(’)((6 log n) >
d-n

Theorem 3 The smoothed number of extreme
points of a set P of n perturbed points in d di-
mensional space with start points from the unit
hypercube and under uniform noise from [—¢, €]¢ is

vip) -of () )
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Optimizing a 2D Function satisfying Unimodality Properties

Erik D. Demaine* Stefan Langerman®

1 Introduction

A general formulation of discrete optimization is to maximize a given function f : D — R over a
discrete (finite) domain D. In general, of course, this problem may require |D| probes to f. One ap-
proach to making optimization more tractable is to be satisfied with finding a local maximum, i.e.,
a point at which f attains a value larger than all “neighboring” points, for some definition of neigh-
borhoods. In particular, for the standard 1D domain D = {1,2,...,n}, Fibonacci search [Kie53]
finds a local maximum using logsn + O(1) probes, where ¢ = (1 + v/5)/2 is the golden ratio.
Surprisingly, even for a square 2D domain D = {1,2,...,n}x{1,2,...,n}, the problem complexity
grows exponentially: Mityagin [Mit03] proved that ©(n) probes to such an f are sufficient and
sometimes necessary. Thus weakening the problem to finding local maxima does not cause the
exponential speedup from 1D in higher dimensions.

Another approach to making optimization more tractable is to add assumptions about the
function f. For example, if we assume that f is unimodal (denoted “® unimodal”), i.e., it has
exactly one local maximum, then finding local maxima and finding global maxima are equivalent.
One could hope that having this structural information about the function would also help in finding
that maximum. Unfortunately, a careful reading of the construction in [Mit03] of 2D functions f
requiring ©(n) probes are in fact unimodal.

We study the related condition that the 2D function f is unimodal in every row («+» unimodal)
and/or in every column (] unimodal). (These properties are satisfied by e.g. convex functions.)
While seemingly weaker than unimodality, these properties are incomparable to unimodality, and
in fact result in exponential speedup for finding local maxima.

Table 1 summarizes all of our results. Our upper bounds all follow from a combination of linear
search and/or Fibonacci search in each dimension. Matching local bounds for global optimization
follow in some cases from independence of the columns. Some bounds are tight only up to logarith-
mic factors, leaving intriguing open questions. In the full paper, we provide the omitted proof and
prove the comforting fact that a natural random probing algorithm makes Q(lgmlgn) expected
probes even for a convex function, as in our dual Fibonacci search.

2 Lower Bound for | Unimodal

Theorem 1 If n > m® where 0 < ¢ < 1, there is an adversary that (a) generates |-unimodal
functions each with a unique local optimum, and (b) forces any local or global optimization algorithm
to make (¢2/4)1gmlgn — O(lgmlglgn) probes.

*MIT Computer Science and Artificial Intelligence Laboratory, 200 Technology Square, Cambridge, MA 02139,
USA, edemaine@mit.edu

TChargé de Recherche FNRS, Département d’informatique, Université Libre de Bruxelles, ULB CP212, Bruxelles,
Belgium, Stefan.Langerman@ulb.ac.be



Assumption | Local optimization | Global optimization

None < min(lg 242 4 4) + O(lg max) [Mit03] | <m-n [lin. x1in.]
> min{min, maz/2} [Mit03] | >m - n [indep.]

© unimodal | < min(lg 752 + 4) + O(lg max) [Mit03] | same as local
> min{min, max/2} [Mit03]

[ unimodal | <log,mlgn+ O(lgm) [Fib.xFib.] | < nlog,m + O(n) [Fib.xlin.]
> (e2/4)1gmlgn — O(lgmlglgn) [Thm. 1] | > nlog,m + O(n) [indep.]

ifn>mf where0<e<1

1, < <lgmlgn/lgo + O(lg min) [Fib.xFib.] | < minlogs maz + O(min)  [Fib.xlin.]
unimodal >lgm+1lgn [info. theo.] | Q(min) [omitted]
®, ] <log,mlgn+ O(lgm) [Fib.xFib.] | same as local

]

unimodal > (e2/4)1gmlgn — O(lgmlglgn) [Thm. 1
ifn>mf where0<e<1

o, ], < <lgmlgn/lg¢d+ O(lg min) [Fib.xFib.] | same as local
unimodal >lgm+1lgn [info. theo.]

Table 1: Worst-case bounds on the number of probes required to maximize a function f :
{1,2,...,m} x {1,2,...,n} — R. In the bounds, maz = max{m,n} and min = min{m,n}.

The adversary gives the algorithm extra information, which can only help. Whenever the
algorithm probes the value at a particular point (z,y), the adversary reveals not only that value,
but also the slope of that value in that column, i.e., whether the mode in that column x is above
or below that point (x,y). Furthermore, if the mode of column x is above the probe point (z,y),
then the adversary reveals all values in the column x below the point (z,y); symmetrically, if the
mode is below the probe point, the adversary reveals all values above the point in its column. If the
algorithm discovers the mode of column z, the adversary reveals all values in the column z. Thus
we maintain the invariant that every column that is not totally revealed has some revealed values in
the topmost few rows, some revealed values in the bottommost few rows, and the algorithm knows
that the mode of the column is somewhere in between.

If the unrevealed region ever becomes disconnected, the adversary reveals all values in all con-
nected components except the largest connected component. Thus we maintain the invariant that
the unrevealed region is connected. We also maintain the invariant that the algorithm cannot dis-
cover the unique local optimum until every value has been revealed. Together these two invariants
make the goal of the algorithm to disconnect the unrevealed region; otherwise, the algorithm must
make at least one probe per column, for a total of at least n probes.

The main task of the adversary is to decide whether a probe point is above or below the mode of
that column, and then to choose the revealed values below or above the probe point. The adversary
bases its decision on matching the “nearest” previous decision, according to a particular distance
function. Define the (biased) distance between two points (x1,y1) and (x2,y2) to be

|21 — x| + |y1 — yal /m /2.

Also define the (biased) distance between a point (z,%) and the top horizontal wall to be y/m!'~¢/2,

and similarly define the biased distance to the bottom wall to be (m + 1 — y)/m!~/2.

Suppose that the algorithm probes the point (x,y). If point (x,y) is closer to a horizontal wall
than every revealed point, then the adversary reveals all values in column x between (z,y) and the
nearest wall, specifying that the mode is in the other direction. Otherwise, the adversary specifies
(z,y) to be above or below the mode in its column z according to whether the revealed point
(z*,y*) nearest to (x,y) is above or below the mode in its column x*. Then the adversary reveals



all unrevealed values starting from (x,y) in the opposite direction to the mode in column z. (In the
special case described below that the algorithm discovers the mode among these revealed values,
the specification that the mode is above or below (x,y) is false; in this case the adversary reveals
all values in column x.)

The adversary chooses the revealed values as follows. Suppose that the algorithm probes (z,y)
and say that the adversary decides that probe point (z,y) is above the mode in its column .
If the to-be-revealed points keep the unrevealed region connected, then the adversary repeatedly
reveals that the bottommost unrevealed value in column x is one more than the largest previously
revealed value, until reaching point (z,y). In this way the revealed values increase in an integer
sequence from the bottommost unrevealed value to (x,y). Equivalently, the adversary reveals
every unrevealed point (z,y’) below (x,y) in column z to have value m — d more than the largest
previously revealed value, where d = y —1/ is the Manhattan distance between the unrevealed point
(z,7") and the probe point (z,y).

On the other hand, if the to-be-revealed points disconnect the unrevealed region, then we isolate
a point (x, ) in column x that is adjacent to the largest resulting connected component, and assign
that point (x,9) to be the mode of column z. (As mentioned above, this assignment contradicts the
recent decision of the adversary that the mode is above (x, y); this situation is the only one in which
such a contradiction arises.) Then the adversary reveals every unrevealed point (z,y’) in column x
to have value m 4+ n — d more than the largest previously revealed value, where d = |y’ — | is the
Manhattan distance between unrevealed point (z,y’) and the assigned mode (z,9) of column x.
Simultaneously, we reveal every point (z,%’) in every connected component except the largest to
have value m 4+ n — d more than the largest previously revealed value, where d is the Manhattan
distance between point (2/,4’) and the assigned mode (z, ) of column z. Thus point (z,§) indeed
becomes the mode of column z, with d = 0.

Lemma 2 The only point to become a local maximum according to the adversary is the mode of
the final column to become completely revealed.

Proof: The key property is that the values revealed by the adversary are strictly larger as we
proceed from one probe to the next, because we always add a positive number to the largest
previously revealed value. Thus, within a column, every point except the mode has an adjacent
point with larger revealed value, and therefore only the mode could be a local maximum. But
in the final phase of a column, the mode is chosen so that it is adjacent to the largest connected
component, and all values to be revealed in that component are strictly larger. Thus even the
mode of the column cannot be a local maximum, unless the largest connected component is in fact
empty, i.e., the last column has been completely revealed. O

Lemma 3 Biased distance satisfies the triangle inequality.

Lemma 4 The algorithm must make min{n, (¢/2)1gm} probes before the unrevealed region first
disconnects into multiple connected components.

Proof: To disconnect the unrevealed region horizontally, the algorithm must make at least n
probes. We claim that disconnecting the unrevealed region vertically requires at least (¢/2)lgm
probes. Consider the minimum (biased) distance D between a revealed point above the mode in
its column (or the top wall) and a revealed point below the mode in its column (or the bottom
wall). Initially D is m/m'~¢/2 = m#/2. If the unrevealed region disconnects, D must have become
at most 1 because ¢ < 1.



Whenever the algorithm probes a point (z,y) that does not disconnect the unrevealed region,
we claim that D can decrease by at most a factor of 2. Suppose that (z,y) is closest to a previously
revealed point above the mode in its column (or the top wall). Then every newly revealed point
(z,7') is also closest to a previously revealed point above the mode in its column. By the triangle
inequality (Lemma 3), the sum of the distances from every such point (z,%’) to the nearest point
above the mode in its column (or the top wall) and to the nearest point below the mode in its
column (or the bottom wall) is at least D. The former distance is smaller, so the latter distance is
at least D /2. Therefore the new value of D after this probe is at least D/2.

In conclusion, for D to reduce from m/? to at most 1, the algorithm must make at least
lgm#/? = (¢/2)lg m probes. O

Lemma 5 The nearest point or horizontal wall to a point (x,y) is in a column =’ such that |x—x'| <
me/2,

Proof: The distance between (x,y) and either horizontal wall (in the same column z) is always at
most m/m'~¢/2 = m#/2. The distance between (z,y) and any point (z',y’) is at least |z — 2’|, so if
|z — 2’| > m®/2, the distance is strictly larger than the distance between (z,y) and either horizontal
wall. O

Finally we conclude the proof of Theorem 1. Consider an algorithm that makes fewer than
lgnlgm probes. As mentioned above, the algorithm must disconnect the unrevealed region or
else it is doomed to make at least n probes. Lemma 4 says that the algorithm must make at
least min{n, (¢/2)lgm} probes for the first disconnection. Consider the final probe that caused
the disconnection. By the pigeon-hole principle, the (Ignlg m)me/ 2 consecutive columns including
and to the right of this final probe must have a gap of at least m¢/2 consecutive empty columns,
because there are at most Ign lgm probes total. We remove columns starting from the final probe
up to but not including this gap of m*/2 consecutive empty columns. Similarly, we remove at most
(lgnlg m)me/ 2 columns to the left of the final probe up to but not including a gap of m®/2
utive empty columns. Thus we obtain two subproblems (one left and one right) that by Lemma 5
act completely independently from each other and from the probes causing the disconnection, as
far as probes made so far. We recursively consider the subproblem corresponding to the larger
connected component that remains. This recursive subproblem is a rectangle with m rows and at
least |n/2| — (Ignlgm)ms/? columns. The recursive subproblem may have already been probed,
but we can consider such probes as happening after this subproblem, because Thus the recursion
applies until n’/2 < (Ignlgm)ms/2.

Therefore we obtain the lower bound of min{n’, (¢/2)1g m} probes, where n’ > 2(Ig nlgm)ms/?,
recursively lg(n/(2(lg nlgm)ms/?)) times. In total we obtain a lower bound of

(e/2)(1gm)(Ign — 1 —lIglgn —lglgm — (¢/2)lgm)
(e/2)(1gm)((e/2)1gn — O(lglgn))
(e2/4)1gmlgn — O(lgmlglgn).

consec-
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Abstract

We consider the problem of searching for a goal in an unknown environment, which may be a graph or a polygonal
environment. The search ratio is the worst-case ratio before the goal is found while moving along some search
path, over the shortest path from the start point to the goal, minimized over all search paths. We investigate the
problem of finding good approximations to the optimal search path, with or without a priori knowledge of the
environment. In the latter case, we are dealing with an online problem. We must compute a good search path while
exploring the unknown environment. We present a unified framework that allows us to derive competitive search
path algorithms from existing competitive exploration algorithms, if it is possible to modify them in a certain
natural way. Our transformation increases the competitive ratio at most by a factor of eight. This expresses the
relationship between competitive online exploration and online searching more precisely than before. We apply our
framework to searching in trees, (planar) graphs, and in (rectilinear) polygonal environments with or without holes.

Key words: Online motion planning, competitive ratio, searching, exploration, search ratio

1. Introduction

Exploration and searching are fundamental
tasks in online motion planning that have at-
tracted a lot of interest during the last decade, see
for example the survey by Berman [4]. Exploration
means that an agent should detect all objects in-
side an unknown environment whereas in search-
ing one particular goal object has to be detected.

The competitive ratio is an established perfor-
mance measure for online algorithms, see for ex-
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ample [3,7]. In exploration and search problems,
the cost of an algorithm is typically the length of
the path traveled by the agent.

Intuitively, there is a close relationship between
online searching and exploration. Since the goal
could be hidden anywhere, every search strat-
egy must eventually explore the entire scene. On
the other hand, there is a fundamental difference
between searching and exploration. In order to
achieve a small search ratio, a search strategy
should explore the environment in a breadth first
search manner, first exploring all locations close to
the starting point, then iteratively increasing the
search radius. In contrast, an exploration strategy
may decide to first follow some long path. For
example, for unknown undirected graphs depth
first search (DFS) is a 2-competitive online ex-
ploration algorithm, but there is no competitive
online search algorithm, see [9]. This indicates
that online exploration may be an easier problem
than online searching.

Koutsoupias et al. [10] first studied how to com-
pute search path approximations offline. A search
path 7 explores the entire enviroment. If the goal

Seville, Spain (2004)
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becomes visible for the first time while moving
along 7, we can move towards it. The quality of
a search path is determined by a worst-case goal
point v that maximizes the ratio between the
length of the path to v via 7w and the shortest
path to v, among all goal points v. Koutsoupias et
al. called this worst-case ratio the search ratio of
w. An optimal search path has the minimal search
ratio among all search paths. They only studied
graphs with unit length edges where the goal can
only be located at one of the vertices of the graph,
and they only studied the offline case, i.e., with
full a priori knowledge of the graph. They showed
that computing the optimal search ratio offline is
an NP-complete problem, and they gave a poly-
nomial time 8-approximation algorithm based on
the doubling heuristic, which is also the main in-
gredient of our approach. The doubling heuristic
is a standard technique in online motion planning,
see for example [3,2].

Our goal is to approximate the optimal search
path in an unknown environment by a constant-
competitive online search algorithm. We propose
a general framework how to derive such a compet-
itive online algorithm when there exists a compet-
itive online exploration algorithm for the environ-
ment that can be adapted in a certain natural way.
Our framework can also be applied to offline ex-
ploration approximation algorithms, in which case
it yields offline approximation algorithms for the
optimal search ratio. The competitive ratio of the
search algorithm is only at most four or eight times
the approximation factor of the exploration algo-
rithm, depending on whether goals can only be hid-
den at some finite set of points, like the vertices of
a graph, for example, or whether the goal can be
hidden anywhere in the environment.

In this extended abstract, all proofs are omitted.

2. Definitions

We want to find a good search path in some
given environment E. In a graph environmen, edge
lengths do not necessarily represent Euclidean dis-
tances in some embedding of the graph, even if the
graph is planar. In particular, we do not assume
that the triangle inequality holds.

The goal set G C FE is the set of locations in
the environment where the goal might be hidden.
For example, if E is a graph G = (V| E), then the
goal may either be located anywhere on some edge

(geometric search), i.e. G =V U E, or it may only
be located at some vertex (vertex search), i.e., G =
V. To ezplore E means to move around in E and
eventually see all potential goal positions G. To
search E means to follow some exploration path
in F, the search path, until the goal is detected. A
path 7 is a search path if every point in G can be
seen from at least one point on 7. We assume that
search paths always return to their start point. We
make the usual assumption that goals must be at
least in distance 1 from the start point s. If goals
could be arbitrarily close to s, no algorithm could
be competitive.

For d > 1, let E(d) denote the part of E in dis-
tance at most d from s. A depth-d restricted explo-
ration explores all potential goal positions in G(d).
The search path may move outside E(d) as long
as it stays within E. Depth-d restricted search is
defined similarly.

Agents can either be blind, i.e., they can only
sense their very close neighborhood, or they can
have vision, i. e., they can see objects far away if the
line of view is not blocked by an obstacle. In a graph
environment, an agent with vision can usually see
the endpoints of all adjacent edges at a vertex (even
if the edges have a curved embedding in the plane).
A blind agent standing at a vertex can only sense
the outgoing edges of the vertex; it cannot see the
length or the endpoint of an edge, and it cannot
see the incoming edges [5].

In polygon searching we usually assume the
agents to have vision, whereas in graph searching
we usually assume the agents to be blind. Note
that a blind agent must eventually visit all points
in the goal set, wheras an agent with vision can
afford to skip some potential goal positions as long
as it can see them from somewhere else (maybe
far away). For example, when searching a polygon
it is sufficient to visit all visibility cuts, i.e., cuts
emanating from the edges of reflex vertices.

We assume that agents have perfect memory.
They always know a map of the already explored
part of F/, and they can always recognize when they
visit some point for the second time, i. e., they have
perfect localization.

Let 7 be a path in the environment E. For a point
p € 7 let w(p) denote the part of m between s and
p and sp(p) the shortest path from s to p in E. We
denote the length of a path segment 7 (p) by |7(p)|.
We write |A| for the length of the tour computed
by an algorithm A. For a point p € F let rise,(p)
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denote the point g € 7 from which p is seen for the
first time when moving along 7 starting at s.
The qualitiy of a search path is measured

by its search ratio sr(w), defined as sr(w) :=

max 7@ +lap]
peG  Isp(@)l

q = p for blind agents. An optimal search path,
Topt is a search path with a minimum search
ratio stopg, 1. €., stopt, = st(mop)-

Since the optimal search path seems hard to
compute [10], we are interested in finding good ap-
proximations of the optimal search path, in offline
and online scenarios. We say a search path m is
C-competitive (with respect to the optimal search
path mopt) if st(m) < C - sr(mopt).-

, where ¢ = rise(p). Note that

3. A General Approximation Framework

In this section we will show how to transform an
exploration algorithm, offline or online, for a cer-
tain environment into a search algorithm, without
losing too much on the approximation factor.

Let E be the given environment and 7gph¢ an
optimal search path. We assume that, for any point
p, we can reach s from p on a path of length at most
sp(p). Note that this is not the case for directed
graphs, for example, but it is true for undirected
graphs and polygonal environments.

For d > 1, let Ezpl(d) be a family of depth-d re-
stricted exploration algorithms for F, either online
or offline. Let OPT and OPT(d) denote the corre-
sponding optimal offline depth-d restricted explo-
ration algorithms.

Definition 1 The family Expl(d) is DREP (depth
restricted exploration property) if there are con-
stants B > 0 and Cg > 1 such that, for any
d > 1, Expl(d) is Cg-competitive against the
optimal algorithm OPT(Bd), i.e., |Ezpl(d)] <
Cs - |OPT(Bd)|. O

In the normal competitive framework, § = 1.
Usually, we cannot just take an exploration al-
gorithm FEzpl for E and restrict it to points in
distance at most d from s. This way, we might
miss useful shortcuts outside of E(d). Even worse,
it may not be possible to determine in an online
setting which parts of the environment belong to
E(d), making it difficult to explore the right part
of E.

To obtain a search algorithm for E we use the
well-known doubling strategy. For + = 1,2,3,---,
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we successively run the exploration algorithm
Ezxpl(2'), each time starting at s.

Theorem 2 The doubling strategqy based on a
DREP exploration strategy is a 43Cg-competitive
(plus an additive constant) search algorithm for
blind agents, and a 83Cg-competitive search algo-
rithm for agents with vision. O

In the next two sections we will apply our frame-
work to various types of environments and agents.
The difficult part is always to find good DREP ex-
ploration algorithms.

4. Searching Graphs and Polygons

When searching graphs, we assume agents are
blind. In the vertex search problem, we assume
w.l.o.g. that graphs do not have parallel edges.
Otherwise, there can be no constant-competitive
vertex search algorithm.

Theorem 3 For blind agents, there is no constant-
competitive online vertex search algorithm for non-
planar graphs with unit length edges, directed pla-
nar graphs with unit length edges, and undirected
planar graphs with arbitrary edge lengths. Further,
there is no constant-competitive online geometric
search algorithm for directed graphs with unit length
edges. O

Note that non-competitiveness for planar graphs
implies non-competitiveness for general graphs,
non-competitiveness for unit length edges implies
non-competitiveness for arbitrary length edges,
and non-competitiveness for undirected graphs
implies non-competitiveness for directed graphs.

On trees, DF'S is a 1-competitive online explo-
ration algorithm for vertex and geometric search
that is DREP; it is still 1-competitive when re-
stricted to search depth d, for any d > 1. Thus,
the doubling strategy gives a polynomial time 4-
competitive search algorithm for trees, online and
offline. On the other hand, it is an open problem
whether the computation of an optimal vertex or
geometric search path in trees with unit length
edges is NP-complete [10].

We will now give competitive search algorithms
for planar graphs with unit length edges and for
general graphs with arbitrary length edges. Both
algorithms are based on an online algorithm for
online tethered graph exploration. In the tethered
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exploration problem the agent is fixed to the start
point by a restricted length rope. An optimal solu-
tion to this problem was given by Duncan et al. [6].
As they pointed out, the algorithm can also be used
for depth restricted exploration. We note that it
can also be adapted to work on graphs with arbi-
trary length edges.

Lemma 4 In planar graphs with unit length edges,
Ezpl(d) is a DREP online vertex exploration algo-
rithm with 3 =1+ a and Cz = 10 + L—G.

Theorem 5 The doubling strategy based on
Expl(d) is a (104 + 40a + &)-competitive online
vertex search algorithm for blind agents in planar
graphs with unit length edges. O

16

For a = 4/ 15, the competitive factor is minimal.

Lemma 6 In general graphs with arbitrary length
edges, Frxpl(d) is a DREP online geometric explo-
ration algorithm with 3 = 1+a andCg = 4+3. O

Theorem 7 The doubling strategy based on
Ezpl(d) is a (48 + 16a + 32)-competitive online
geometric search algorithm for blind agents in
general graphs with arbitrary length edges. O

When searching polygons, we assume that
agents have vision. The only known algorithm,
PE, for the online exploration of a simple polygon
by Hoffmann et al. [8] achieves a competitive ratio
of 26.5. This algorithm can be adapted for depth
restricted exploration.

Lemma 8 In a simple polygon, PE(d) is a DREP
online exploration algorithm with 8 =1 and Cg =
26.5. O

Theorem 9 The doubling strategy based on PE(d)
is a 212-competitive online search algorithm for an
agent with vision in a simple polygon. There is also
a polynomial time 8-competitive offline search al-
gorithm. O

The problem of efficiently computing an optimal
search path in a polygon is still open.

Theorem 10 For an agent with vision in a sim-
ple rectilinear polygon there is a 8v/2-competitive
online search algorithm. There is also a polynomial
time 8-competitive offline search algorithm. O

Based on a construction by Albers et al. [1] we
can show the following theorem.

Theorem 11 For an agent with vision in a poly-
gon with rectangular holes there is no constant-
competitive online search algorithm. O

The offline exploration problem is NP-hard, and
there is an exponential time 8-approximation algo-
rithm. Thus, we get an approximation factor of 8
for the optimal search ratio. The results of Kout-
soupias et al. [10] imply that the offline problem
of computing an optimal search path in a known
polygon with (rectangular) holes is NP-complete.
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Abstract

We consider the problem of computing large connected regions in a triangulated terrain of size n for which
the normals of the triangles deviate by at most some small fixed angle. In previous work an exact near-quadratic
algorithm was presented, but only a heuristic implementation with no guarantee was practicable. We present a
new approximation algorithm for the problem which runs in O(n/e?) time and—apart from giving a guarantee
on the quality of the produced solution—has been implemented and shows good performance on real data sets
representing fracture surfaces with around half a million triangles.

1. Introduction

A terrain is a surface in R? defined by a func-
tion f : R x R — R. If f is piecewise linear and
the surface consists of a collection of triangles, the
terrain is called a triangulated irregular network
(TIN). Given a TIN T, the goal is to find large,
nearly planar regions in 7. We define ‘near pla-
narity’ as follows: for a real parameter § > 0, we
say that a subset of triangles T in T is §-planar if
(i) the adjacency graph of the triangles in T" is con-
nected, and (i) there is a vector 7 such that for
eacht € T, Z(n¢,r) < §, where n; denotes the nor-
mal of triangle t. We call 7 the reference normal.
(Throughout the paper Z(v,u) denotes the angle
between two vectors ' and )

Researchers in the material sciences examine
surface topographies of materials as they provide
useful information about the generation process
and the internal structure of the material. Sur-
faces generated by fracture, wear, corrosion and
machining are of interest. Among many other
criteria, they want to examine feature-related pa-
rameters like facets in brittle fracture surfaces.
This application motivated our work.
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Related work. Assume that each triangle in 7
is assigned a weight and that any set of trian-
gles has weight equal to the sum of the weights
of its triangles. Smid, Ray, Wendt and Lange [2]
considered the problem of finding a §-planar sub-
set of 7 of maximum weight. They presented an
O(n?logn(loglogn)?) algorithm, where n is the
number of triangles in 7. Since this is impractical
they proposed a heuristic which computes nearly
planar regions quite quickly but with no guaran-
tee. Also they suggested that finding a §-planar set
with weight at least a constant fraction of the opti-
mum may be equally difficult as solving the prob-
lem exactly, see [2].

Our results. In this paper we adopt the following
notion of approximation. Given a real parameter
€ > 0, we say that a subset of triangles T' of T is
e-approximate d-planar if it is 6(1 + ¢)-planar and
has weight at least as large as an optimal d-planar
set. Under this notion, we present a new approxi-
mation algorithm that runs in O(n/e?) time which
is independent of 4. For n sufficiently large, the
algorithm uses optimal O(n) space. Recently Har-
Peled and Mazumdar [1] have used a similar notion
of approximation for the problem of computing the
smallest k-enclosing disk.

We have implemented and empirically evaluated
the algorithm on real test data from the application
domain consisting of fracture surface terrains with
more than 500,000 triangles. It provides very good
quality results in reasonable time.
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2. Preliminaries

Let 7 be a TIN. We associate with 7 an undi-
rected weighted graph G7(V, E) as follows. Each
triangle ¢ in 7 has an associated weight w(t) and
corresponds to a vertex v; in V. An edge connects
two vertices of V' if and only if the corresponding
triangles in 7 are adjacent. Note that G'7 is the
dual graph of 7, is planar and has degree three.
Each vertex v; € V is assigned the weight of its
associated triangle w(t) which can be, for exam-
ple, equal to the area of the triangle ¢ or one (when
we want to maximize the area of the detected re-
gion or the number of triangles, respectively). The
weight w(V") of any subset V' of V' is defined as
the sum of the weights of the vertices in V.

_}For a point u € R® we denote by U the vector
Ou, where O is the origin. Let S? denote the unit
sphere, i.e., the boundary of the three-dimensional
ball of radius one centered at the origin. For each
triangle t € T, we can associate a point p; € S?
which represents the normalized normal of triangle
t. Specifically, p; = 7} /|;|. Our goal is to approx-
imate the space S? of all possible normals by a fi-
nite set of points V C S? such that for any p € S?,
there is a point v € V nearby.

Definition 1 A set of point V. C S? is called
a Je-discretization of S if Vp € S? : v €
V with £Z(v,p) < 0 -€.

Lemma 2 There exists a de-discretization of S? of
size O(1/(d€)?) which can be computed in the same
time.

The following construction yields a de-discretiza-
tion of S? as needed in Lemma 2. (We omit its
proof in this abstract.) Consider a cube L with
sidelength two centered at the origin. Note that
S% C L. Place a 2-dimensional grid of size k x k
with k = [v/2/(d€)] over each of the six faces of
L. This generates k2 equally sized square grid cells
on each face of L, where each cell has sidelength at
most (Jev/2), and 6k + 2 grid points overall. See
Figure 1. Let A be the set consisting of these grid
points. Our de-discretization V of S? is defined as

—
V:{ﬁT:zeA},

that is, for each gridpoint z we shoot a ray from the
origin through z and we include the point where
the ray leaves S? into set V.

Fig. 1. Cube with sidelength two containing S? and with a
k X k grid on each of its faces.

3. Finding Large Planar Regions
3.1. The Basic Algorithm

We first describe a simple algorithm for the prob-
lem that computes an e-approximate solution in
O(n/(8¢)?) time. The algorithm proceeds as fol-
lows:

1. Compute a de-discretization V of S2.
2. Foreachp eV,

(a) Compute the set V, of vertices v; with
Z(pyng) < (1+€) - 4.

(b) Consider the subgraph of G7 induced by
set V), and determine its heaviest connected
component C,.

3. Report the set of triangles T' corresponding to
the heaviest component C), found in Step 2 and
the associated reference normal ?

We now discuss the running time and correctness
of the algorithm. Computing the de-discretization
takes O(1/(d€)?) by Lemma 2. For each element
p € V we determine the subgraph induced by V},
and compute its connected components, which can
be done in O(n) time. So the total running time
of Step 2 is O(n/(d¢)?) which also dominates the
overall running time.

For correctness, observe first that clearly the
computed set T is (1 + €)-planar. It remains to
show that the weight of T' is at least that of an
optimal 6glanar set T*. For set T™* there exists
a vector r* such that for all triangles ¢ € T,
Z(r*,ng) < 6. Let p be a point in V for which
Z(p,r*) = minyev Z(u, Topt). By the definition of
V, the angle Z(p, r*) must be at most de. Then, for
any triangle t € T'* the angle between n, and ? is
at most 0+ (d¢) = §(1+¢€). Therefore forall t € T*,
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vy € V, and hence, the algorithm will find a con-
nected component with at least the same weight.
Lemma 3 Given a triangulated irregular network
T, and two real parameters § > 0 and ¢ > 0 we
can compute in O(n/(5€)?) time an e-approzimate
d-planar set of triangles in T .

The running time of the basic algorithm is opti-
mal in terms of n. But one may ask whether the de-
pendence on € or § can be improved. In the follow-
ing we will refine the algorithm to achieve O(n/e?)
running time, which is independent of 4.

3.2. The Refined Algorithm

The improvement in the running time of the
algorithm comes from two factors. First we de-
termine a set of reference normals V' of size at
most O(n/e?) that contains all relevant reference
normals, avoiding the inspection of Q(1/(d¢)?)
potential reference normals. Second by a bucket-
ing scheme, we reduce significantly the number
of times each triangle is considered. The refined
algorithm proceeds as follows:

1. For each triangle t € 7T with normal ng,
let p; be a point in V for which Z(p;,n:) =
min,cy Z(u, ng); store ¢t in the bucket associated

2. Determine a set V' C V of potential reference
normals as V' = {p € V : Jp; with non-empty
bucket and Z(p,p:) < (1 + 2¢) - §}.

3. For eachv € V',

(a) Collect the set of triangles N, which are
contained in buckets of reference normals
r' e V' with Z(r',v) < (1 + 2¢) - 4.

(b) Prune N, keeping only those triangles ¢
with Z(ng,v) < (1 +€) 6. Let N! be the
pruned set.

(c) Consider the subgraph of G induced by
the vertices corresponding to triangles in
N| and determine its heaviest connected
component C,.

4. Output the heaviest connected component C,
found in Step 3.

Before analysing the algorithm, we state a
small lemma which informally says that in the
de-discretization, for any point p there is a small
number of other points nearby.

Lemma 4 Let p be a point in the de-discretization
V. Then the number of pointsp’ € V with Z(p,p') <
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(14 2€) - & is at most O(1/€?).

The proof of this lemma, follows easily from our

construction of V and it is omitted. We note also
that given a triangle normal n; we can compute
the point p; with Z(ns,p¢) = min,ey Z(ng, u) in
constant time by first determining which face of
the cube L is hit by the ray n, and then locating
the position of the intersection point within the
grid on that face. We now state the main result of
this section:
Theorem 5 Given a triangulated irregular net-
work T, and two real parameters 6 > 0 and e > 0
we can compute in O(n/€?) time an e-approzimate
d-planar set of triangles in T .

PROOF. We claim that the output of the refined
algorithm give us such a set. To show correctness,
it suffices to prove that the algorithm computes the
same solution as the basic algorithm. We leave this
proof to the reader. We focus now on the running
time. Step 1 of the algorithm takes O(n) since for
each t we can in constant time determine p; and ac-
cess the associated bucket using a hashing scheme.
Step 2, where we form the set V', takes O(n/€?)
since there are at most n non-empty buckets. For
each of the non-empty buckets, we explore O(1/¢?)
points in the neighborhood by Lemma 4. Finally,
for the overall running time of Step 3, observe that
again by Lemma 4, each triangle can be collected
by at most O(1/€?) reference normals and that the
running time of one iteration of Step 3 is O(|N,|).
Therefore Step 3 takes O(n/€?) time in total. O

4. Experimental Results

We have implemented the refined algorithm of
Section 3.2 in C++ using the LEDA library [3].
Experiments were carried out on a 1.8 GHz Pen-
tium 4 machine with 256 MB of RAM. We used sev-
eral data sets representing fracture surfaces from
the application domain in material sciences. Input
data were given as 512 x 512 raster images with the
intensity of each pixel corresponding to its height
value. To obtain the TIN, we triangulated the point
set by creating triangles (i,7), (i+1,7), (i+1,j+1)
and (¢,7), (4,5 +1),(i + 1,5 + 1). See Figure 2.

To speed-up our program (while preserving the
same guarantee), we have come up with the follow-
ing three heuristics:
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(ij+1) (i+1j+1)

(i) (i+1)
Fig. 2. Triangulation scheme for the array of height values.

(i) With each potential reference normal we asso-
ciate the weight of all triangles in buckets at dis-
tance at most (1 + 2¢) - § and examine the ref-
erence normals in decreasing order of weight. If
the current best solution exceeds the associated
weight of the next reference normal, we can stop
examining further.

(¢i) If the normal of a triangle ¢ forms an angle
larger than 2(1 + €)é with the normal of each of
the three adjacent triangles, we can prune ¢ out
(at Step 1). It can only form a singleton solution.

(74) In Step 3(b) where we compute the set of
relevant triangles N we only check triangles in
buckets at angle distance more than §, thus sav-
ing some expensive floating-point operations.

In our experiments, the three heuristics com-
bined reduce the running time by nearly a factor
of two. For our test instances consisting of roughly
500,000 triangles and a choice of 6 = 0.2 (about
11.5 degrees) and € = 0.2, the running time varied
between 70 and 110 sec. The best solution was in
all cases found within the first 20 seconds due to
the prioritization scheme. Thus most of the run-
ning time was spent on checking that no better
solution exists. (A heuristic could just report the
solution computed, for example, after 30 seconds.)

We also ran experiments to determine the vari-
ations of the running time as a function of n and
€. The dependence graph on € for a fixed data set
is shown in Figure 3. The upper curve denotes the
total running time and the lower curve denotes the
time when the reported solution was detected. In
Figure 4 we examine the dependence on n (number
of triangles). Note that again the reported solution
was found after only few seconds.

For the heuristic implementation in [2], running
times reported are in the range of 30-40 seconds
but as it is mentioned the solution computed may
be far from optimal.
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Abstract

Let A and B be two sets of n resp. m (m > n) disjoint unit disks in the plane. We consider the problem of
finding a rigid motion of A that maximizes the total area of its overlap with B. The function describing the area
of overlap is quite complex, even for combinatorially equivalent translations, and hence, we turn our attention to
approximation algorithms. We give deterministic (1—e¢)-approximation algorithms for the maximum area of overlap

under translation and rigid motion that run in O((nm/e*)log(m/e)) and O((n*m?/e*)logm)) time respectively.
2pt/31/8 log n log m)
3

For the later, if A is the diameter of set A, we get an (1 — €)-approximation in O(™ . time which
is improvement when A = o(n?). Under the condition that the maximum is at least a constant fraction of the area
of B, we give a probabilistic (1 — €)-approximation algorithm for rigid motions that runs in O((cn?/¢) log?(n/e))

time and succeeds with probability at least 1 — e~ — n 5.

Key words: Geometric Optimization, Approximation Algorithms, Shape Matching, Area of Overlap, Unions of Disks,

Rigid Motions

1. Introduction

Shape matching is a fundamental problem in
computer vision: given two shapes A and B and a
distance measure, one wants to determine a trans-
formation of A - a translation, for instance, or a
rigid motion - that minimizes its distance to B.
Typical problems include: matching point sets with
respect to the Hausdorff distance and matching
polygons with respect to the Hausdorff or Fréchet
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distance between their boundaries; see Alt et al. [1]
for a survey. The area of overlap (or the area the
symmetric difference) of two polygons is less sen-
sitive to noise and therefore more appropriate for
certain applications. The function of the area of
overlap of two translated simple polygons was first
studied by Mount et al. [5]. They showed that this
function is a continuous, O((nm)?) piecewise poly-
nomial surface of at most degree two with a repre-
sentation that can be computed in O((nm)?) time
for two polygons with n and m vertices; efficient
algorithms for determining the optimal translation
for the case of convex polygons and constant-factor
approximation of the minimum area of symmetric
difference of two convex shapes under translation
can be also found in the survey by Alt et al. [1].
Recently, de Berg et al. [3] examined the prob-
lem of matching unions of convex homothets or
unions of fat objects and gave a nearly quadratic
deterministic (1 — €)-approximation algorithm for
the maximum area of overlap under translations;

Seville, Spain (2004)
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we mention part of these results in this abstract as
well. Their motivation comes from applications in
matching shapes that are ‘expressed’ as unions of
convex objects and weighted point set matching.
Cheong et al. [2] gave a nearly linear time prob-
abilistic approximation algorithm for the same
problem.

Let A={A4,...,A,}and B={By,...,Bu,},
(n < m) be two sets of disjoint unit disks in the
plane. We consider B to be fixed, while A can be
translated and rotated relative to B. Let Z be the
infinite set of all possible isometries in the plane;
we call Z the configuration space. We denote by
Ry a rotation about the origin by some angle
¢ € [0,27) and by T; a translation by some t € R2.
Rotated only versions of A are denoted by A(f) =
{A4;(0),...,A,(0)}; translated only versions of
A are denoted by A(%) {A;(D),..., A, (D)}
Any isometry I € 7 can be uniquely defined as
I =1y = RgoTyorl = Iy, = Tso Ry,
for some 6,6’ € [0,27) and t,f’ € R?; trans-
formed versions of A are denoted by A(t,6) =
{Ai(£,0), ..., An(t,0)} for some I, € T. Let r;(f)
be the distance of A;(f,#)’s center to the origin.

Let V(C) be the area of compact set C € R?
and Vy;(f,0) := V(4;(t,0) NB; ;). The area of over-
lap of A(f,0) and B, as t,0 vary, is a function
YV : I — R with V(t,&) = V(A{t,6) N B) =
Yoaeanep V(A (t,6) N B;). We investigate the
followmg problem: For two sets A, B, defined as
above, compute the optimal isometry I»OPth that
mazimizes V(t, ).

One can prove that, the maximum number of
combinatorially distinct translations of A with re-
spect to B can be as high as ©(n?m) and the func-
tion describing the area of overlap is quite complex,
even for combinatorially equivalent translations. If
rotations are allowed as well the complexity of the
configuration space can be as high as ©(m?n?).

Our major contributions are the following: (i) a
lower bound on the area of overlap which is vital for
almost all our algorithms, (ii) a nearly quadratic
deterministic algorithm for translations, (iii) de-
terministic and nearly quadratic probabilistic algo-
rithms for rigid motions. The algorithms are based
on a simple two step framework in which an ap-
proximation of the best translation if followed by
an approximation of the best rotation, whenever
the latter applies. This way we first achieve an ab-
solute error on V(¢ Opt,ﬁopt) which we then turn

into a relative one using the lower bound theorem.
In the deterministic one we employ a clever sam-
pling of configuration space directed by some spe-
cial properties of the function V;;. The probabilis-
tic one is a combination of sampling of translation
space, random sampling of both input sets and the
technique by Cheong et al. [2].

2. The translational case

First, we present a lower bound on the maximum
area of overlap under translation.
Theorem 1 Let A = {4,,...,A,} and B =
{Bi1,...,Bn}, be two sets of disjoint unit disks
in the plane. Let fopt be the translation that maxi-
mizes the area of overlap V(f) of A() and B over
all possible translations t of set A. If kopt s the
number of overlapping pairs A;(t opt) and Bj, then
V(t 0pt) is ©(kopt)-
We proceed with the (1 — €)-approximation algo-
rithm. The algorithm is based on sampling of trans-
formation space by using a uniform grid. This is
possible due to the following lemma that states
that V(#) is a sum of functions with some Lipschitz
behaviour.
Lemma 2 Let k,p: be the number of overlapping
pairs_A; (topt) and Bj. For any given § > 0 and
anyt € R for whzch |topt — 1] = O(8), we have
V(tt)pt ZT) O 0pt5)
Figure 1 shows algorithm TRANSLATION(A, B, ).

TRANSLATION(A, B, €):

(i) Initialize an empty binary search tree S with entries
of the form (i, V(i) where { is the key.
(ii) For each pair of disks A; € A and B; € B do:
(a) Impose a uniform grid of spacing ©(e) on
Tij = Bj O A;. .
(b) For each grid point t, € T;; do:
— If Iy is in S, then V(fy) = V(fy) +
Vij ( (ty) otherwise, insert iy in S with
V(E,) = Vij (fy).
(ili) Report the grid point fap, that maximizes V(fy),
and V(fapz)-

Fig. 1. Algorithm TRANSLATION(A, B, ¢).

Theorem 3 Let A = {A;,..., A} and B =
{Bi,...,Bn} be two sets of disjoint unit disks
in the plane. Let t_;pt be the translation that
maximizes V(t_) Then, for any given ¢ > 0,
TRANSLATION(A, B,¢) computes a translation
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tape, for which V(twe) > (1 — €)V(top), in
O((mn/€*)log(m/e)) time.

All these results hold for sets of convex homothets
where the ratio of the areas of any two objects is
bounded and any object intersects only a constant
number of other objects in its set [3].

3. The rotational case

We consider the following restricted scenario: set
B is fixed, and set A can be rotated around the
origin. This problem has a one-dimensional con-
figuration space: the angle of rotation. Consider
the function V : [0,27) — R defined by V(6) :=
V(A(0)NB). We start with a result that states that
the term V;;(#) has some Lipschitz behaviour.
Lemma 4 Let A;, Bj be any fized pair of disks. For
any given § > 0 and any 01,6 for which |6, — 6| <
d/(2r;), we have |V;;(61) — Vi;j(62)] < 26.

For a pair A;, B}, we define the rotational inter-
val R;j = {6 € [0,2m) : A;()NB; # 0}. Note that
R;; is connected under the considered topology;
we denote its length by | R;;|. Instead of computing
Vij(6) at each 6 € R;;, we would like to sample it at
regular intervals whose length is at most §/(2r;).
At first, it looks as if we would have to take an
infinite number of sample points as r; — co. How-
ever, as the following lemma shows, the number of
samples we need to consider is bounded.

Lemma 5 For any A;, B; with r; > 0, and any
gwen given 6 > 0, we have |R;j|/(d/(2r;)) =
0(1/9).

Algorithm ROTATION(A, B, ¢), see Figure 2, max-
imizes V() up to an absolute error. By comput-
ing a value V(0) that approximates V(6), we save
a linear factor in the running time.

Lemma 6 Let8,,: be the rotation that mazimizes
V(0) and let kopt be the number of overlapping pairs
Ai(Oopt) and B;. For any given § > 0, the rota-
tion Oqpy Teported by ROTATION(A, B,d) satisfies
V(@opt) —V(Oupz) = O(koptd), and can be computed
in O((mn/d)logm) time.

4. A (1 — e)-approximation algorithm for
rigid motions

A simple algorihtm RIGIDMOTION(A, B, €)
which gives a (1 — €)-approximation of the opti-
mum is described in Figure 3. It uses the fact that
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ROTATION(A, B, §):

(i) For each pair of disks A; € A and B; € B, choose
points ©;; := {Qilj s Gis;]} with an uniform spac-
ing of §/(2r;) and such that R;; C [0}, 9;”] Make
sure that the midpoint of R;; is in ©;;.

(i) Sort the values © := Um, ©i; = {05;}, keeping
repetitions and solving ties arbitrarily, if applicable.
Let 0~0,01, ... be theprdering of ©.

(iii) Let V:© — R with V(6) := V(6o).
(iv) For each 0, = 07; in increasing order of [ do:
- If V;; is decreasing at 9;5’]., or ij is the mid-
point of Ryj, then V(0;) := V(0 1) — Vi (05 ) +
Vij (6;7’],“)
— If Vij is increasing at 07}, then V() :=V(0_1)—
Vi (0571) + Vi (65)
(v) Report the 0up. € © that maximizes V().

Fig. 2. Algorithm ROTATION(A, B, ).

any isometry can be expressed as a translation
followed by a rotation around the origin.

RIGIDMOTION(A, B, €):

(i) For each pair of disks A; € A and B; € B do:
(a) Set the center of rotation, i.e the origin, to be
Bj’s center by translating B appropriately.
Impose a uniform grid of spacing O(e) on
Tij = Bj O A;.
(b) For each grid point iy € Tj; do:
— run RoOTATION(A(ty), B, ce), where c
is an appropriate constant; let 0%,,
be the rotation returned. Compute
V(iy, 04pe).
(ii) Report the pair (tape,0Oape) that maximizes
V(Fg’ egpz): and v(tllpwr gapﬂ)'

Fig. 3. Algorithm RiGIDMOTION(A, B, ¢).

Theorem 7 Let A = {A;,...,A,} and B =
{Bi,...,Bn} be two sets of disjoint unit disks
in the plane. Let Ifopt,aopt be the isometry that

mazximizes V(t_: 0). Then, for any given ¢ >
0, RIGIDMOTION(A, B,€) computes an isom-
etry [t"upm,()apm’ for which V(fapw, Oopz) > (1 —
OV (Eopt, Oopt), in O((n*m?/e®) logm) time.

We can modify the algorithm such that its running
time depends on the diameter A of the set A. The
main idea is to convert our algorithm into one that
is sensitive to the number of pairs of disks in A
and B that have approximately the same distance,
and then use the combinatorial bounds by Gavrilov
et al. [4, Theorem 4.1]. In many applications it
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is reasonable to assume bounds of the type A =
O(n) [4], and therefore the result below is relevant.
Theorem 8 Let A = {4,,...,A,} and B =
{Bi,...,Bn} be two sets of disjoint unit disks
in the plane. Let A be the diameter of A, and let
7 o.0,, be the isometry thal mazimizes V(i,0).
Tlfen,pfor any giwen € > 0, an isometry Iy

apa > apa

such that V(fam,ﬁam) > (1- e)V(fopt,Hopt) can

. 2 4/3,1/3 .
be found in O(™—5 eglognlogm) time.

5. A Monte Carlo Algorithm

In this section we present a nearly quadratic
Monte Carlo randomized algorithm that computes
a (1 — e)-approximation of the maximum area
of overlap with high probability. The algorithm
works under the assumption that V(ﬁ,pt,eopt) >
aV (B) = amm, for some 0 < « < 1, which implies
that n = ©(m) and k,p: = ©(n). As noted by
Cheong et al. [2], this is a reasonable assumption
to make in many shape matching applications.

The first step is a combination of random sam-
pling of set A and the sampling of the space of
translations. This is based on the observation that
the deterministic algorithm of Section 4 will com-
pute a (1—e¢)-approximation ko, times. Intuitively,
the larger the k,p, the less the neccessary number
of pairs that have to be tried out in this step. The
second step is based on a direct application of a
technique by Cheong et al. [2]. The technique al-
lows us to maximize, up to an absolute error, the
area of overlap under rotation in linear time, by
computing a point of maximum depth in a one di-
mensional arrangement. We sumarize it below.

We choose a uniform random sample S of points
in B, and for a rotation 6 we compute the esti-
mate eg(0) = MLS)OS‘. For a point s € S we define
W(s) = {0|s € A(8)}. Let ©4(S) be the arrange-
ment of all regions W(s); it is a one-dimensional
arragement of rotational intervals.

Lemma 9 Let8,,: be the rotation that mazimizes
V(0). For any given 6 > 0, let S be a uniform
random sample of points in B with |S| > cl%g?,—”
where c; is an appropriate constant. The vertez 0,y
of ©4(S) that mazimizes es(0) satisfies V(0opt) —
V(lape) < 6V (B) with probability at least 1 —1/nS.
Algorithm RANDOMRIGIDMOTION(A, B, a, ¢, €)
is given in Figure 4.

Theorem 10 Let A =
B = {By,...

{41,...,A,} and
, B}, be two sets of disjoint unit

RANDOMRIGIDMOTION(A, B, a, ¢, €):

(i) Choose a uniform random sample R4 C A, with
|[Ra| = Q(c/a), and a uniform random sample S of
points in B, with |S| = Q(log |A|/€2).

(ii) For each pair of disks A; € R4 and B; € B do:

(a) Impose a uniform grid of spacing ©(e) on
Ti]' = B]' O A;.
(b) For each grid point g € T;; do:
— Compute a vertex 6%,, of maximum
depth in © 4z 1(S), and V(tg, 0pe)-
(ili) Report the pair (fape,fapz) that maximizes
V(ﬂ]a 0gpz)7 and V(Eapw7 eapﬂ)'

Fig. 4. Algorithm RANDOMRIGIDMOTION(A, B, a, ¢, €).

disks in the plane. Let Ij be the isome-

opt,0opt
try that mazximizes V(t_; 0) with the assumption
that V(topt, thopt) > aV(B), for some 0 <
a < 1. Then, for any given ¢ > 0, ¢ > «f6,
RANDOMRIGIDMOTION(A, B,a,¢,€)  computes

an isometry Ifapm,aapm’ for which V(fm,ea,,x) >

(1= e)V(Fopt, Bopt), in O((cn?/€®) log? (n/e)) time.
The algorithm succeeds with probability at least
1—e¢—1/nS.
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Abstract

We consider the problem of computing a minimum weight pseudo-triangulation of a set S of n points in the plane.
We first present an O(n logn)-time algorithm that produces a pseudo-triangulation of weight O(wt(M(S)) - logn)
which is shown to be asymptotically worst-case optimal, i.e., there exists a point set S for which every pseudo-
triangulation has weight Q(logn - wt(M(S))), where wt(M(S)) is the weight of a minimum spanning tree of S. We
also present a constant factor approximation algorithm running in cubic time. In the process we give an algorithm
that produces a minimum weight pseudo-triangulation of a simple polygon.

Pseudo-triangulations are planar partitions that
recently received considerable attention mainly
due to their applications in visibility [7], ray-
shooting [3], kinetic collision detection [4], rigidity
[10], and guarding [9].

A pseudo-triangle is a planar polygon that has
exactly three convex vertices, called corners, with
internal angle less than 7. A pseudo-triangulation
of a set S of n points in the plane is a partition of
the convex hull of S into pseudo-triangles whose
vertex set is exactly S.

A related problem is the problem of triangu-
lating a point set. Minimizing the total length
has been one of the main optimality criteria for
triangulations and other kinds of partition. The
complexity of computing a minimum weight tri-
angulation is one of the most longstanding open
problems in computational geometry and it is
included in Garey and Johnson’s [1] list of prob-
lems from 1979 that neither are known to be
NP-complete, nor known to be solvable in polyno-
mial time. As a result approximation algorithms
for the MWT-problem have been considered. In
this paper we consider the problem of comput-
ing a pseudo-triangulation of minimum weight
(MWPT) which was posed as an open problem by

Email addresses: h.j.gudmundsson@tue.nl (Joachim
Gudmundsson), christos@cs.1lth.se (Christos
Levcopoulos).

1 Supported by the Netherlands Organisation for Scientific
Research (NWO).
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Rote et al. in [8]. An interesting observation that
makes the pseudo-triangulation favorable com-
pared to a standard triangulation is the fact that
there exists point sets where any triangulation,
and also any convex partition (without Steiner
points), has weight Q(n - wt(M(S))), while there
always exists a pseudo-triangulation of weight
O(log n-wt(M(S))), where wt(M(S)) is the weight
of a minimum spanning tree of the point set. We
also present an approximation algorithm that
produces a pseudo-triangulation whose weight is
within a factor 27 times the weight of the MWPT.
In comparison, the best constant approximation
factor for the MWT-problem, Levcopoulos and
Krznaric [6], which is proved to be achievable by
a polynomial-time algorithm [6] is so much larger
that it has not been explicitly calculated.

An edge/segment with endpoints in two points
w and v of S will be denoted by (u,v) and its length
|uv| is equal to the Euclidean distance between u
and v. Given a graph T on S we denote by wt(T")
the sum of all the edge lengths of T'. The minimum
spanning tree of S and the convex hull of S, de-
noted M (S) and CH(S) respectively, will be used
frequently throughout the paper. Both structures
can be computed in O(nlogn) time.

1. A fast pseudo-triangulation

As mentioned in the introduction there exist
point sets S where any triangulation will have

Seville, Spain (2004)
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Fig. 1. (a) An example where any triangulation will
have weight Q(wt(M(S)) - n). (b) An example where any
pseudo-triangulation will have weight Q(wt(M(S)) -logn).

weight Q(n - wt(M(S))), an example is given
in Fig. la. A natural question is whether there
exists similar worst-case bounds for pseudo-
triangulations. In this section we show that one
can always construct a pseudo-triangulation of
weight O(logn - wt(M(S))), and this is asymp-
totically tight, i.e., there exists a point set S
for which every pseudo-triangulation has weight
Qlogn - wt(M(S))). We start with the lower
bound.

Observation 1 There exists a point set S in
the plane such that any pseudo-triangulation has
weight Q(wt(M(S))-logn).

Next we present an algorithm that produces a
pseudo-triangulation whose weight asymptotically
meets the lower bound, that is:

Theorem 1 Given a set S of n points in the
plane one can in time O(nlogn) produce a pseudo-
triangulation of S of weight O(wt(M(S)) - logn).

The algorithm performs two main steps: first
a partition of the convex hull of S into sim-
ple polygons Pi,...,P,, followed by a pseudo-
triangulation of each polygon.

In this section we first show how a visibil-
ity polygon P can be pseudo-triangulated in
time O(nlogn) using edges of total weight
O(wt(P) - logn). We also show how to pseudo-
triangulate a special polygon, called an hourglass
polygon. Finally it is shown how one can construct
a spanning graph of S that partitions the convex
hull of S into empty polygons that either are vis-
ibility polygons, or hourglass polygons by using
segments of small total weight. Combining these
results gives us Theorem 1.

1.1. Pseudo-triangulating a visibility polygon

We will show that a weak visibility polygons
whose visibility edge has two convex vertices eas-
ily can be pseudo-triangulated. This result will be
used in the algorithm that pseudo-triangulates a
visibility polygon. First a simple observation.

Observation 2 The geodesic shortest path be-
tween any pair of points p and q in a weak visibility
polygon P is a concave chain.

Observation 3 A weak visibility polygon P whose
visibility edge (p1, p2) has two convex vertices can be
pseudo-triangulated in time O(nlogn) using edges
of total weight O(wt(P) - logn).

Now we are ready to consider visibility polygons.
Assume that we are given a visibility polygon P
with respect to ¢ with n vertices pq, ..., p, ordered
clockwise around the perimeter of P starting with
q. Let r1,...,r, be the convex vertices of P.

Observation 2 implies that we can partition P
into one pseudo-triangle and a set of weak-visibility
polygons by adding the pseudo-triangle with cor-
ners at pi,r; and r;, where 1 < ¢ < j. The two
convex vertices r; and 7; are chosen in such a way
that the two angles Zpo,p1,7; and Zpy,p1,7; are
less than w. Note also that py and p, are con-
vex vertices since P is a visibility polygon. The
pseudo-triangle will consist of the edges in the con-
cave chain between r; and r; plus the edges (p1,7;)
and (p1,r;). The resulting subpolygons outside the
pseudo-triangle are weak visibility polygons whose
visibility edges have convex vertices. According to
Observation 3 each of these subpolygons can be
pseudo-triangulated in O(n logn) time using edges
of total weight O(wt(P) - logn). Hence we have
showed the following lemma.

Lemma 2 The algorithm produces a pseudo-
triangulation T of a wvisibility polygon P in
O(nlogn) time whose weight is O(wt(P) - logn).

We end this section by considering the pseudo-
triangulation of an hourglass polygon. A polygon
P is said to be an hourglass polygon if P consists
of two concave chains connected by two edges.

We will later need the following straight-forward
observation:

Observation 4 An hourglass polygon P can be
pseudo-triangulated in linear time by adding one
edge e such that wt(e) < 1/2 - wt(P).

1.2. Partition a point set into simple polygons

As input we are given a set S of n points in the
plane, and as output we will produce a set of poly-
gons that are either hourglass polygons or visibility
polygons. The partition is done in two main steps.
First construct the convex hull and the minimum
spanning tree of S. This is done in O(nlogn) time
and it partitions CH(S) into simple (maybe de-
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generate) polygons, denoted Py, ..., P,,. Secondly,
each polygon P; is processed independently. The
task at hand is to partition P; into a set of hour-
glass polygons and “restricted” visibility polygons,
which can be pseudo-triangulated as described in
the previous section.

A restricted visibility polygon rvp(P,q) of a

polygon P with respect to a vertex ¢ is a visibility
polygon of P with respect to ¢ such that every
vertex of P(q) also is a vertex of P.
Definition 3 Fuvery edge e = (u,v) of a restricted
visibility polygon R(q) that short cuts exactly three
edges of the mazimal visibility polygon P(q) is said
to be a split edge.

Now, let v1,...,v, be the vertices of P in clock-
wise order, starting at ¢ = v;. It remains to show
how we can partition P into visibility polygons and
hourglass polygons in O(nlogn) time. The idea is
to recursively partition P into restricted visibil-
ity polygons and hourglass polygons. Consider one
level of the recursion. If P is not a restricted visibil-
ity polygon with respect to g, or an hourglass poly-
gon then the following two steps are performed:

(i) Build arestricted visibility polygon rvp(P, q)

of P.
(ii) For each split edge e in rvp(P, ¢) construct an
hourglass polygon H such that HNR(q) = e.
A more precise description on how this can be per-
formed in time O(nlogn) can be found in the full
version.

2. A MWPT of a simple polygon

Even though the above algorithm is asymptoti-
cally worst-case optimal with respect to the weight
of the minimum spanning tree it can be very far
from the optimal solution. In the rest of this pa-
per we will focus on developing a constant factor
approximation algorithm for the MWPT-problem.
As a subroutine we will also develop an algorithm
that finds an optimal pseudo-triangulation of a
simple polygon.

Theorem 4 Given a simple polygon P one can
compute the minimum weight pseudo-triangulation
of P in O(n®) time using O(n?) space.

We will use a similar dynamic programming
method as proposed by Gilbert [2] and Klincsek
[5] for finding a minimum weight triangulation of a
simple polygon. The basic observation used is that
once some (pseudo-)triangle of the (pseudo- )tri-
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angulation has been fixed the problem splits into
subproblems whose solutions can be found recur-
sively, hence avoiding recomputation of common
subproblems.

Let P be the simple polygon with n vertices
D1, .- .,Pn in clockwise order. Let §(p;, pi+;) be the
shortest geodesic path between p; and p; ;. Define
the order of a pair of points p;, p; to be the value
(i —j—1) mod n, i.e., the number of vertices on
the path from p; to p; along P in clockwise order.
Sort the pairs with respect on their order, ties are
broken arbitrarily. Note that every pair of points
p; and p; will occur twice; once as (p;, p;) and once
as (pj, pi). Now we process each pair in sorted or-
der as follows.

Assume we are about to process (p;, pi+;) and
that the path 6(p;, pit;) goes through the vertices
Di = DitagsPitays-- s Pita, = Pi+j- Note that the
path partitions P into k + 1 subpolygons. Let
L[i,i + j] be the total edge length of an optimal
pseudo-triangulation for the subpolygon (or sub-
polygons) containing the chain p;, pit1,. .., pit+; of
the perimeter of P. Compute L[i, 7+ j] recursively
as follows. If (p;, pi4;) is not a convex or concave
chain then we set L[i, i+ j] = co. In the case when
the path is a concave or convex chain we obtain
one polygon P’ bounded by the path d(p;, pit;)
and the path between p; and p;4;, and k polygons
Py, ..., P, where each P; is bounded by the edge
(Pitays Pita,_,) and the edges from p;yq,_, t0 pita,
along the perimeter of P. If the path is a concave
or convex chain then we will have three cases.

- If 6(ps,pit+;) contains more than one edge
then we know that L[x,x] already has been com-
puted for every edge along 6(p;,piy;), hence
we only have to add up the values of L[x,x]
which can be done in linear time, i.e., calculating

k—1
Z(X:O L[pi+aa ) pi+aa+1}'

- If 6(psi,pit;) contains exactly one edge
(pi, pi+j) then an optimal pseudo-triangulation of
P; can be obtained in linear time as follows. We
will have two cases; either p; and p;; are corners
of the pseudo-triangle in P; containing (p;, pit;)
or not.

In the case when both p; and p;;; are con-
vex vertices within P; then an optimal pseudo-
triangulation of P, can be obtained in linear time
as follows. Any optimal pseudo-triangulation of
P, that contains the edge (p;, pi+;) must have p;
and p;4; as corners thus we can try all possible
vertices pn,, ¢+ < m < i+ j as the third corner.
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Testing a pseudo-triangle with corners at p;, pi4;
and p,, takes constant time since the L[, *]-value
of the paths between p; and p,,, and p,, and p;,;
already has been computed.

Otherwise, if one or both of the points are not
corners, it holds that there must be a pair of points
P2 and p, along the perimeter of P between p; and
Di+; whose shortest geodesic path between them
contains the edge (p;, pi+;). Hence, in this case the
optimal solution has already been computed for P;.

There are O(n?) pairs of points and each pair
takes O(n) time to process. The space bound fol-
lows from the fact that for every pair of points p;
and p; we store L[p;, p;]. When all the L[x, %] have
been computed we can easily test every possible
pseudo-triangle in constant time, thus Lemma 4
follows.

3. A better approximation

In this section we will give an approximation
algorithm for the MWPT-problem. It is similar
to the approximation algorithm presented in Sec-
tion 1 in the sense that the two main steps are
the same; first a partition of the convex hull of
the point set into simple polygons followed by
a pseudo-triangulation of each polygon. In the
pseudo-triangulation step we will use the opti-
mal algorithm presented in the previous section.
As input we are given a set S of n points in the
plane, and as output we will produce a pseudo-
triangulation T of S.

Algorithm PSEUDOTRIANGULATE(S)

(i) Construct the convex hull and the minimum
spanning tree of S. This partitions CH(S)
into simple (maybe degenerate) polygons de-
noted @1, ..., Qk.

(ii) Apply Theorem 4 to each of the k polygons.
The pseudo-triangulation obtained together
with the convex hull and the minimum span-
ning tree of S is reported.

The proof of the following theorem can be found

in the full version of the paper.

Theorem 5 Given a set of points S algorithm
PSEUDOTRIANGULATE computes a pseudo-triang-
ulation T of S in time O(n?) using O(n?) space
such that wt(T) = 4(14+4v/2) - wt(Topt ), where Topy
is a minimum weight pseudo-triangulation of S.

4. Open problems and Acknowledgement

An obvious question is whether the minimum
weight pseudo-triangulation problem is as hard as
finding the minimum weight triangulation? The
MWT-problem is one of the few open problems
listed in Garey and Johnson’s 1979 book on NP-
completeness [1] that remain open today.

A second open problem concerning the weight
of a pseudo-triangulation is if there exists a min-
imum pseudo-triangulation of low weight. It was
shown by Streinu [10] that every point set al-
lows a minimum planar pseudo-triangulation
that has 2n — 3 edges. Neither of the two algo-
rithms presented in this paper produces minimum
pseudo-triangulations, although the dynamic pro-
gramming algorithm for simple polygons can be
modified to compute a minimum weight minimum
pseudo-triangulation.

The first author would like to thank Mark de
Berg and Bettina Speckmann for valuable discus-
sions during the work on this paper.
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Abstract

We show that the convex hull of a collection of n pairwise disjoint disks in the plane is computable in O(nlogn)
time using only the chirotope of the collection of disks. The method relies mainly on the development of an

(elementary) theory of convexity in the universal covering space of the punctured plane.

1. Introduction
1.1. Result of the paper.

Throughout the paper we consider a finite fam-

ily o; of n > 2 pairwise disjoint bounded closed 2-
dimensional convex sets in the plane with regular
boundaries (disks for short) and we assume that
the disks are in general position in the sense that
there is no line tangent to three disks. A bitangent
is a closed line-segment tangent to two disks at its
endpoints. The chirotope of the family of disks is
defined as the map y that associates with each or-
dered triplet (u,v,w) of bitangents tangent to a
same disk o the value +1 if walking counterclock-
wise around the boundary of o we encounter the bi-
tangents u, v, w in cyclic order u, v, w,u,v,...; the
value —1, otherwise. The main result of the paper
is the following.
Theorem 1 The convex hull of a collection of n
pairwise disjoint disks in the plane is computable
in O(nlogn) time using only the chirotope of the
collection of disks. O

1.2. Previous work.

Several algorithms have been developed in the
past to address the convex hull problem for disks
in the plane : the set of hull-bitangents can be com-
puted as the set of breakpoints of the upper en-
velope of the support functions of the o; using a
divide-and-conquer algorithm [6, chap. 6] as de-
scribed in [5], running in O(nlog n) time but mak-
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ing use of the chirotope of the family of directions of
the set of bitangents of the set of disks augmented
with a point at infinity. More sophisticated tech-
niques — using even more involved predicates like
slicing the disks — have been developped to design
output sensitive convex hull algorithm [4]. (The re-
lated problem of computing the convex hull of a
simple curved polygon is adressed in [1].)

For point obstacles the situation is different :
Graham’s scan [2] and Knuth’s incremental algo-
rithm [3] both compute the convex hull of a set of
points using only its chirotope.

1.3. Motiwvations.

Applied motivations We have devised an al-
gorithm that computes a pseudo-triangulation
given the convex-hull. This algorithm also runs
in O(nlogn) and uses only the chirotope. Now,
pseudotriangulations are useful data structures.

Implementation motivations The chirotope
shows fewer degenerate cases than the more in-
volved predicates used in previous algorithms,
and our algorithms use simpler data-structures.

Theoretical motivations The convex hull de-
pends only on the chirotope, not on the more
involved predicates used in existing algorithms.
Computing these objects by means of the most
basic predicates possible is interesting in its own
right. It can also lead to isolating a family of
axioms satisfied by the chirotopes, in the style
of Knuth’s CC-systems.

Seville, Spain (2004)
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2. Convexity in the universal covering
space of the punctured plane.

2.1. Definitions and notations

Let p : P — P be a universal covering of the
punctured plane P = R?\ {(0,0)}. The reader
might have in mind as a model of the map p the ver-
tical projection upon plane z = 0 of the screw sur-
face {(rcosf,rsind,0) € R® | (0,r) € R x RT*}.
0 is called the angle-coordinate of point (6,r) of
P and r is called its distance-coordinate. As the
reader might suspect we use the geometric struc-
ture on P inherited via the covering map from the
euclidean structure on the punctured plane. Thus
a line (half-line, line segment) of P is a connected
component of the pre-image under the covering
map of a line (half-line, line-segment) of P. A line
will be regarded as oriented towards growing angle-
coordinate. Define the angle (denoted L) of a line
L, as the least upper bound of the angle coordi-
nate of its points. A line L is uniquely identified by
L and the distance to the origin of its projection
onto P, denoted 6(L).

Points A and B in P are said visible if there is a
line-segment in P with endpoints A and B. A subset
X of P is called convex if for any pair (A, B) of
visible points in X, line-segment [AB] is included
in X. An intersection of convex sets is a convex set,
which allows to define the convex hull of a set as
the smallest (for the inclusion relation) convex set
containing the set. An half-plane of P is the closure
of a connected component of the complement of a
line of P. The projection of an half-plane under p
is either the whole punctured plane P or an half-
plane of P.

A simple convex of P is a connected component
of the pre-image under p of a closed bounded con-
vex subset of P. A Jong convex of P is a closed con-
vex that contains a point (6,r) for any 6 and some
r depending on 6, and that is bounded in the r di-
rection for any 0. The pre-image under p of a closed
bounded convex subset of R? containing the origin
of the plane in its interior is an example of a long
convex.

A positive supporting line of convex is a directed
line containing boundary points such that the con-
vex lies on the left side of the directed line.

a longi convex

Fig. 1. A simple comvex and a long convex share 2 common
exterior tangents. The drawaing is done in the sheet of the
disk = the sheet of the point of the disk that realizes its
distance to the origin.

2.2. Some theorems

Theorem 2 The border of a long conver is a curve
0 — (0,6(0)) that has a left-hand and a right-hand
tangent for every 6, such that if they differ, the
right-hand one has a larger angle than the left-hand
one, and the angle of the left- or right-hand tangent
increases with 0. The tangents to the border are
positive supporting lines (and vice-versa). O

Let U be a convex and let & be a point. A bound-
ary point y of U is said visible from z if line segment
[,y) exists and U are disjoint. The set of bound-
ary points of U visible from y is a closed connected
set.
Theorem 3 Let U be a long convez, and V' a sim-
ple converx, such that VNU = () orV is not included
in U and OU intersects OV in exactly two points
that are not angular points of both OU and OV .
Then U and V' share exactly two positive common
supporting lines, and the border of their convex hull
is made of two half-unbounded connected sub-arcs
—ooB and A+o0 of OU, a connected sub-arc CD of
AV and two bitangent segments BC and C' A to U
and V where BA (rep. DC') is the set of boundary
points of U (resp. V') visible from V (resp. U). O

3. Our algorithm.
3.1. Notations.

Wlog, assume (0,0) € o;. Every o; (i > 1) has
infinitely many simple convex lift-up in ]f”, while o1
has a single lift-up, 01, a long convex. Choose one
lift-up of 0y and denote it 02 1. If I and J are lift-
up of 0; and o; for some ¢ and j, we define verer s
as the lift-up of v¢;er; whose endpoints belong in
I and J, when such a lift-up actually exists (for
instance this is always the case between 01 and any
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Fig. 2. In this example the disks o, is la-
belled Z'/, B(Z) = V1191V 31 V31 5/ U5/ g1 Vgl 2/ Ul 11,
D(0) = {1,2/,3",4'.5" 6'}, and Q(¢) = [1,2',6,5'].

lift-up of any o; with i > 1). Wlog, assume vz, o, ,
has angle 0. Denote o; j, the lift-up of o; such that
V5,0, , has anglein [2(k—1)m, 2k). Finally, denote
¢; . the half-line, supporting v, ,, , , with origin its
tangency point upon 0;.

We perform a rotational sweep, with a half-line
¢ tangent to 0; at its origin. The sweep starts at
position £ = ¢; ;. During the sweep, we keep track
of a subset of the objects that intersect ¢, therefore,
we will stop when ¢ reaches every ¢; ;, when ¢ > 1
(an “enter event”), and some ¢; ;, when i < —1 (a
“leave event”). We define a total order on the set
of half-lines leaving 01 by setting ¢ < ¢’ if and only
if / < ¢'. Computationally, if i > 0 and j > 0,
then ¢;, < ¢;; if and only if £ < lor k£ = [ and
X(viz, v14,v15) (or i = 2), so that we can sort the
events (if, say i < 0 and x(v1—;, v12, v1;), substitute
k+1to k). Then for a position £ of the sweep half-
line, we define :

(i) the counterclockwise sequence B({) =

v1vg ... v of bitangents of the convex hull

C(¢) of the set D(¢) of disks o0, such that

lj = £ — by convention 0; is an element

of D(¢) —, starting from vy = v5,,, ,; the arc

with source v; and sink v;4; is denoted a;

and its supporting object o) (ag and ay are

half-unbounded loops around 07). In fact,

we sometimes regard B as the list of arcs a;.

(ii) the arc a(¢) defined as the arc aj where j’

is the minimal element of the subset of in-

dexes j (1 < j < k) such that ¢ pierces the

supporting disks o} of a; (j < ¢ < k) in

the order 0y, 0y _4,...,0} (0}, = o1). The list
040},_1 - - - 0% is denoted Q(¥).

See Figure 2 for an illustration. We write ¢~ for

any half-line of the open interval (¢, ¢) where ¢’ is
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the previous event.

During the sweep, we maintain B(¢), Q(¢) and
a(ﬁ) Imtlally = 6211, D(g) = {51,0271}, B(g) =
(V610013 Voo 161 ], a(f) is the arc with source vg,o, ,
and sink v,, ,5,, and Q(¢) = 6102,1. We store Q in a
binary search tree. To that end, we need to be able
to decide given two objects 0; 1, and 0;; intersecting
¢ which one is to the right of the other along ¢. This
can be done with the procedure “if x(v1;, v14, v1—5)
then x(vij, v1s, vi—j) else x(v1;,vii,v;—;)".

Fig. 3. o; is included in the current convex hull.

3.2. Handling enter-events.

Assume we are to process the enter-event for
object o. Let  be the rightmost disk of Q(£7), s
its predecessor along B(¢™), and ¢ its successor (if
any, i.e., if r # 01).

Theorem 4 [ pierces either a(€™), or vy~ )
OT Us(e=)r(e=)-

Theorem 5 Assume that o appears along £ at the
left of disk r, between, say, disks o and o'. Then
either o is included in C(£~), or o intersects vVosq.
The latter case occurs if and only if p(o) intersects
bitangent vy (a/)p(a), and then the conditions of the-
orem 8 are satisfied. O

Theorem 6 Assume that o appears along £ at the
right of disk r. Then either arc a(¢™) contains a
point wvisible from o or o is included in C(¢~). The
latter case stands if and only if either (non exclusive
this time) p(o) is included in the convex hull of p(r)
and p(t) (in that case, £ pierces vg, or vyt), or p(o)
is included in the pseudotriangle bounded by the
bitangents vy(s)p(r) and Vp(s),—p(ry, and p(s) is not
above p(£) and s + (2m,0) has not been inserted yet
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(in that casel pierces through v, (r) ). See Figure 3
for an illustration. Also, when o is not included in
C(¢7), the conditions of theorem 3 are satisfied. O

Now, we explain how to update B and Q. First
we locate o in Q.

Assume first that o is to the left of . Let o and
o’ be its left-hand and right-hand neighbours in
Q(£7). If p(0) does not intersect v, (q)p(ar) We just
ignoreo: B(¢{) = B({7),Q(¢) = Q(¢7),and a(¢) =
a(¢™). Otherwise we insert o into @, and update
B : we split B at v, and we regard the two resulting
parts as stacks of arcs whose respective heads are
the arcs contributed by o and o/. Then we pop from
the left-hand stack until an arc 3, say supported
by disk o, is met such that o’ = 6, or x(u,v,w)
where u is the source of p(f), w is its sink, and
U = Vp(o)p(or) - Similarly we pop from the right-hand
stack until an arc ', say supported by disk 0", is
met such that x(u,v’, w) where u is the source of
p(B'), w is its sink, and v"" = vp(or)p(e). Then, we
shorten (3 (respectively (') : its source (respectively
sink) is replaced with v,o ) (respectively vor,).
Then, to build B(¢), we concatenate what is left of
the two stacks, with the arc (denoted §) of do with
source vy, and sink v, in between. When an arc
that follows a(£~) (included) in B(£~) is popped,
its supporting disk is removed from Q. If a(£7) is
removed from the right-hand stack, denoting u the
object supporting the predecessor of ¢ along B(¢),
we insert u into ¢ if w + (27, 0) has not undergone
an enter-event yet and p(u) intersects p(¢) at the
right of p(0), so that u becomes r(¢) instead of o.

Assume now that o is to the right of r. We dis-
card o when one of the two cases stated in theo-
rem 6 holds. Otherwise, we proceed as in the pre-
vious case, with three exceptions : we split B(£™)
through arc a instead of bitangent v,/ (that is,
there is one copy of a at the head of both stacks);
the copy of a at the top of the left-hand stack is
popped if and only if x(vro, Vor, vrt); an object is
removed from @ if only if an arc it supports is
popped from the left-hand stack.

The predicates used to decide whether o should
be discarded can be implemented by means of y,
we omit the details.

3.3. Handling leave events.

In fact, only leave events for r need to be pro-
cessed. The processing of those events simply con-

sists in removing r from Q.
3.4. Sketch of a proof of correction.

From theorems 5, 6 and 3, if follows that : (1-)
when o is included in C(¢7), B is not updated, so
that B(¥) is still the border of C(¢); (2-) when o is
not included in C'(¢7), the border of C(¢) is made
of two connected arcs of the border of C'(¢£7), one
connected arc of the border of o and two bitan-
gents to 0. What our algorithm does is a two-way
walk along the border of C(£7), starting from a
point known to be in the arc of C'(¢7) that is to be
discarded, until discovery of the two bitangents.

3.5. Extracting the planar convex hull.

We could prove that after only two rounds (that
is, at {3 3), p(B) contains the convex hull of o1, .. .,
oy, as a factor. But we do not know how to identify
efficiently that factor based solely on the chirotope.
Hence the need for a third round. Denote B the
value of B obtained at the end of the third round.
Theorem 7 Let v be the first arc of B (for
counter-clockwise orientation) supported by some
0;2. Then ~ indeed exists, the bitangent b =
b+ (2m,0) appears in B (it is created during the
third round), and the projection of the factor vMb'
of B is the convex hull of the 0;. O
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1. Introduction

Geometric networks arise frequently in our ev-
eryday life: road networks, telephone networks,
and computer networks are all examples of geo-
metric networks that we use daily. They also play
a role in disciplines such as VLSI design and mo-
tion planning. Almost invariably, the purpose of
the network is to provide a connection between
the nodes in the network. Often it is desirable
that the connection through the network between
any pair of nodes be relatively short. From this
viewpoint, one would ideally have a direct con-
nection between any pair of nodes. This is usually
infeasible due to the costs involved, so one has to
compromise between the quality and the cost of
the connections.

For two given nodes in a graph, the ratio of their
distance in the graph and their ‘direct’ distance is
called the dilation or stretch factor for that pair
of nodes, and the dilation of a graph is the maxi-
mum dilation over all pairs of nodes. For geometric
networks, this is more precisely defined as follows.
Let S be a set of n points (in the plane, say), and
let G be a graph with node set S. Now the dilation
for a pair of points p, ¢ is defined as the ratio of the
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length of the shortest path in G between p and gq,
and the length of the segment pg. (The length of a
path is the sum of the lengths of its edges.) Again,
the dilation of G is the maximum dilation over all
pairs of points in S. A graph with dilation ¢ is
called a t-spanner. Ideal networks are t-spanners
for small ¢ with small cost.

Spanners were introduced by Peleg and Schéffer [6]
in the context of distributed computing, and by
Chew [1] in the context of computational geome-
try. They have attracted much attention since—
see for instance the survey by Eppstein [2]. The
cost of spanners can be measured according to var-
ious criteria. For example, it is sometimes defined
as the number of edges (here the goal is to find a
spanner with O(n) edges), or as the total weight
of the edges (here the goal is to find a spanner
whose total weight is a constant times the weight
of a minimum spanning tree). Additional proper-
ties, such as bounding the maximum degree or the
diameter, have been considered as well.

We generalize the notion of spanners to geo-
metric networks whose nodes are rectangles rather
than points. Let S be a set of n non-intersecting,
axis-parallel rectangles and let E be a set of axis-
parallel segments connecting pairs of rectangles.
For any two points p, ¢ in the union of the rect-
angles, the dilation is now the ratio of the length
of the shortest rectilinear path in the network be-
tween p and g and their L;-distance. Here a path in
the network is a path that stays within the union
of the rectangles and the connecting segments. The
dilation of the network is the maximum dilation
over all pairs p, q. Again, our aim is to construct a
network whose dilation is small. To illustrate the
concept, imagine one is given a number of rect-
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angular buildings, which have to be connected by
footbridges. It is quite frustrating if, to walk to a
room opposite ones own room in an adjacent build-
ing, one has to walk all the way to the end of a
long corridor, then along the footbridge, and then
back again along the corridor in the other building.
Hence, one would usually place the footbridge in
the middle between buildings. Following this anal-
ogy, we will call the rectangles in the input build-
ings from now on, and the connecting segments
bridges. We call the underlying graph of the net-
work the bridge graph.

The generalization we study introduces one im-
portant additional difficulty in the construction of
a spanner: for points one only has to decide which
edges to choose in the spanner, but for buildings,
one also has to decide where to place the bridge
between a given pair of buildings. It is the latter
problem we focus on in this paper: we assume the
topology of the network (the bridge graph) is given,
and our only task is to place the bridges so as to
minimize the dilation.

Formally, our problem can be stated as follows:
we are given a set S of axis-parallel disjoint rect-
angles (buildings) in the plane, a graph G with
node set S, and for each arc e of G a bridge re-
gion A., an axis-aligned rectangle connecting the
two buildings. Buildings may degenerate to seg-
ments or points. The bridge graph G must only
have arcs between buildings that can be connected
by a horizontal or vertical segment, and may not
have multiple edges or loops. The bridge regions
must be disjoint from each other and the buildings.
Our goal is to find a set of horizontal or vertical
bridges lying in the bridge regions that has mini-
mum dilation.

Figure 1 shows a bridge graph (the bridge re-
gions are shaded) and a set of possible bridges.
Note that the bridge regions As and As simply
allow any bridge between the two buildings, but
bridge region A; has been chosen so as to avoid
intersecting s4 or the bridge between sz and s4.

Our results are as follows.

e In general, the problem is NP-hard.

e If the bridge graph is a tree, then the prob-
lem can be solved by a linear program with
O(n?) variables and constraints.

e If the bridge graph is a path, then the prob-
lem can be solved in O(n3logn) time.

e If the bridge graph is a path and the build-
ings are sorted vertically along this path, the

problem can be solved in time O(n?). A (1+
g)-approximation can be computed in linear
time.

Ay
So —

53

84

As L

S1

Fig. 1. A bridge graph and a bridge configuration

2. The bridge graph is arbitrary

The bridge-placement problem is NP-hard if the

bridge graph is allowed to be arbitrary. We prove
this by a reduction from PARTITION. The input to
PARTITION is a set B of n positive integers, and
the task is to decide whether B can be partitioned
into two subsets of equal sum. PARTITION is NP-
hard [3, Problem SP12].
Theorem 1 It is NP-hard to decide whether the
bridges in a given bridge graph on m rectangular
buildings can be placed such that the dilation is at
most 2.

3. The bridge graph is a tree

In this section we will show that the bridge-
placement problem can be solved by a linear pro-
gram if the bridge graph is a tree. We start by in-
troducing some terminology and notation, and by
proving some basic lemmas. As before, we denote
the bridge graph by G. Any set of bridges realiz-
ing G will be called a configuration.

7 L ;

7(p,q, B)

Fig. 2.



March 25-26, 2004

I

Fig. 3.

Given a configuration B and two points p and ¢
in the union of all buildings, we use 7(p, ¢, B) to de-
note the family of rectilinear shortest paths from p
to g within the configuration (that is, paths whose
links lie inside buildings or on bridges). The paths
of this family are essentially the same, they dif-
fer only in how they connect two points inside the
same building, and so we will simply speak about
the unique path m(p, q, B). The dilation of the path
7 = 7(p, q, B) is dil(7) := |x|/||pql||, where |7| is
the total length of = and ||pq|| is the L;-distance
of p and ¢. Figure 2 shows a configuration and an
example path.

The dilation dil(B) of a configuration B is de-
fined as the maximum dilation of any path with
respect to B. Our aim is to find a configuration
of minimum dilation. We first characterize pairs
of points that are responsible for the dilation of a
given configuration.
Lemma 2 Let o be the dilation of a configura-
tion B whose underlying graph is a tree. Then there
are points p and q with dil(7(p, ¢, B)) = o such that
the closed bounding box of p and q does not contain
any point of a building other than p and q, and at
least one of the points p and q is a building corner.
A point pair (p, ¢) as in the lemma—its bounding
box contains no other point of any building and
at least one of p and ¢ is a building corner—will
be called a visible pair—see Figure 3 for examples.
We denote the set of all visible pairs by V.

Given a bridge graph G, our goal is to minimize

max dil(7(p,q, B
Max (7(p,q, B))

over all configurations B realizing G. We show that
this problem can be reformulated as a linear pro-
gram.

Theorem 3 If the bridge graph G is a tree, then
a placement of the bridges that minimizes the di-
lation can be computed by solving a linear program
with O(n?) wvariables and constraints, where n is
the number of bridges in the bridge graph.

Seville (Spain)

4. The bridge graph is a path

In the previous section we have given a linear
program for the bridge-placement problem for the
case where the bridge graph is a tree. Linear pro-
grams can be solved in practice, and for integer
coefficients, interior-point methods can solve them
in time polynomial in the bit-complexity of the in-
put [4]. It is not known, however, if they can be
solved in polynomial time on the real RAM, the
standard model of computational geometry. In this
section, we give polynomial time algorithms for the
case where the bridge graph is a path.

Since the bridge graph G is a path, we can num-
ber the buildings and bridges so that bridge b; con-
nects buildings s;,—1 and s;, for 1 <4 < n (so there
are n + 1 buildings and n bridges). Before we con-
tinue, we need to introduce some more terminol-
ogy. We consider a path m = 7(p, ¢, B) to be ori-
ented from p to q. After traversing a bridge b, the
path can continue straight on to traverse the next
bridge o’ if b and b’ are collinear. In all other cases,
it has to turn.

Fig. 4. U-turns and their outer sides

Given a path 7, a link £ of 7 is a maximal straight
segment of the path. A link can contain more than
one bridge if they are collinear. For example, in
Figure 4 there is a link containing b; and by, and
another link containing bg, bg, and byg.

The path 7 turns at both ends of a link (except
for the first and last link). The link is a right U-
turn if 7 turns right before and after the link. A
left U-turn is defined symmetrically. In Figure 4,
the links containing bridges (b1,b2), (bs,bs), and
b1 are right U-turns, while the links containing
b7, (bg, bg, blo), blla and (b13, b14) are left U-turns.
Note that there can be U-turns that do not contain
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any bridges, as the link of 7 inside building sg in
Figure 4.

The inner side and outer side of a U-turn
are rectangular regions infinite on one side, and
bounded by the line supporting the link and the
two lines orthogonal to it through the first and
last points of the link. The outer side lies locally
to the left of a right U-turn, or to the right of a
left U-turn, the inner side lies locally to the right
of a right U-turn or to the left of a left U-turn. In
Figure 4, the outer sides of all U-turns are shaded.

U-turns are the links of a path that determine
its dilation, as the following lemma shows.
Lemma 4 Let B and B’ be configurations, (p,q)
a wvisible pair, and © = 7(p,q,B) and © =
m(p,q, B’) the paths between p and q with respect
to the two configurations. If dil(n") < dil(w) then
there exists a U-turn € containing b; ... b; of m such
that the corresponding bridges b}, ..., b, of B lie
strictly on the inner side of £.

We will give an algorithm that takes as input the
set of buildings s, . .., s, and areal number o > 1,
and computes a configuration B with dil(B) < o,
or determines that no such configuration exists.

The algorithm computes n sets Iy, Is, ..., I,,
where I; is a set of possible bridges between
si—1 and s;. The sets are defined recursively
as follows. Assume that Iy,...,I;_1 have al-
ready been defined. For each visible pair (p,q)
with p € U;-;t s; and ¢ € s; we define I(p,q)
as the set of bridges b; connecting s;_; and s;
such that the following holds: there is a set of
bridges by € I1,by € Iy, ...,b;_1 € I;_1 such
that dil(w(p, q, (b1,...,b;))) < o. Finally, I; is the
intersection of all I(p, q).

Note that for each visible pair (p,q) we can
choose the bridges in I1,...,I;_1 independently.
This makes it possible to compute I; efficiently, as
we will see below. On the other hand, it implies
that not every sequence of bridges chosen from
the sets will be a configuration with dilation at
most o—our main lemma will be to show that
such a sequence does indeed exist.

Once we know Iy,...,I,, we can recursively
compute a configuration with dilation at most o:
Choose an arbitrary bridge b, € I,. If bridges
bn—1,bn—2,...,b;11 have been computed, choose a
bridge b; € I; whose distance from b;1 is minimal.
Since I; is an “interval of bridges”, this implies
that either b; and b;; are collinear, or b; is one of

the extreme bridges in I;. We now prove that this
approach is correct.
Lemma 5 Letly,..., I, be given as defined above.
A configuration B with dilation dil(B) < o exists
if and only if I, # 0. If it exists, it can be computed
in O(n) time from the intervals.
Lemma 6 The intervals I1,...,I, defined above
can be computed in O(n?) time and O(n) space.
Lemmas 6 and 5 imply the following theorem.
Theorem 7 Given a bridge graph G on a set of
n+ 1 buildings that is a path and a real number o >
1, we can in time O(n?) compute a configuration B
realizing G with dil(B) < o or determine that no
such configuration exists.
It seems hard to improve this result when there
are ©(n?) visible pairs that could determine the
dilation. In fact, we do not even know how to decide
in o(n?) time whether a given configuration has
dilation < o. If the number k of visible pairs of the
given set of buildings is o(n?/logn), the running
time can be improved to O(k logn).

We solve the original optimization problem using
Megiddo’s parametric search [5].
Theorem 8 Given a bridge graph on a set of n+1
buildings that is a path, we can compute a configu-
ration with the optimal dilation in time O(n3 logn),
or in time O(nklog®n), where k is the number of
visible pairs.
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Abstract

It is shown that for any set of disjoint line segments in the plane there exists a pointed binary encompassing tree,
that is, a spanning tree on the segment endpoints that contains all input segments, has maximal degree three, and
such that every vertex is incident to an angle greater than w. As a consequence, it follows that every set of disjoint

line segments has a bounded degree pseudo-triangulation.

1. Introduction

Disjoint line segments in the plane are the fun-
damentals of computational geometry. They form
the atomic structure of most planar geometric
data structures and geographic information sys-
tems. Planar objects are typically represented
by a polygonal approximation which, in turn, is
composed of (interior) disjoint line segments. Not
surprisingly, researchers studied many of their
combinatorial properties, such as visibility, com-
pact representation, and ray shooting.

Geometric graphs. We follow one particularly
well-studied trail: that of constrained geometric
graphs. A geometric graph is a graph together
with a planar embedding such that the edges are
straight line segments. We consider crossing-free
geometric graphs, that is, we do not allow two
edges to cross. Observe that crossing-free is not
equivalent to planar, since planar graphs may
have embeddings in the plane with crossing edges.
Given a set of disjoint segments in the plane (that
is, a crossing-free geometric matching), we say
that a graph is encompassing if it is a connected
crossing-free geometric graph that contains all
input segments as edges (without Steiner points).

It is known that there does not always exists a
Hamiltonian circuit (nor path) through a set of dis-
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joint segments. In fact, it is NP-complete to decide
if a Hamiltonian circuit exists for a given set of
segments, if the segments are allowed to intersect
at their endpoints [16]. Rappaport et al. [17] gave
a polynomial time algorithm for a set of convexly
independent segments. Among n disjoint segments
in the plane there are always ©(log n) for which an
encompassing path exists [7], this number amounts
to ©(y/n) if all segments are axis-parallel [21].

The maximal degree of an encompassing tree on
the segment endpoints that is constrained to con-
tain all input segments is, therefore, at least three.
After a preliminary upper bound of seven by Bose
and Toussaint [6], Bose et al. [5] proved that an en-
compassing tree with maximal degree three always
exists. Later Hoffmann and Té6th [8] showed that
there is also a Hamiltonian encompassing graph
with maximum degree three.

Pointedness. Pseudo-triangulations are de-
compositions of the plane invented by Pocchi-
ola and Vegter [14]. A pseudo-triangulation is
a partition of the convex hull of input points
or polygonal objects into pseudo-triangles, that
is, simple polygons with exactly three vertices
whose interior angle is less than or equal to .
They obtained considerable attention recently, as
they have found numerous important applications
in visibility [13,14], rigidity [20], kinetic colli-
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sion detection [1,11], and guarding [19]. Pseudo-
triangulations, just like triangulations, are also
crossing-free geometric graphs. A characteristic
property of minimal pseudo-triangulations is that
for every vertex p all the incident edges are on one
side of a line through p (in other words, every ver-
tex is incident to an angle greater than ). Using
Streinu’s terminology [20], this property is called
pointedness.

By a result of Streinu [20], there is an encom-
passing pointed pseudo-triangulation for any set
of disjoint line segments: We obtain a pseudo-
triangulation by adding edges greedily while
pointedness is maintained. Rote et al. [18] recently
studied the size of minimum pseudo-triangulations
constrained to contain a set of mon-crossing seg-
ments. The pointed (or equivalently, minimum)
pseudo-triangulation of n disjoint segments always
has 4n — 3 edges and 2n — 2 faces.

2. Results

On one hand, both the algorithm of Hoffmann
and Té6th [8] and that of Bose et al. [5] are doomed
to violate pointedness due to their proof tech-
niques. In fact, the algorithm in [8] can output
a binary encompassing graph for which no span-
ning subgraph is pointed. On the other hand,
the pointed encompassing tree obtained by the
straightforward method of Streinu [20] has no
guarantee on the degree of the resulting geometric
graph. Here, we show how to construct an encom-
passing tree that respects pointedness and has
maximal vertex degree at most three:

Theorem 1 For any set of disjoint line segments
in the plane there exists a pointed binary encom-
passing tree.

An application. It is known that the trian-
gulation of a planar point set can have arbitrar-
ily high degree. This is also true for triangulations
constrained to contain disjoint line segments. Ket-
tner et al. [10] proved that for any set of points
in the plane there is a pseudo-triangulation with
maximal degree at most five. Bounded vertex de-
gree is a useful property in most applications, as
local operations or kinetic data structures require a
constant amount of updates. Recently, Aichholzer
et al. [2] showed that a bounded degree pseudo-

triangulation constrained to contain a Hamiltonian
circuit (a simple polygon) also exists, with a de-
gree bound of ten. We can extend these results to
pseudo-triangulations constrained to contain dis-
joint line segments (that is, a perfect matching).

Theorem 2 FEvery set of disjoint line segments
has a pointed pseudo-triangulation with maximum
vertex degree at most ten.

The best lower bound we could generate is a
set of disjoint segments such that in any pointed
pseudo-triangulation there is a vertex of degree at
least six.

3. Proof technique

We define a class of weakly simple polygons that
we call pearl polygons. Every vertex of a pearl poly-
gon has either degree two or degree four. Moreover,
for every degree four vertex we mark one incident
edge such that deleting all marked edges from the
pearl polygon results in a spanning tree. The con-
vex hull of the segments belongs to the class of
pearl polygons. We start out from the convex hull,
and modify it locally using geodesic curves while
maintaining a pearl polygon until certain condi-
tions are satisfied. The proof is completed by ap-
plying induction in each face of a suitable convex
subdivision of the interior of the pearl polygon.

The general scheme of the induction and the use
of geodesic curves are similar to the proof tech-
niques applied in [8]. However, the details are quite
different and there are too many to list them within
the scope of this abstract. Hence, we have to refer
the reader to the full paper at this point.

4. Bounded degree pseudo-triangulations
for disjoint segments

A more careful analysis reveals that the following
form of Theorem 1 also holds:

Theorem 3 For any set S of disjoint line seg-
ments in the plane there exists a pointed binary en-
compassing tree such that the mazximal degree is at
most three, and if a convex hull vertex has degree
three then at least one of the incident edges is part
of the convex hull.
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We combine this theorem with an algorithm of
Aichholzer et al. [2], according to which a simple
polygon can be pseudo-triangulated such that the
degree of every convex vertex is at most four and
the degree of every reflex vertex is at most five,
that is, every convex (reflex) vertex has at most
two (three) new incident edges in addition to the
two incident polygon edges. This result also holds
for weakly simple polygons that may have reflex
interior angles of 27.

Let us consider the union of the binary pointed
encompassing tree 1T’ claimed by Theorem 3 and
the convex hull conv(S) of the segments in S.
The tree T partitions the polygonal domain
conv(S) into weakly simple polygons. We obtain a
bounded degree pseudo-triangulation by pseudo-
triangulation each polygon using the algorithm
of Aichholzer et al. [2]. Every interior vertex pj,:
has degree three, and one of the incident angu-
lar domains is greater than m. So the degree of
Pint increases by at most 3 + 2 + 2 to at most
10. Every convex hull vertex pp.; has degree at
most 4 in T' U conv(S) according to Theorem 3,
and the one reflex angular domains lies at the
exterior of conv(S) which does not need to be
pseudo-triangulated. Therefore the degree of pp
increases by at most 2 + 2 + 2 to at most 10. This
proves Theorem 2.

A

N_/

Fig. 1. Lower bound construction.

In the remainder, we describe a set of 14 disjoint
segments whose every pseudo-triangulation has a
vertex of degree at least 6. The segment endpoints
form a regular 28-gon P = (p1,pa, - .., p2s). Place
seven disjoint segments along the sides pggtopak+3,
and along parallel the diagonals pyj+1pakr4 for k =
1,2,...,7, see Fig. 1. The pseudo-triangulation of
a convex polygon is also a triangulation. Any tri-
angulation of the inner 14-gon either has a vertex
of degree five, or it has three consecutive vertices,
each of degree four. Taking the seven outer seg-
ments into account adds an additional convex hull
edge to each vertex. Moreover, out of any three

Seville (Spain)

consecutive vertices of the inner 14-gon one gets
another edge, since the outer quadrilaterals have to
be (pseudo-)triangulated by any diagonal. There-
fore, there is a vertex of degree at least six in P.
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Abstract

We improve the best known lower bound for the polygon exploration problem from 1.2071 to 1.2825.

1. Introduction

Exploring an unknown environment is a basic
problem for autonomous mobile systems. Here,
we suppose that a simple polygon in the plane
represents the unknown environment and a point-
shaped robot with a vision system, starting at
some boundary point s, has the task of going
around inside the polygon until the whole en-
vironment has been visible at least once before
returning to s. Seeing all points inside the polygon
is clearly equivalent to seeing its whole boundary,
as long as the polygon is simple (does not contain
holes, as we assume).

The shortest watchman tour starting and ending
in s is the shortest tour that can see the whole
polygon, see figure watchman. This is the perfect
solution in a known environment, and it can be
computed using the algorithms of Chin and Ntafos
or Tan and Hirata [1,3,7,8].

But in an unknown environment the shortest
watchman tour is also not known, so any tour that
explores the polygon online is inevitably longer
than the shortest watchman tour; there are excep-
tions for special cases [2]. So it is an interesting
question to ask for a strategy that produces explo-
ration tours that are not so much longer than the
perfect solution in a known polygon, and Hoffmann
et al. [4] have given such a competitive exploration
strategy. This strategy guarantees a tour that is at
most 26.5 times as long as the shortest watchman
tour.

Although this upper bound is most probably not
tight, it is not really obvious how to prove a shorter
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Fig. 1. A shortest watchman tour.

factor by enhancing this rather complicated proof
or by giving a better strategy. And the worst case
that is known for this strategy has a factor of just 5.

2. First ideas for lower bounds

In this paper we propose to look at this problem
“from the other side”: what is a lower bound for
this problem, i. e., can we show that no strategy can
guarantee a competitive factor less than this lower
bound? A proof for such a bound can be given by a
concrete polygon for which we have to show that an
arbitrary strategy will necessarily make a certain
detour as compared to the shortest tour. A trivial
lower bound is (v/2 4 1)/2 ~ 1.2071, see the left
picture in Fig. 2: we use an isosceles, rectangular
triangle, the start point s is at the right angle and
at the other two corners there are two very small
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Fig. 2. Deriving the lower bounds 1.2071 (left) and 1.2145 (right).

pockets. One of the pockets is formed such that the
corner must be visited while the other is not. The
line segment connecting the two corners is called a
threshold. To trick any strategy to make a detour
we can wait until this threshold is reached: if this
occurs left of the midpoint then the right corner
must be visited, and vice versa. Thus, only when
the robot eventually visits the threshold, it can see
which corner is still to visit. Now it is easy to see
that we have a lower bound of (v/2 4+ 1)/2 here.

In fact we can act as the malicious adversary of
a strategy: depending on the decisions of the strat-
egy we decide how the polygon looks like at those
parts that have not been seen yet. For example,
the previous idea can be refined by introducing a
second threshold, see the right picture in Fig. 2.
First, we let the strategy reach the line between
the two corners as before. Here, we reveal one of
the corners, but in contrast to the first example for
the second corner two possibilities remain: either
we have to visit the corner itself or it suffices to
reach the second threshold which is a diagonal line
through the corner. After carefully choosing the
lengths and the angles (the triangle is still isoceles,
but the angle at s is 96.99°) we obtain a bound of
1.2145, which constitutes a small progress.

3. Using more thresholds

But this idea of several thresholds can be driven
further. In the following, we sketch our approach
with three thresholds. The basic figure is a triangle,
but from one of its corners there are edges to an
inner point, this will be the starting point s, see
Fig. 3. So besides vertex s there are four corners in
the scene with a hidden pocket. The pockets may

be formed such that the corner must be visited or
not, this is the information which is unknown at
the start.

Any tour, also the shortest watchman tour, has
to visit at least all three thresholds. It is also clear
that a reasonable strategy will visit the thresholds
in the same order as they appear along the triangle,
otherwise an even bigger detour will be generated.

Now on each threshold we place a critical point:
if the robot visits the threshold to the right of the
critical point (as seen from s) then we as the ma-
licious adversary decide that the left corner of the
threshold must also be visited. If the visit occurs
to the left of the critical point then the threshold is
done except for the last one where we decide that
in this case the right corner has to be visited.

We as the adversary are free to decide about the
exact shape of the triangle, the placement of s,
and also the placement of the critical points. This
is a challenging optimization exercise with many
degrees of freedom and several interwoven levels of
optimization, which probably can only be solved
numerically.

Due to the lack of space we can only briefly sum-
marize our result obtained with the help of Cabri
Geometry [5,6], see Fig. 4. We use an equilateral
triangle (but it is not clear if this is the best) and
a starting point s as shown in the figure. For each
threshold there is one uncertainty, so we have eight
cases altogether. For each case we take the length
of the shortest watchman tour and compare it to
the tour passing through the critical points and the
corners that have to be visited in that case. The
minimum of these eight ratios which we have de-
termined to be at least 1.2825 is a lower bound for
the exploration problem.
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two more hidden pockets here

Fig. 3. A triangle-like polygon with three thresholds and four hidden pockets.

4. Conclusions

The new lower bound of 1.2825 for the polygon
exploration problem represents a certain progress,
but we think that with our technique one can go
some further steps in that direction. Since the op-
timization problem presented here has so many de-
grees of freedom and consists of several levels that
mutually depend on each other, we can not be sure,
yet, to have found the global optimum for the three
thresholds. Furthermore, it looks promising, but
tedious, to introduce four or even more thresholds,
but since the number of cases will be about two
to the power of the number of thresholds, there is
some considerable work to be done. Finally, it is
interesting to note that there is still a great gap
between the lower bound obtained in this way and
the best known upper bound of 26.5.
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Tour 31,09 cm
SWT 24,24 cm
C 1,282535654

Tour 30,00 cm
SWT 23,39 cm
C 1,2827339161

Tour 21,87 cm
SWT 17,04 cm
C 1,283498585

Tour 23,46 cm
SWT 18,24 cm
C 1,285728851

Tour 22,35 cm
SWT 17,39 cm
C 1,28511096

Tour 17,70 cm
SWT 13,77 cm
C 1,28541435

Tour 26,25 cm
SWT 20,45 cm
C 1,28371123

Tour 20,55 cm
SWT 15,97 cm
C 1,28663922

Fig. 4. Eight cases for three thresholds.
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Abstract

This paper shows an application of computational geometry methods to the preparation of image-based digital
library editions. We present a formalism for describing non-hierarachical markup of manuscripts in terms of one-
and two-dimensional geometry. This formalism allows us to use geometric data structures and algorithms to process
marked-up documents. With this approach we can overcome many well-known and inherently difficult problems
with non-hierarchical markup. We present algorithms based on segment trees and range-query structures for
performing a number of queries on markup structure. This application of computational geometry data structures
to a new domain also provides insights into novel types of geometric operations and queries. Some of these
techniques are currently being used by researchers in the Research Computing for Humanities project, which aims
to produce electronic editions of selected manuscripts from the British Library.

1. Introduction

From a computational geometry point of view,
an old manuscript, a folio (a sheet of writing mate-
rial) and the script (a text on the manuscript page)
have interesting features in one, two and three di-
mensions and all of them are important. Spatial
deformations of the folio can be studied for restora-
tion purposes in three dimensions. Illuminations,
damages, restorations, and paleographic features
of individual letters can be studied as two dimen-
sional objects. The script, a sequence of lines of
text, can be viewed as one dimensional as it follows
visible or invisible rulings that guide the layout of
the text [B94]. In fact, connecting the image view
of a manuscript with its transcript is typically the
first task. In this paper we will discuss this linear
aspect of folia and we will discuss geometric struc-
tures that support its tagging.

Extensive tagging or markup is an often excruci-
ating task in the preparation of electronic editions
of manuscripts. The tagging process results in a
structured description of the document’s contents,
its features and attributes in a form that can be

Email addresses: jurek@cs.uky.edu (Jerzy W.
Jaromczyk), neil@cs.uky.edu (Neil Moore).
L This research was supported in part by NSF ITR grant
0219924

20th EWCG

used to view and effectively query the edition. The
XML (eXtensible Markup Language) is a prevail-
ing format used for describing literary and artistic
work for Digital Libraries. XML files describe well-
hierarchical structures (e.g., book, volume, section,
page, line, word and character) of the document
and for that reason they can be viewed as rooted
trees. Although it seems natural that most docu-
ments adhere to such hierarchies, it is often not true
in practice. Even worse, this happens in the context
of cultural heritage that urgently requires preser-
vation: old and severely damaged manuscripts. An
image of a damaged folio from Alfred the Great’s
Old English translation of Boethius’s Consolation
of Philosophy is demonstrated in Figure 1.

Words can span more than one line, damages or
restorations can overlap words and parts of them.
A rather simple case is illustrated in Figure 2 where
in the convoluted tagging one word spans two lines;
as such, it is not well-formed XML.

It has been long recognized that, in spite of its
popularity, XML suffers from an inability to en-
code elements that are not in hierarchical relation-
ships [RMD93]. There are numerous approaches
to address this problem called the concurrent hi-
erarchies problem; see, for example, [B95]. Mostly
these approaches are concerned with tagging tran-
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Fig. 1. An image of a damaged manuscript page

<line no="z" id="oafl3iSviZ"r<res sro="Er':rsta</resr<unchn

sre="mor"s>geth; </ uncnrol<tapr</taprfeaelig; st gereaht
sthorn;ur<dmy agent="tear">h &thorn;</dwgra <dmg
agent="tear">s</dngr<wordstro- </line>

<line no="3" id="oadl3i8v03">ngan</word> meaht, <abhb
type=Tampersand">7</abb> ge<tspr</tsprende<taps</itsp>
<dmyg agent="hole":>byrd</dmg>, swva swa </line>

Fig. 2. Markup that is not hierarchical

scripts (text-based documents). In our task a
manuscript or an image of it is the primary source
for preparing an electronic edition and we need
to handle the concurrent hierarchies in geometric
context of the image. This image-based approach
is the most distinguishing aspect of our work.

A geometric view of the problem allows us to
engage many data structures, in particular multi-
dimensional ones. In this paper, we will focus on
two of them: segment trees and a grid based data
structure developed by Overmars for range queries
(we will use it for line segments rather than points,

though). We will analyze how these structures sup-
port a variety of queries that are essential in the
context of editing and studying manuscripts.

There are several contributions of this paper.
The first is in applying computational geometry to
anew area. We will present a formalism for concur-
rent hierarchies that allows us to connect geomet-
ric structures with XML documents. Specifically,
we will discuss a number of algorithms for querying
the structure of a document, together with their
asymptotic complexities.

2. Definitions

In this section we describe a formalism for repre-
senting multihierarchical document markup. This
formalism allows us to connect the structure of
markup with a geometric representation; this al-
lows us to use geometric data structures and algo-
rithms to process tagged documents.

2.1. Markup elements

We represent a markup element as a tuple
(N, A, a,w) where N is the element name, A (a
map from strings to strings) the attributes, and «
and w are integers with 1 < a < w. The interval
of a markup element e, written I(e), is the closed
interval [a(e),w(e)] C N.

DEFINITION 2.1 Let ey and ey be two markup ele-

ments. We define the relations:

—e1 < e ifw(er) < ales)

—e C ey if aler) > ale2) and w(e;) < w(ez)
and I(e1) # I(e2). In this case we say that ey is

a descendant of e2, or equivalently that es is an

ancestor of e; .

We state without proof the following theorems:
THEOREM 2.1 The relations < and C each form a
strict partial order.

THEOREM 2.2 Let e; and ey be two markup ele-

ments. Exactly one of the following holds: e; < ex;

€2 < e1;e1 L ea;es Cer;er overlaps es; orl(er) =

1(62).

3. Hierarchies

DEFINITION 3.1 Let E be a finite set of markup

elements. E is hierarchical if:

— There is an element r € E, called the root, such
that, for each elemente € E,e C 1T ore=r

— No two elements of E overlap, and no distinct
elements of E share the same interval.

LEMMA 3.1 Let E be a hierarchical set of markup

elements, and e € E. Then either e is the root and

has no parents in E, or e is not the root and has

exactly one parent in E.
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THEOREM 3.1 Let E be a hierarchical set of
markup elements. Let G be a graph on E such that
the edge (e1,e2) is in G if ey is the parent of e5. G
18 a tree.

This justifies our use of the term “hierarchy”.
Because children of the same parent cannot be de-
scendants of one another, by Theorem 2.2 they can
be ordered by <. The tree is therefore an ordered
tree.

4., Data structures and queries

In this section we describe two geometric data
structures and apply them to a number of common
queries on documents.

A segment tree [BW80, PS85] is a dynamic data
structure to represent a set of segments. For inser-
tions and deletions it is assumed that the endpoints
belong to the set of n points known in advance.

The underlying structure is a balanced binary
tree with leaves representing atomic segments.
Each node corresponds to the union of the atomic
segments rooted in this nodes. Intervals that be-
long to the collection represented in the segment
tree are associated with nodes of the tree and sat-
isfy the following property: a node v stores s if the
union of its atomic segments is contained in s but
the union of the atomic segments associated with
the parent of v do not. Thanks to this property
each segment is represented in at most O(logn)
nodes.

Insertions and deletions can be performed in
O(logn) time. Also, in the same time one can count
the number of segments in the collection that in-
cludes a given query point.

While segment trees are well-suited for some
types of queries, there are other queries which seg-
ment trees do not perform as efficiently. We use a
range- query structure to support these queries.

We treat a segment S = [a,w] in U = [1, M] as
a point p(S) = (a,w) in U2. We call this represen-
tation of (a collection of) segments a segrent grid.
Many properties of S then correspond to range
properties of p(S) in the segment grid. For exam-
ple, S C T if and only if p(S) lies to the lower right
of p(T).

We shall make use of general range queries of the
form: find all points lying in the (closed) rectangle
bounded by (a,b) and (¢, d). There exist a number
of data structures supporting such queries in a two-
dimensional grid. A number of these structures are
described in [O88]; two are of particular interest
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for our purposes.

THEOREM 4.1 (Overmars) We can represent n
points in U? (and thus n segments in U) using
O(nlogn) space in such a way that range queries
take O(k + loglog |U|) time, where k is the number
of results returned by the query.

This data structure makes use of perfect hash-
ing, and is therefore slow to build. There is an al-
ternative data structure with slightly worse query
time, but significantly better creation time:
THEOREM 4.2 (Overmars) We can represent n
points in U? using O(nlogn) space in such a way

that range queries take O (k+ \/log|U|) time,

where k is the number of returned results. This
data structure can be built in O(nlogn) time.

Neither of the range-query data structures per-
mits efficient insertion or deletion. For more infor-
mation on these structures, see [O88].

4.1. Descendant queries

A common query on documents is to find all el-
ements of a certain type that are descendants of a
given element e. For example, given a <page> ele-
ment, one may wish to find all <damage> elements
contained within that element, either directly (as
children) or indirectly. We can perform this oper-
ation by finding all descendants of e and reporting
only those of the requested type.

Recall from Definition 2.1 that the descendants
of e are those elements which begin no earlier than
e, end no later than e, and do not both begin and
end at the same point as e. In terms of the segment
grid, p(I(x)) is a descendant of e if I(z) # I(e)
and p(I(z)) lies in the rectangle bounded by the
points (a(e), a(e)) and (w(e),w(e)). Using the data
structure from Theorem 4.2, we can find all such
points in O(k + /log M) time, where M is the
document’s maximum offset and k is the number
of results.

4.2. Qwverlap queries

Another useful query is: given an element e, find
all elements which overlap e. If e; overlaps es, €1
contains at least one of the endpoints of e;. Con-
versely, if e; contains at least one endpoint of ey,
either e; overlaps es, e = e, €1 C eg, 0r e5 C €.
This suggests the following;:
THEOREM 4.3 Let D be a document containing the
element e. Let k be the number of elements over-
lapping e, d the number of descendants of e, a the
number of ancestors of e, and M the mazimum off-
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set of D. We can find all elements overlapping e in
O(k + d+ a+log M) time.

We first find the sets B(e) and E(e) of all ele-
ments whose intervals contain a(e) and w(e), re-
spectively, using stabbing queries in a segment tree.
B(e) contains at most k + d + a + 1 elements, and
likewise for E(e). The stabbing queries can there-
fore be performed in time O(k+d+a+log M). We
then iterate through the results, reporting those
which actually overlap e. Testing whether a given
segments overlaps e requires constant time, so this
step does not increase the complexity.ll

We can improve on this bound somewhat by

making use of range queries. If e; overlaps e2, e;
contains exactly one endpoint of es. In the seg-
ment grid, segments containing a(e) but not w(e)
lie in the rectangle R, bounded by the points
(1,a(e)) and (a(e),w(e)). Likewise, segments con-
taining w(e) but not a(e) lie in the rectangle R,
bounded by (a(e),w(e)) and (w(e), M), where M
is the maximum offset of the document. While
these rectangles contain all the elements which
overlap e, they do not contain only such elements.
As with the stabbing queries described above, the
range queries also return e, and may return some
ancestors and descendants of e, so we must remove
these from the result set. It is clear, however, that
the rectangles do not contain any element z such
that z <eore < z.
THEOREM 4.4 Let D be a document containing the
element e. Let k be the number of elements over-
lapping e, d the number of descendants of e, a the
number of ancestors of e, and M the mazimum off-
set of D. We can find all elements overlapping e in
Ok +d+ a+ v/log M) time.

Each range query returns at most k +d+a + 1
elements, and can therefore be performed in time
O(k+d+a++/log M). As with the stabbing query,
we then iterate through the results of the range
query, reporting those elements which overlap e;
again, this does not affect the overall complexity
of the overlap query.ll

The running time of overlap queries can be im-
proved still further if we impose additional restric-
tions on the endpoints of elements:

THEOREM 4.5 Let D be a document such that no
two elements share an endpoint in common, and let
e be an element in D. If k is the number of elements
overlapping e and M is the mazimum offset of D,

we can find all elements overlapping e in O(k +
Vlog M) time.
5. Conclusion

We have presented a formalism that connects
the realm of computational geometry to algorith-
mic problems that we have faced in the marking
up of image-based electronic editions. As exam-
ples of geometric structures we have discussed seg-
ment trees and range query structures and have
applied them to the well-recognized and inherently
difficult problem of non-hierarchical markup. Two-
dimensional aspects of manuscript marking, such
as marginalia, paleographic features and damages
will involve additional geometric structures.
Acknowledgement

The authors acknowledge a partial support from the
NSEF ARCHway: Architecture for Research in Computing
for Humanities through Research, Teaching and Learning
project. We are thankful to Kevin Kiernan, the Boethius
Project and the British Library Board for allowing us to
use the image. We also thank our colleagues from the Re-
search Computing for Humanities Lab at the University of
Kentucky for many useful discussions.
Bibliography
[B95] Barnard, D., et al. Hierarchical Encoding of Text:
Technical problem and SGML Solutions, Computers and
the Humanities 29/3 (1995) 211-231.
[BW80] Bentley, J. L., and D. Wood. An optimal worst-case
algorithm for reporting intersections of rectangles, IEEE
Trans. on Computers C-29 (1980) 571-577.
[B94] Brown, M. P. Understanding Illuminated Manuscripts:
a Guide to Technical Terms. London: The British Library,
1994.
[KJDPO03] Kiernan, K., J. W. Jaromczyk, A. Dekhtyar, D.
C. Porter, et al. The ARCHway Project: Architecture for
Research in Computing for Humanities through Research,
Teaching, and Learning. To be published in Literary and
Linguistic Computing, 2003.
[0O87] Overmars, Mark H. Efficient data structures for range
searching on a grid, J. Algorithms 9 (1988) 254-275.
[PS85] Preparata, F. P. and M. I. Shamos. Computational
Geometry: an Introduction. New York: Springer-Verlag,
1985.
[RMD93] Renear, A., E. Mylonas, and D. Durand. Refining
our Notion of What Text Really Is: The Problem of Over-
lapping Hierarchies. In Research in Humanities Comput-
ing, eds. N. Ide and S. Hockey. Oxford: Oxford Univeristy
Press, 1993.
[S99] Samet, H.. Multidimensional Data Structures. In Al-
gorithms and Theory of Computation Handbook, ed. M. J.
Atallah. Boca Raton: CRC Press, 1999.
[XML-W3C] Bray, T., J. Paoli, C. M. Sperberg-McQueen,
and E. Maler, eds. Extensible Markup Language (XML)
1.0, W3C Recommendation. http://wuw.w3.org/TR/2000/
REC-xml1-20001006. W3 Consortium, 2000.



Balanced Intervals of T'wo Sets of Points on a line or circle

Atsushi Kaneko® and M. Kano®
aDepartment of Computer Science and Communication Engineering
Kogakuin University, Nishi-Shinjuku, Shinjuku-ku, Tokyo, 163-8677, Japan
b Department of Computer and Information Sciences
Ibaraki University, Hitachi, Ibaraki, 316-8511, Japan

kano@cis.ibaraki.ac.jp

hitp://gorogoro.cis.ibaraki.ac.jp

Abstract

Let n,m, k, h be positive integers such that 1 <n <m, 1 <k <nand 1 < h < m. Then we give a necessary
and sufficient condition for every configuration with n red points and m blue points on a line or circle to have an
interval containing precisely k red points and A blue points.

Key words: balanced interval, interval, two sets of points, line, circle

1. A balanced interval on a line

In this section we shall prove the following the-
orem.
Theorem 1 Let n,m, k,h be integers such that
1<n<m,1<k<nandl < h < m. Then
for any n red points and m blue points on a line
in general position (i.e., no two points lic on the
same position.), there exists an interval that con-
tains precisely k red points and h blue points if and

only if

QkilJ +1)(h—1) <m< (Lk—r_LlJ)(thU,
(1)

where the rightmost term is an infinite number
when k = 1.

We begin with an example of our theorem. Con-
sider a configuration consisting of 10 red points and
20 blue points on a line in general position. Then
by the above theorem, we can easily show that if
k € {1,2,3,5,10}, then such a configuration has
an interval containing exactly k red points and 2k
blue points; otherwise (i.e., k € {4,6,7,8,9}) there
exist a configuration that has no such an interval
(Fig. 1). We call an interval that contains given
number of red points and blue points a balanced
interval.
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(a: O00@0000@00O0 OD

:COO 000e0ee000|0Oe00

(b OOOOOOO0O® QCQQS

: 0000000000 000000

Red points = @
Blue points = O

Fig. 1. (a): An interval containing 3 red points and 6 blue
points; (b): A configuration that has no interval containing
exactly 4 red points and 8 blue points.

Theorem 1 is an easy consequence of the follow-
ing five lemmas.

For a configuration with red and blue points on
a line, we denote by R and B the sets of red points
and blue points, respectively. A configuration X
with n red points and m blue points on the line is
expressed as

{1‘1} U {1'2} u---u {anrm}a

Seville, Spain (2004)



20th European Workshop on Computational Geometry

where each x; denotes a red point or a blue point
ordered from left to right. The configuration X is
also expressed as

R(1)UB(1)U---UR(s)UB(s),

where R(i) and B(i) denote disjoint subsets of R
and B, respectively, and some of them may be
empty sets. For a set Y, we denote by |Y| the car-
dinality of Y.
Lemma 2 If

n

m < Qk—HJ—H)(h—l), 2)

then there exists a configuration with n red points
and m blue points that has no interval containing
exactly k red points and h blue points.

PROOF. Lett = |25]. Thenn < (t+1)(k—1),
and m > t(h + 1) by (4). Hence we can obtain the
following configuration with n red points and m
blue points:

R()UB)U---UR(t +1)UB(t+ 1),

where |R(i)| < k—1forevery 1 <i <¢+1,|R(1)U
- ~UR(t+1)|=mn,|B()|=h+1forevery 1 <i <
t,|Bt+1)|=m—-(h+1)t>0and |B(1)U---U
B(t 4 1)| = m. Then this configuration obviously
has no interval containing exactly k red points and
h blue points since every interval containing k red
points must include B(j) for some 1 < j < ¢.

Lemma 3 If
m> ([kLHJH)(h—n? (3)

then every configuration with n red points and m
blue points on a line has an interval containing ex-
actly k red points and at least h blue points.

PROOF. Lett = |17 Let X beaconfiguration
with n red points and m blue points. Suppose that
X has no desired interval. Namely, we assume that
every interval containing exactly k red points has
at most h — 1 blue points.

Let ri,72,-+ ,7, be the red points of X or-
dered from left to right. For integers 1 < i <
Jj < n, let I(,j) denote an open interval (r;,r;),
and let B(i,j) denote the set of blue points con-
tained in I(4,7). Furthermore, B(—00,%) denotes
the set of blue points contained in the open interval
(—o0,7;), and B(i, c0) is defined analogously. Then

for any integer 1 < s <t—1, I(s(k+1),(s+1)(k+
1)) contains exactly k red points {r; | s(k+1)+1 <
J<(s+1)(k+1)—1)}, and thus |[B(s(k+1), (s +
1)(k 4+ 1))| < h — 1 by our assumption. Similarly,
an open interval (—oo, 7,11) contains exactly k red
points, and thus |B(—o0,k + 1)| < h — 1. More-
over, since n < (t+1)(k+1), I(t(k+1),00) has at
most k red points, and thus B(t(k+1),00) < h—1.
Therefore

|B| < |B(~00,k+1)UB(k+1,2(k+ 1)) U---
UB(t(k + 1), 00)|
<(t+1)(h-1).

This contradicts (3). Consequently the lemma is
proved.

Lemma 4 If2 <k and
n
> R
mf{k_lJ(h—FlL (4)

then there exists a configuration with n red points
and m blue points on a line that has no interval
containing exactly k red points and h blue points.

PROOF. Lett = [25]. Thenn < (t+1)(k—1),
and m > t(h + 1) by (4). Hence we can obtain the
following configuration with n red points and m

blue points:
R(HUB(L)U---UR(t+1)UB(t+1),

where |R(i)] < k—1forevery1 < i <t+1,|R(1)U
--UR(t+1)|=mn,|B(i)| = h+1forevery 1 <i <
t,|Blt+1)=m—(h+1)t>0and |[B(1)U---U
B(t+ 1)| = m. Then this configuration obviously
has no interval containing exactly k red points and
h blue points since every interval containing k red
points must include B(j) for some 1 < j < .

Lemma 5 If2 <k and
n

—— (h+1 5

m< ||+, (5)

then every configuration with n red points and m

blue points on a line has an interval containing ez-
actly k red points and at most h blue points.

PROOF. Let t = |25 ]. Let X be a configura-
tion with n red points and m blue points. Suppose
that X has no desired interval. Namely, we assume
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that every interval containing exactly k£ red points
has at least h + 1 blue points.

Let r1,7r2,- -+ , 7, be the red points of X ordered
from left to right. For integers 1 < i < j < n,
let I[i, 7], denote a closed interval [r;, r;], and let
B'(i,j) denote the set of blue points contained in
I[i, 7].

Then for any integer 0 < s <t —2, Ik + s(k —
1),k + (s +1)(k — 1)] contains exatly k red points
{rilk+sk—1)<j<k+(s+1)(k—1))}, and
thus |B'(k+ s(k — 1),k + (s +1)(k — 1)) > h + 1
by our assumption. Similarly, we have |B’(1, k)| >
h + 1. Therefore

IB|>|B'(1,k) UB'(k,k+ (k—1))U---
UB'(k + (t — 2)(k — 1),k + (t — 1)(k — 1))|
>t(h+1).

This contradicts (5). Consequently the lemma is
proved.

Lemma 6 Consider a configuration with n red
points and m blue points on a line. Suppose that
there exists two intervals I and J such that both I
and J contain exactly k red points respectively, I
contains at most h blue points, and that J contains
at least h blue points. Then there exists an interval
that contains exactly k red points and h blue points.

PROOF. If the sets of red points contained in
and J, respectively, are the same, then the lemma
immediately follows. Thus we may assume that I N
R # JN R, where R denote the set of n red points.
Without loss of generality, we may assume that the
leftmost red point of I lies to the left of J.

We shall show that we can move I to J step by
step in such a way that the number of red points is
a constant & and the number of blue points changes
+1 at each step. We first remove the blue points
left to the leftmost red point of I one by one, and
then add the consecutive blue points lying to the
right of I one by one, and denote the resulting in-
terval by I (Fig. 3). We next simultaneously re-
move the leftmost red point of I; and add the red
point lying to the right of 1, and get an interval I5,
which also contains exactly k red points and whose
blue points are the same as those in I (Fig. 3). By
repeating this procedure, we can get an interval
whose red point set is equal to that of J. There-
fore, we can move I to J in the desired way. Con-
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sequently, we can find the required interval, which
contains exactly k red points and h blue points.

2. A balanced interval on a circle

(a)

(b)

Red points = @
Blue points =O

Fig. 2. (a): An interval containing 4 red points and 8 blue
points; (b): A configuration that has no interval containing
exactly 4 red points and 5 blue points.

In this section, we consider the following theo-
rem, and give its example in Figure reffig:2
Theorem 7 Let n,m,k,h be integers such that
1<n<m,1<k<nandl < h < m. Then
for any n red points and m blue points on a circle
in general position (i.e., no two points lie on the
same position.), there exists an interval that con-
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tains precisely k red points and h blue points if and
only if
n
k+1

where the rightmost term is an infinite number
when k = 1.

Theorem 8 can be proved by showing similar

lemmas as in the case of line. We conclude the
paper by the next conjecture.
Conjecture 8 Let n,m,k, h be integers such that
1<n<m, 1 <k<nandl < h < m. Then
for any n red points and m blue points in the plane
in general position (i.e., no three points lie on the
same.), there exists a wedge that contains precisely
k red points and h blue points if and only if

(h—1)<m<%(h+l), (6)

o
k+2

where the rightmost term is an infinite number
when k = 1.

(h—1)<m<$(h+l), (7)

(b)

Fig. 3. Wedges containing 4 red points and 8 blue points.
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Abstract

We describe a general technique to construct data structures for similarity search in semialgebraic pattern spaces.
These spaces capture most known combinations of geometric patterns (e.g., point sets, polygons, polygonal curves)
and geometric distance measures for them (e.g. Hausdorfl-distance, area of overlap, Fréchet-distance) together
with their quotients under various transformation classes (e.g., translations, rigid motions) and they provide the

first non-trivial exact search structures in these settings.

Key words: Computational geometry, Shape matching, Similarity queries, Data structures

1. Introduction

Similarity search is a much-studied and practi-
cally important type of problem: Given a set D
of n patterns from a suitable class of wvalid geo-
metric patterns (e.qg., polygonal curves), preprocess
them in such a way that we can determine quickly
for a query pattern Q, which of the n preprocessed
patterns is most similar to the query object (this
is called a similarity query). We assume that we
have an appropriate distance measure § (e.g., the
smallest Fréchet distance that can be achieved un-
der translations) to asses the similarity of two pat-
terns.

Satisfactory algorithmic results exist only in the
case that the patterns can be encoded in a Eu-
clidean space, or an Li- or L.-space such that
d is the corresponding metric [9], or in the case
that they can be embedded in such spaces with
a low distortion [7,6]. Then we have available the
very powerful techniques of Voronoi decomposi-
tions. Some algorithms were formulated with ‘van-
tage points’ or similar devices [2,3,5,10], but then
there are no general performance bounds: only un-
der additional assumptions that enforce in some
way that the distance measure is a metric that is

Email address: Christian.Knauer@inf.fu-berlin.de
(Christian Knauer).
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‘similar’ to a Euclidean metric it is possible to ob-
tain nontrivial bound on the performance of these
algorithms [9].

In this paper, we study the case where the size
of the individual patterns is small, compared to n.
To be more precise, we assume that |I| = O(1)
for all T € D. In that case the distances §(Q, I),
can be computed in O(1) time (for reasonable §).
So the query can be answered in O(n) time with-
out additional storage and preprocessing, but up
to now there are no algorithms and data structures
that allow such queries with a nontrivial query
time among preprocessed pattern sets. We de-
scribe a general technique to construct data struc-
tures for similarity queries for many combinations
of geometric patterns (e.g., point sets, polygons,
polygonal curves) and geometric distance measures
(e.g. Hausdorff-distance, area of overlap, Fréchet-
distance) together with their quotients under vari-
ous transformation classes (e.g., translations, rigid
motions). The solution achieves sublinear query
time with quadratic preprocessing time and stor-
age and provides the first non-trivial search struc-
tures in these settings.

A pattern space II = (£,6) of dimension d is
a set of geometric objects 2, where each object
can be described by exactly d real parameters, to-
gether with a distance measure § that maps pairs
of objects to non-negative real numbers. Usually

Seville, Spain (2004)
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we identify Q with R?, the parameter space of II.
The objects in 2 are called patterns. Intuitively,
when §(P, ) is small, we consider the patterns P
and I to be similar. Note that we do not demand
that ¢ has some special properties (like being a
metric, etc.). As an example consider polygonal
chains in the plane with at most r vertices and the
Fréchet-distance as a distance measure. Each such
chain can be encoded by a sequence of at most 2r
real numbers, the coordinates of the vertices of the
chain. If a chain has less than r vertices we can
simply pad this description by repeating the last
vertex; note that this padding does not interfere
with the distance function.

A pattern space I = (R?,§) is called semialge-
braic, if the set Fip := {(P,I,¢) € R? x RY x R |
0(P,I) < €} is semialgebraic, i.e., there is a boolean
formula B in s boolean variables zi,..., 25, and
there are s polynomials g1, ..., gs in (2d + 1) real
variables xp,x;,z. (xp and x; are actually se-
quences of d variables each), such that

S(PI)<e <—
B(z1 < [g1(xp «— Pyx; — I, 2. — €) > 0],

25« [gs(xp — P,y « I,z « €) > 0])

is true

(« denotes variable substitution and [X] is the
truth value of the predicate X).

As an example consider the set of all point sets
in the plane with at most r points each and the di-
rected Hausdorff-distance as a distance measure.
Recall that for compact sets P,I C R? the di-
rected Hausdorff distance from P to I, is defined as
h(P,I) := maxgep mingey ||z — yl|.

This is a pattern space of dimension 2r, since
each pattern P can be encoded by a sequence of at
most 27 real numbers, the coordinates of the points
in P. If P has less than r points we can simply pad
this description by repeating some point; note that
this padding does not interfere with the distance
function. To see that it is actually a semialgebraic
pattern space, note that for two finite point sets P,
I and € > 0 we have that

h(P,I)<e < VYpePIicl:|p—il>?-e<0

= NZiel:|p-i*-€<0
pepP

= A Vlip-il*-¢<o.

peEP el

We will see in Section 3 that the notion of a
semialgebraic pattern space captures most known
combinations of geometric patterns (e.g., point
sets, polygons, polygonal curves) and geometric
distance measures (e.g. Hausdorff-distance, area of
overlap, Fréchet-distance) together with their quo-
tients under various transformation classes.

In this paper, we study the problem of similarity
search among patterns from a semialgebraic pat-
tern space where the size of the individual pat-
terns is small, compared to their number: Given a
data set D that consists of n patterns from a semi-
algebraic pattern space II = (,0) of dimension
d, where d is constant, preprocess D into a data
structure to answer the following kind of similarity
queries: For a query pattern Q € ), determine
- A(Q,D) := minarg;.p 0(Q, 1), the set of pat-

terns in D to which Q) has the smallest possible

distance, and
- A(D,Q) := minarg;cp 0(1,Q), the set of pat-
terns in D that have the smallest possible distance

to Q.

Since d is constant, the distances 6(Q, I), can be
computed in O(1) time (for reasonable ). So these
queries can be answered in O(n+ k) time (where k
is the size of the answer) without additional stor-
age and preprocessing, but up to now there are
no algorithms and data structures that allow such
queries with a nontrivial query time among prepro-
cessed pattern sets.

We will also consider the decision version of
the similarity queries, called e-similarity queries,
where we are given an additional parameter € > 0,
and we want to determine
- A(Q,D,e) :={I € D|d(Q,I) < €}, the set of

patterns in D to which @ has distance at most

€, and
- A(D,Q,e) :={I € D|6(1,Q) < €}, the set of

patterns in D that have distance at most € to Q.

Again the brute-force approach can answer these
queries in O(n + k) time, but there are no data
structures that allow such queries with a nontrivial
query time among preprocessed pattern sets.

2. Similaritiy queries in pattern spaces

In this abstract we only consider the decision
version of the similarity queries. We describe a data
structure that answers A(Q, D, €)-queries (the case
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of A(D,Q,¢)-queries is completely symmetric).
The same techniques apply to similarity queries as
well and yield similar results. Our main result is
the following

Theorem 1 Suppose we are given a set D that
consists of n patterns from a semialgebraic pattern
space I1 of dimension d = O(1). Then we can build
in O(n?) time a data structure of size O(n?) that
answers e-similarity queries in O(n'=1/(24=3) 1 f)
time, where k is the size of the answer.

PROOF. The construction works in two steps.
We first describe a data structure that can be built
in O(n??=2) time (and requires the same amount
of space) and can answer a query in O(logn + k)
time, where k is the size of the answer. Then we
use a simple partitioning approach to yield the de-
sired result (in fact we prove a somewhat stronger
tradeoff that implies the Theorem).

Since IT = (€2, 0) is a semialgebraic pattern space
of dimension d = O(1), there is a boolean formula
B in s = O(1) boolean variables z1,...,zs, and
there are s polynomials g1, ..., gs in (2d + 1) real
variables xp, s, x., such that

0(Q,I) <e —
B(Zl — [gl(mQ HQ,$]<*I,SC€<*E) 20]5

2= [gi(@q — Q,xr — I,z —€) =2 0]).

For j =1,...,sand for all I € D, we compute the
(d + 1)-variate polynomials

gi1(xg,xe) == gj(zg,xr — I,x.).

This is done by substituting I for x; in g; and
therefore takes time O(1). The total time to com-
pute all these polynomials is O(n).

For the g ; we compute a subdivision = of R4*!
with the property that the sign of each g; r remains
constant on each cell of the subdivision. Such a
subdivsion of size O(n??~3) can be computed in
O(n??=3) time, along with a point-location data-
structure £(Z) for the subdivision with O(logn)
query-time, c.f., [8]; the computation also yields for
each cell x € E a point (Qy, €y) € X.

In a next step we process each cell x € = in
turn and compute a set D, C D, which is initially
empty. For all I € D we do the following: First
compute for j = 1,...,s the numbers

Vilx = 95, 1(TQ — Qy, Te — €y).
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Next, we compute the truth-value
Brx =Bz — [n.1x 2 0], 2 — [15,1x 2 0]).

If By, is true, we have that §(Qy,I) < €, and
we add I to Dy. We augment the data-structure
L(Z) by storing the set D,, for each cell x € E. The
total time needed to compute it is O(n2¢=2), and
it needs O(n?¢=2) space.

To answer a query (Q, €) € Q x R, we proceed as
follows: Using L£(E) we locate the cell x € E with
(Q,€e) € x in O(logn) time. Since the sign of the
g;.1's is constant on each cell of =, we have that
0(Qy, I) < €, iff 6(Q,I) < ¢, so we can report D,
as the answer to the query. The total time required
is O(logn + k), where k = |D,| is the size of the
answer.

Now we use a simple partitioning approach to
yield the desired result: We split D into g =
©(n/m) groups Di,...,D, , each of size O(m),
where 1 < m < n is a suitable parameter (see
below). Then we build the aforementioned data-
structure for each D; separately. To answer a query
(Q,e) € Q x R, we query each data-structure
separately and combine the individual answers.
The total time needed to compute all the struc-
tures is O(gm?4=2) = O(nm?4=3) (this is also
the total space requirement), and the query time
is O(glogn) = O((n/m)logn). Setting m =

nt/(24=3) proves the claimed result. O

3. More semialgebraic pattern spaces

In the following we show that the notion of a
semialgebraic pattern space captures many com-
binations of geometric patterns (e.g., point sets,
polygons, polygonal curves) and geometric dis-
tance measures (e.g., Hausdorff-distance, area of
overlap, Fréchet-distance) together with their quo-
tients under various transformation classes (e.g.,
translations, rigid motions).

Since the set accepted by an algebraic decision
tree is semialgebraic we get the following
Lemma 2 Let II be a pattern space. If Fi1 can be
decided by an algorithm in the algebraic decision
tree model, then II is semialgebraic.

It is straightforward to verify that many of the
algorithms for deciding the most prominent dis-
tance measures can be implemented in the alge-
braic decision tree model, c.f., [1]. This shows for
example that polygonal curves on k vertices in R?
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wrt. the Fréchet-distance constitute a semialge-
braic pattern space.

Let I = (R%,§) be a semialgebraic pattern
space, and let t : R4 xR?xRf — R%xR? be a func-
tion. This function induces a new distance mea-
sure and thus a new pattern space II; := (R%,§;)
as follows:

0+(P,I) := min §(¢t(P, I, v)).
veRS
We call é; the quotient of § undert and f the num-
ber of degrees of freedom of t.

As an example consider again the pattern space

of all point sets in the plane with at most r points
each and the directed Hausdorfl-distance h(,) as a
distance measure. The function ¢(P, I,v) := (P +
v, I) has two degrees of freedom and we have that
ht(P,I) = min,cg2 h(P + v, 1) is the smallest di-
rected Hausdorff distance that a translate of P has
to I.
Theorem 3 Ift is rational, then Il is semialge-
braic. In that case a semialgebraic description of
Fn, can effectilvey be computed from such a de-
scription of Fir.

PROOF. First, observe that
Q1) e = FeR!5(HQ Iv)) < e

Since IT = (€2, ) is a semialgebraic pattern space
and t is rational, there is a boolean formula B
in s boolean variables z1,..., 25, and there are s
polynomials ¢g1,...,¢gs in (2d + 1) real variables
xp, Ty, T, such that

(@, 1) <e —
FuB(z1 — [1(t(xg — Q,x1 «— [, 2, «— V),
Te < 6) Z O]a

Zs — [gé(t(wQ — Qawf — Ia w'u — ’U))
xe —€) > 0]

(z, is a sequence of f new variables).

In general g;(¢(), ) is not a polynomial. However,
since ¢ is rational, the conditions ’g;(t(),) > 0’ can
be rewritten as equivalent polynomial inequalities.
This shows that Fy, is a Tarski-set, and therefore
semialgebraic. Using standard quantifier elimina-
tion techniques [4], a semialgebraic description of
Fm, can effectilvey be computed. O

If the dimension d of II is O(1) (relative to n =
|D]), then the dimension d’ of II; is also O(1) (un-

fortunately, in general, d’ is doubly exponential in
d) and a semialgebraic description of Fy, can be
computed in O(1) time.

This shows for example that polygonal curves on
k vertices in R? wrt. the smallest Fréchet-distance
that can be attained under rigid motions constitute
a semialgebraic pattern space of dimension O(1) if
k,d=0(1).
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