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—— Abstract

We are given a set S of points in the Euclidean plane. We assume that S is in general position.

A simple polygon P is a surrounding polygon of S if each vertex of P is a point in S and every
point in S is either inside P or a vertex of P. In this paper, we present an enumeration algorithm
of the surrounding polygons for a given point set. Our algorithm is based on reverse search by
Avis and Fukuda and enumerates all the surrounding polygons in polynomial delay.

1 Introduction

Enumeration problems are fundamental and important in computer science. Enumerating
geometric objects are studied for triangulations [2, 3, 9], non-crossing spanning trees [9],
pseudoline arrangements [20], non-crossing matchings [19], unfoldings of Platonic solids [8],
and so on. In this paper, we focus on an enumeration problem of simple polygons of a given
point set. We are given a set S of n points in the Euclidean plane. A surrounding polygon
of S is a simple polygon P such that each vertex of P is a point in S and every point in S
is either inside the polygon or a vertex of the polygon. A surrounding polygon P of S is a
simple polygonization' of S if every point of S is a vertex of P. See Figure 1 for examples.

Simple polygonizations are studied from various perspectives. As for the counting, the
current fastest algorithm was given by Marx and Miltzou [10], and it runs in nOV™ time when
a set of n points is given. It is still an outstanding open problem to propose a polynomial-time
algorithm that counts the number of simple polygonizations of a given point set [12]. Much
attention has been paid for combinatorial counting, too. A history on the lower and upper
bounds is summarized by Demaine [4] and O’Rourke et al. [14]. Let bp be the number of
simple polygonizations of a point set P, and let b,, be the maximum of bp among all the sets
P of n points. The current best lower and upper bounds for b, are 4.64™ [5] and 54.55™ [15],
respectively.

Another research topic is a random generation of simple polygonizations. Since no
polynomial-time counting algorithm is known for simple polygonizations, it seems to be a
hard task to propose a polynomial-time algorithm that uniformly generates simple polygoniza-
tions. However, uniformly random generations are known for restricted classes: x-monotone
polygons [21] and star-shaped polygons [16]. These uniform random generations are based

! The simple polygonizations are also called spanning cycles, Hamiltonian polygons, and planar traveling
salesman tours.
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Figure 1 (a) A point set S. (b) A surrounding polygon of S. (c) A simple polygonization of S.

on counting. For general simple polygonizations, heuristic algorithms are known [1, 17, 21].
Those algorithms efficiently generate simple polygons, but not uniformly at random.

On the other hand, nothing is known for the problem of enumerating all the simple
polygonizations, as mentioned in [18]. A trivial enumeration is to generate all the permutations
of given points, then output only simple polygonizations. However, this is clearly a time-
consuming algorithm. It is an interesting and challenging question whether all the simple
polygonizations of a given point set can be enumerated efficiently (for example, in output-
polynomial time? or in polynomial delay?).

As the first step toward the question, we consider the problem of enumerating the
surrounding polygons of a given point set S. From the definition, the set of surrounding
polygons of S includes the set of simple polygonizations of S. We show that, for this
enumeration problem, the reverse search by Avis and Fukuda [2] can be applied. First, we
introduce an “embedding” operation: deleting a vertex from a surrounding polygons and
putting it inside the polygon. Then, using this operation, we define a rooted tree structure
among the set of surrounding polygons of S. We show that, by traversing the tree, one
can enumerate all the surrounding polygons. The proposed algorithm enumerates them in
polynomial delay.

Due to space limitation, all the proofs and some details are omitted.

2 Preliminaries

A simple polygon is a closed region of the plane enclosed by a simple cycle of edges. Here, a
simple cycle means that two adjacent line segments intersect only at their common endpoint
and no two non-adjacent line segments intersect. An ear of a simple polygon P is a triangle
such that one of its edges is a diagonal of P and the remaining two edges are edges of P.
The following theorem for ears is known.

» Theorem 2.1 ([11]). Ewvery simple polygon with n > 4 vertices has at least two non-
overlapping ears.

Let S be a set of n points in the Fuclidean plane. We assume that S is in general
position, i.e., no three points are collinear. The upper-left point of S is the point with the
minimum z-coordinate. If a tie exists, we choose the point with the maximum y-coordinate
among them. A surrounding polygon of S is a simple polygon such that every point in S is
either inside the polygon or a vertex of the polygon. For example, the convex hull of S is a

2 The running time of an enumeration algorithm A for an enumeration problem is output-polynomial if
the total running time of A is bounded by a polynomial in the input and output size of the problem.
The running time of an enumeration algorithm A for an enumeration problem is polynomial-delay if
the delay, which is the maximum computation time between any two output, of A is bounded by a
polynomial in the input size of the problem.
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Figure 2 (a) A surrounding polygon, where ps, p7, p11, P14, P15, P16, and p17 are embeddable. (b)
The surrounding polygon obtained by embedding pis. The point pis is embedded inside the polygon.
(c) The parent of the polygon in (a), which is obtained by embedding pi7.

surrounding polygon of S. Note that any surrounding polygon has the upper-left point in S
as a vertex.

We denote by P(S) the set of surrounding polygons of S, and denote by CH(S) the convex
hull of S. We denote a surrounding polygon of S by a (cyclic) sequence of the vertices in the
surrounding polygon. Let P = (p1,pa,...,px) be a surrounding polygon of S. Throughout
this paper, we assume that p; is the upper-left point in S, the vertices on P appear in
counterclockwise order, and the successor of py is p1. Let p be a vertex of a surrounding
polygon P of S. We denote by pred(p) and succ(p) the predecessor and successor of p on P,
respectively.

3 Family tree

Let S be a set of n points in the Euclidean plane, and let P(S) be the set of surrounding
polygons of S. In this section, we define a tree structure over P(S) such that its nodes
correspond to the surrounding polygons. To define a tree structure, we first define the parent
of a surrounding polygon using the “embedding operation” defined below. Then, using the
parent-child relationship, we define the tree structure rooted at CH(.S).

Now, we introduce some notations. Let P = (py,ps,...,pr) be a surrounding polygon
of S. Recall that p; is the upper-left vertex on P and the vertices on P are arranged in
the counterclockwise order. We denote by p; < p; if ¢ < j holds, and we say that p; is
larger than p;. The vertex p of P is embeddable if the triangle consisting of pred(p), p, and
succ(p) does not intersect the interior of P. See examples in Figure 2(a). In the figure,

D6, P7, P11, P14, P15, P16, and p17 are embeddable.

» Lemma 3.1. Let S be a set of points, and let P be a surrounding polygon in P(S)\{CH(S)}.
Then, P has at least one embeddable verter.

Now, let us define an operation that makes another surrounding polygon from a surround-
ing polygon. Let p be an embeddable vertex on P. An embedding operation is to remove the
two edges (pred(p),p) and (p,succ(p)) and insert the edge (pred(p),succ(p)). Intuitively, an
embedding operation “embeds” a vertex into the interior of P. See Figure 2.

We denote by larg(P) the largest embeddable vertex on P. The parent of P, denoted
by par(P), is the polygon obtained by embedding larg(P) on P. Note that par(P) is also a
surrounding polygon of S. By repeatedly finding the parents from P, we obtain a sequence
of surrounding polygons. The parent sequence PS(P) = (Py, Ps, ..., P;) of P is a sequence of
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Figure 4 An example of a family tree.

surrounding polygons such that the first polygon is P itself and P; is the parent of P;_; for
each i =2,3,...,¢. See Figure 3. As we can see in the following lemma, the last polygon in
a parent sequence is always CH(P).

» Lemma 3.2. Let S be a set of n points in the Fuclidean plane, and let P be a surrounding
polygon in P(S) \ {CH(S)}. The last polygon of PS(P) is CH(S).

From Lemma 3.2, for any surrounding polygon, the last polygon of its parent sequence is
the convex hull. By merging the parent sequences for all surrounding polygons in P(S), we
have the tree structure rooted at CH(S). We call such a tree the family tree. An example of
the family tree is shown in Figure 4.

4 Enumeration algorithm

In this section, we present an algorithm that, for a given set S of n points, enumerates all
the surrounding polygons in P(S). In the previous section, we defined the family tree among
P(S). We know that the root of the family tree is the convex hull of S. Hence, we have the
following enumeration algorithm. We first construct the convex hull of S. Then, we traverse
the (implicitly defined) family tree with depth first search. This algorithm can enumerate
all the surrounding polygons in P(S). To perform the search, we design an algorithm that
finds all the children of any surrounding polygon of S. Starting from the root, we apply the
child-enumeration algorithm recursively, and then we can traverse the family tree.
To describe how to construct children, we introduce some notations. Let P = (p1,pa,. .., k)

be a surrounding polygon in P(S). For an edge (p;,p;+1) of P and a point p inside P, we
denote by P(p;, pi+1;p) the polygon obtained by removing (p;, p;+1) and inserting two edges
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(pi,p) and (p,pi+1). Intuitively, this operation is the reverse one of embedding operation.
We call it a dig operation. Any child of P is described as P(p;, pi+1;p) for some p, p;, and
pi+1. Hence, for all possible P(p;, p;11;p), if we can check whether or not P(p;, p;y1;p) is a
child, then one can enumerate all the children. We have the following observation.

» Lemma 4.1. Let P be a surrounding polygon of a set of points. For an edge (p;,pi+1) of
P and a point p inside P, P(p;,pi+1;D) 8 a child of P if

(1) P(p:,pi+1;p) is a surrounding polygon of S and

(2) par(P(p:,pi+1;p)) = P holds.

Note that the condition (2) in Lemma 4.1 can be rephrased as follows: p is the largest
embeddable vertex in P(p;,pi+1;p). Using the conditions in Lemma 4.1, we obtain the
child-enumeration algorithm. For every possible P(p;,pit1;p), we check whether or not
P(pi, pi+1;p) is a child of P. We apply the algorithm recursively starting from the convex hull.
Thus, we can traverse the family tree. In this way, one can enumerate all the surrounding
polygons. In each recursive call, there are O(n?) child candidates P(p;,pi+1;p). We can
check whether or not P(p;, p;+1;p) is a child in O(log n) time using triangular range query [6]
with O(n?)-time preprocessing and O(n?) additional space for an input point set and shortest
path query [7] with O(n)-time preprocessing for each surrounding polygon. Thus, each
recursive call takes O(n?logn) time. Now we have the following theorem.

» Theorem 4.2. Let S be a set of n points in the Fuclidean plane. One can enumerate all
the surrounding polygons in P(S) in O(n?logn |P(S)|)-time and O(n?) space.

From the theorem above, one can see that our algorithm is output-polynomial. Using
the even-odd traversal in [13], we have a polynomial-delay enumeration algorithm. In the
traversal, the algorithm outputs polygons with even depth when we go down the family tree
and output polygons with odd depth when we go up. See [13] for further details. We have
the following corollary.

» Corollary 4.3. Let S be a set of n points in the Euclidean plane. There is an O(n?logn)-
delay and O(n?)-space algorithm that enumerates all the surrounding polygons in P(S).
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—— Abstract

Given a simple polygon, two points in its interior are said to be hidden to each other if the straight
line segment connecting them intersects the exterior of the polygon. We study the Mazimum
Hidden Vertex Set problem, where given a simple polygon, we are required to find a subset of
vertices of maximum cardinality such that every pair of them are hidden to each other. This
problem is known to be NP-hard, and in fact also APX-hard. In this paper we present a O(n?)
time algorithm to compute a 1/4-approximation to the maximum hidden vertex set of a simple
polygon. Although exact algorithms are known for some special classes of polygons (such as
polygons that are weakly visible from a convex edge), to the best of our knowledge this is the
first deterministic polynomial-time algorithm to compute a constant-factor approximation to the
optimal solution for general simple polygons without holes.

Lines 170

1 Introduction

Visibility problems are some of the most prominent and intensively studied problems in
Computational Geometry. Since the classic Art Gallery Problem was proposed in 1973 by
Victor Klee, many extensions have been studied [11, 15, 9], and combinatorial as well as
computational results have been applied to practical problems that can commonly be found
in computer generated graphics [4], computer vision [6], and robotics [10].

A well known class of visibility problems are those related to hiding. Given a simple
polygon, we say that two points in its interior are visible to each other if the line segment
connecting the points does not intersect the exterior of the polygon. Conversely, the points
are said to be hidden to each other if they are not mutually visible. In this paper we study
the so called Maximum Hidden Vertex Set (MHVS) problem, where given a simple polygon

Preliminary results were obtained during the working and interacting sessions of the Intensive Research
Program in Discrete, Combinatorial and Computational Geometry. We thank the Centre de Recerca
Matematica, Universitat Auténoma de Barcelona, for hosting this event and the organizers for providing
us with the platform to meet and collaborate. We also thank Jayson Lynch from Massachusetts Institute
of Technology and Bodhayan Roy from Masaryk University for useful discussions.

T Partially supported by the European Union’s Horizon 2020 research and innovation programme under
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P, we want to find a subset of vertices of maximum cardinality such that every pair of them
are hidden to each other.

The MHVS problem, which can also be looked upon as the problem of computing a
maximum independent set in the vertex visibility graph of P, is known to be NP-hard [13].
It is in fact not even easy to find an approximate solution. It was shown to be APX-hard
by Eidenbenz [5] even in polygons with no holes. Nevertheless, an exact solution can be
computed in polynomial time for special classes of simple polygons. A maximum hidden
vertex set can be computed in O(n?) time in a polygon weakly visible from a convex edge [7]
(we describe weakly visible polygons in Section 2), and in O(ne) time in the class of so called
convex fans, where e is the number of edges of their vertex visibility graph [8]. Heuristic-based
algorithms have also been explored which seem to work well in practice, as evidenced by
experimental results showing that they provide solutions that are usually quite close to the
exact solution for input polygons without holes [1]. Recently, there has also been a study on
gender-aware facility location problems [12], which are closely related to the MHVS problem.

In this paper, we describe a deterministic O(n?) time algorithm to compute a 1/4-
approximation to the maximum hidden vertex set of an n-sided simple polygon with no holes.
As far as we are aware, this is the first deterministic algorithm to compute a constant-factor
approximation to the optimal solution of the MHVS problem for general simple polygons.

2 Preliminaries

Hereafter, let P be a simple polygon with no holes. For the sake of simplicity, we assume
that no three vertices of P are collinear. Given a point z inside P, we denote with VP(z)
the visibility polygon of . The boundary of VP(z) is a closed polygonal chain formed
by polygonal edges and non-polygonal edges called constructed edges. A constructed edge
connects a reflex vertex v with a point u lying on an edge of P (see Figure 1la), where the
points z, v, and u are collinear.

Let x and y be two points inside P that are visible to each other. A point inside P is said
to be weakly visible from the line segment Ty, if it is visible from at least one point of Ty.
The set of points inside P that are weakly visible from Ty is called the weak visibility polygon
of Ty. We denote this polygon with VP(Zy). Like the visibility polygon of a point, the
boundary of VP(7y) is a closed polygonal chain formed by polygonal edges and constructed
edges. If the boundary of VP(Zy) contains no constructed edges, then VP(zy) = P and the
polygon is said to be weakly visible from Ty (see Figure 1b).

Let OP denote the boundary of P. Given two points a,b € 9P, let bd(a,b) denote the
clockwise boundary of P from a to b, so we have 0P = bd(a, a) = bd(a,b) U bd(b, a). Consider
a point z inside P and a constructed edge vu of VP (x), where v is a vertex and w is a point on
an edge of P. The segment vu divides P into two subpolygons: one bounded by bd(v,u) U vu
and the second one bounded by bd(u,v) U Ta. Out of these two, the subpolygon that does
not contain x is called a pocket of VP (x). We denote this pocket with P(v,u). If x is not
contained in the polygon bounded by bd(v,u) U 7w, then v is called a left constructed edge
and P(v,u) is called a left pocket. Otherwise, v is called a right constructed edge and P(v, u)
is called a right pocket. The constructed edges and left and right pockets of a weak visibility
polygon are defined in a similar way. Examples of these definitions are shown in Figure 1. In
particular, in Figure la the segment 7 is a left constructed edge and P(v,u) is a left pocket
of VP(x). On the other hand, in Figure 1b the segment v is a right constructed edge and
P(v,u) is a right pocket of VP(Ty).
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ss (a) The visibility polygon of z. ss (b) The weak visibility polygon of Zg.

Figure 1 A simple polygon along with (a) the visibility polygon of a point, and (b) the weak
visibility polygon of a line segment, both in gray. The constructed edges of the visibility polygons
are shown in dashed lines, the left pockets in yellow, and the right pockets in red. The polygon is
weakly visible from the thick edge.

» Lemma 2.1 (Lemma 2 from Bértschi et al. [2]). Let tyu; and Taus be two left constructed
edges (or similarly, two right constructed edges) of VP (Ty), where v1 and vy are reflex vertices
of P. Possibly excluding v and vy, the vertices of P inside the left (or right) pocket P(v1,u1)
are hidden from the vertices of P inside the left (or right) pocket P(va,uz).

3 The polygon partition

Our algorithm is based on a link-distance-based partition from Bhattacharya et al. [3] (which
is itself adapted from the partitioning method used by Suri [14]) that decomposes the polygon
P into a set of disjoint visibility windows. We next outline how this partition is constructed
and describe properties that are relevant to our algorithm.

Given two points = and y inside P, the link distance from x to y is the minimum number of
line segments required in a polygonal chain inside P to connect x to y. The visibility window
decomposition is a hierarchical partition of P into visibility polygons, where polygons on the
same level contain points at the same link distance from a given vertex p. The first level
of the hierarchy is formed by the set V7 = {VP(p)} that contains the points of P at link
distance one from p. Let T1ug, ..., T, be the constructed edges of VP(p) in clockwise order
around p, where v; is a vertex and w; is a point lying on an edge of P. The region P\ VP(p)
consists of ¢ disjoint polygons we denote with Py, ..., P.. Let Vo; = VP(T;14;) N P; be the
weak visibility polygon of T;u; inside P;. The second level of the hierarchy is formed by
the set Vo = {Va1,...,Va} of disjoint weak visibility polygons. The remaining levels are
formed by the sets V3, V}, ... obtained by repeating the previous process until we have a
set Vg of disjoint weak visibility polygons with no constructed edges. We thus have that
P=ViU---UVg=VP(p)UVo1UVaoU---UVy1UVz2U---. The set V; is formed by the
disjoint regions containing the points at link distance ¢ from p, and d is the maximum link
distance from p to any point inside P (see Figure 2).

» Lemma 3.1. The following statements hold true for the visibility window partition of P:

i) The vertices of P lying in any subpolygon belonging to V; are hidden from the vertices of
P lying in any subpolygon belonging to V;, unless |j —i| < 1.

it) Let wv be a constructed edge of the weak visibility polygon V; ;. Then, the constructed
edge v is actually a convexr edge with respect to every subpolygon Vi1 ; = VP(uv) U P;.
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I Figure 2 The partition of a simple polygon into weak visibility subpolygons, where each subpoly-
gon consists of points at the same link distance from the vertex p.

Proof. The lemma follows directly from the construction of the partition. For details, please
refer to the proof of Lemma 2 from Bhattacharya et al. [3]. )

‘4 The algorithm

We now describe an O(n?) time 1/4-approximation algorithm for the Maximum Hidden
Vertex Set problem in simple polygons. The overall strategy of our algorithm is to decompose
P into regions as we described in Section 3, and classify the regions of the partition into four
disjoint sets such that vertices of regions belonging to different sets are hidden to each other.
We then compute the (exact) maximum hidden set of every region using the algorithm from
Ghosh et al. [7], and keep the hidden set with more guards in the same group. Hereafter, we
denote by n the number of vertices of P.

1. Partition the polygon P using link distance
Create the decomposition of P based on the link-distance from an arbitrary vertex that
we described in Section 3. This partition can be created in O(n) time [3].

2. Classify visibility windows
As P is a simple polygon without any holes, the dual graph of the partition is a tree.
Each node of this tree represents a visibility polygon of the partition, and the children of
a node are the regions inside the pockets formed by constructed edges belonging to their
parent’s visibility polygon. Using this tree, we separate the nodes into four disjoint sets
in the following manner. First we separate the nodes into two sets: those appearing at
odd levels in the tree, and those appearing at even levels in the tree. Then, we further
separate the nodes in each of the above sets into two subsets: those created due to a left
constructed edge, and those created due to a right constructed edge. At the end of this
separation process, we obtain four disjoint subsets, which are as follows:
= Ry, containing regions at odd levels in the tree created by a left constructed edge
= Ry, containing regions at odd levels in the tree created by a right constructed edge
= Rs3, containing regions at even levels in the tree created by a left constructed edge
= Ry, containing regions at even levels in the tree created by a right constructed edge
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Observe that the vertices of P inside different regions of the same set are hidden from
each other (see Figure 3), either because they belong to non-consecutive levels of the tree
(see Lemma 3.1), or because both of them belong to the same level in the tree and are
both created by a left (or right) constructed edge (see Lemma 2.1). Also note that the
separation process can be completed in O(n) time.

\ ® R
I O R,
i DR?,

Figure 3 The separation of the regions into four independent sets.

Compute an approximate maximum hidden vertex set

Observe that each region of the partition is a polygon which is weakly visible from the
constructed edge (of its parent’s visibility polygon) that created it. So, within each region,
we can compute the (exact) maximum hidden set of vertices using the algorithm by
Ghosh et al. [7], which computes the maximum hidden set of a weak visibility polygon
with n vertices in O(n?) time.

Since the vertices of P inside two regions belonging to the same set (from among
R1, Ro, Rs, R4) are hidden from each other, the union of the maximum hidden sets of the
regions in a particular set is a valid hidden set for P. Thus, we can compute four valid
hidden sets Sy, S, S3, Sy, that correspond to the sets Ry, Ra, R3, R4 respectively, in O(n?)
time. Out of these four valid hidden vertex sets of P, we choose as our approximation of
the maximum hidden set the one containing the most number of vertices.

Let S°P* denote an exact maximum hidden vertex set of P. Also, let S ?t C 8°P denote

the subset of vertices that lie within the weak visibility subpolygon V; ; in the partitioning
of P. If we denote the exact maximum hidden set computed for each subpolygon V; ; by

then observe that [S; ;| > |S9‘;-t|. Therefore, we have:

[S1] + IS2] + [S5] + 1Sl = Y _ 157512 D 1875 ] = |Sopt
4,J 4,J
Si| +|S2] +|S3] +|S So
ma (151, 1921, 5], |3 > P2 LTI 1o
Therefore, by choosing from among Si, ..., Ss the set containing the maximum number

of vertices, we obtain a i—approximation of Spax. Note that Step 3 is the most expensive
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step of the algorithm described above, so the algorithm runs in O(n?) time. This leads us to
our main result, which we summarize below.

» Theorem 4.1. Given a simple polygon P with n vertices, there exists a %—appm:rimation
algorithm for computing the mazimum hidden vertex set in P, which runs in O(n?) time.

5 Concluding remarks

We present a O(n?) time algorithm to compute a 1/4-approximation to the maximum hidden
vertex set of a simple polygon with n vertices and no holes. To the best of our knowledge,
this is the first constant-factor approximation algorithm for general simple polygons without
holes. Observe that our current algorithm cannot be applied when the input polygon P
has holes, since then the dual graph of the visibility window partitioning of P is no longer
guaranteed to be a tree. However, we are currently investigating possible improvements to
our algorithm which could make it work even for input polygons containing holes. Another
future research direction is to explore variants of the problem involving restricted-orientation
models of visibility, such as rectangular, periscope, or O-visibility.
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—— Abstract

In the application of polygon decomposition for the dissection of tissue samples certain constraints
on the size and convexity of the subpolygons are given. We present a decomposition method in
which different feasibility criteria can be included. Our method is based on a discrete skeleton of
the given polygon and can be modified for different optimization problems.

1 Introduction

Polygon decomposition is a common method in algorithmic geometry. Depending on the
application different constraints for the shape of the subpolygons are used, for example in
triangulations or convex decompositions. We present a skeleton-based decomposition method
where cuts are restricted by the skeleton points and various constraints for size or shape can
be incorporated. Our work is motivated by a problem that arises in histopathology when
dissecting disease-specific subregions from tissue samples using the so-called laser capture
microdissection (LCM) [3]. The extraction with LCM is not successful unless the regions
fulfill certain conditions based on their size and shape. Hence we develop a method to
decompose the regions of interest into smaller parts which all satisfy the given constraints.

1.1 Problem Statement and Solution

Let P be a simple polygon without holes. We want to find a feasible decomposition Z
of P given some feasibility criteria, where a decomposition Z is feasible if every polygon
in Z is feasible. Our method is based on the medial axis or skeleton of P and allows only
specific cuts. Because discrete data in form of digital images is given and a discrete output
is expected we use discrete skeletons, that is skeletons consisting of a finite set of points resp.
pixels. This leads naturally to a finite number of possible cuts we have to consider. Let S be
the skeleton of P consisting of n skeleton points. If the degree of the skeleton points does
not exceed three, a feasible decomposition of P based on S can be computed in time O(n*),
where k is the number of skeleton points with degree one. This holds also for the minimum
number problem and the minimum edge length problem that is minimizing the number of
subpolygons in the decomposition or the total length of inserted cuts.

Here we will disregard the actual computation of the feasibility and assume that the
feasibility of a subpolygon can be tested efficiently. In our research we consider criteria such
as size or (approximate) convexity. In both cases we can compute those values for all adjacent
cuts beforehand in time O(m) for m being the number of boundary points of the input
polygon. Given the information for adjacent cuts we can iteratively generate all information
needed during the execution of our algorithm in constant time. For other feasibility criteria
this may not be the case, in which case this would need to be included in the overall runtime.
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Figure 1 Decomposition in a histopathological tissue sample given as a classified image (left).
This decomposition was generated using the algorithm from [7] using area for feasibility.

1.2 Basic Definitions

Let D C R? be a connected bounded domain. The medial azis or skeleton S(D) of the set
D is the locus of centers of maximal disks in D. A mazimal disk B in D is a closed disk
contained in D such that every other disk containing B is not contained in D. Let s be the
center of a maximal disk B(s), s is called a skeleton point. We define the contact set of s as
C(s) = B(s)NID. A connected component of C(s) is called a contact component of s and
the elements of C(s) are called contact points. The degree of a skeleton point is defined as the
number of its contact components. A skeleton S is given as a graph consisting of connected
arcs S, which are called skeleton branches. Skeleton branches meet at skeleton points of
degree three or higher. We call these points branching points.

| -
b1

D3
=

Figure 2 A skeleton point s with its maximal disk B(s) and contact points p1,p2,ps € C(s).

In our application we consider digital images where we interpret a given object as a
polygon by defining each boundary pixel as a corner vertex. We skeletonize the polygon
resulting in a simplified discrete skeleton using the method from [2]. The discrete skeleton
consists of pixels but fulfills some of the basic properties of the medial axis such that contact
components are given. In the skeleton-based decomposition of a polygon P the cuts are
restricted to line segments connecting a skeleton point to a contact point. The cuts induce
subpolygons between two or more consecutive skeleton points. Px(i,7) denotes a polygon
generated by two skeleton points ¢, 7 on the same skeleton branch Sy as shown in Figure 3.

Since a branching point belongs to more than one branch and has at least three contact
points those two points corresponding to the considered branch are chosen, see Figure 4 (a).
Notice that a polygon generated by more than two skeleton points can always be represented
as a union of subpolygons generated by two skeleton points. See Figure 4 (b) for an example.
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Py (i, j)

Figure 3 Polygon Pj(i,7) generated by two skeleton points 7, j on the same branch Sk.
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(a) In blue: Pk(b, Z) (b) In blue: P, (b, ’il) U Pg(b, ig) U P3(b, i3).

Figure 4 Subpolygons at a branching point (left) and generated by three skeleton points (right).

1.3 Related Results from the Literature

Skeletons are used in many applications such as object recognition, medical image analysis
and shape decomposition [6]. Leonard et al. [4] use the medial axis for the decomposition of
2D objects to determine a parts hierarchy. Simmons and Séquin [9] compute a hierarchical
decomposition of an object using the related axial shape graph. T&nase and Veltkamp [10]
use the straight line skeleton to compute decompositions of polygonal shapes into possibly
overlapping parts. There are several methods which use a one-dimensional curve skeleton of
3D shapes. Reniers and Telea [5] use the curve skeleton for the segmentation of 3D shapes
into meaningful components. Serino et al. [8] propose a method for decomposing a 3D object
by using a polygonal approximation of the curve skeleton.

2 Decomposition algorithms

For a polygon P without holes the skeleton S is given as an acyclic graph. We represent S
as a tree T'. For this we pick an arbitrary branching point as root r. All other vertices are
labeled vy, and correspond to a skeleton branch S;. We define C(v) as the set of children
of a vertex v. This tree gives us a chronological order of how to work our way through the
skeleton. The skeleton points on each branch Sy are labeled from top to bottom — according

to the chosen tree representation 7" — starting with 1 at the top. See Figure 5 for an example.

Before we describe our general decomposition method we consider a special case — which
is discussed by Selbach in [7] — where we decompose the polygon by considering each branch
of the skeleton on its own. In this case we only have to deal with linear skeletons.

EuroCG’'19



3:4 Skeleton-based decomposition of simple polygons
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Figure 5 A representation of a skeleton with two branching points as a tree.

2.1 Decomposition based on linear skeletons

Given a polygon Py belonging to a skeleton branch Sy with a linear skeleton of size ny, i.e.
Pr = Pi(1,ng). A feasible decomposition can be found by dynamic programming, using an
array X}, such that Xy (7) equals True if there exists a feasible decomposition of Py (7, ng).

Xi(i) =
Q False else.

{True if 3j: i< j<ny st Py(i,j) is feasible and X (j) = True.
We can adjust the formula of X (i) easily to solve different optimization problems. By
defining X} (4) as min;<j<n, Xx(j) + 1 resp. 7(i), where Py (4, ) is feasible, we can solve the
minimum number problem resp. the minimum edge length problem.

This results in an O(n?) time algorithm [7] for computing a feasible decomposition of
a polygon with a linear skeleton. Note that for certain combinations of (simple) feasibility
criteria and optimization goals decomposing polygons with linear skeletons is closely related
to segmentation and can be done more efficiently, see for example [1].

2.2 General decomposition

In the following we restrict ourselves to skeletons where the degree of the skeleton points does
not exceed three. If there are m branching points, there will be m + 2 end points, namely
skeleton points of degree one. We now consider decompositions consisting of subpolygons
which can be generated by more than two skeleton points. As stated above those polygons
can be represented as a union of subpolygons that are generated by two skeleton points.
Notice that the largest number of skeleton points generating a polygon is equal to the number
of leaf vertices in the skeleton tree.

The decomposition problem can be solved using a bottom-up approach in the skeleton tree.
We will present the method for the minimum number problem, but as before our method can
be modified for other optimization problems. The general idea is that we compute for each
skeleton point the size of a minimal feasible decomposition of the subpolygon up to this point.
For this, we compute entries X (i) for all ¢ € Sy for every vertex v, working our way up the
tree T. Here X} (¢) is the number of polygons in the minimal feasible decomposition of the
polygon Py (i) corresponding to skeleton point ¢ on branch Sy, see Figure 6. We eventually
compute the value X, for the root vertex, which is defined as the number of polygons in the
minimal feasible decomposition of the entire polygon.
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P3(Tl3

Figure 6 Different subpolygons according to the tree representation given in Figure 5.

For computing the entry Xy (i) observe that a minimal feasible decomposition of Py ()
consists of a feasible subpolygon P ending at ¢ and minimal feasible decompositions of
the connected components of Py (i)\P. Hence to compute X (i) we search over all possible
combinations of cuts, i.e. skeleton points, in the corresponding subpolygon Py (4) that together
with i generate a feasible polygon P, and return the minimal size at these.

To do this we use a function Q[s, I, a, P], which searches through the subtree rooted at s.

The parameter I is a set of vertices which corresponds to the currently considered skeleton
branches, on which we are searching for cuts — starting at index s. In P the generated
polygon is stored and updated as the search continues. The parameter a is the size of minimal
decomposition where cuts have already been chosen. Hence initially, P is empty, a =0, s = ¢
and I = {vy} for a skeleton point ¢ on branch Sj. Now for every vertex vy, € I we have two
choices: Either we cut on the branch S and check the possible cuts on the other branches
in I\ {vx}. Or we continue the search in the subtree of v by including the children C(vy)
into the set of considered branches — in this case the generated polygon contains the whole
subpolygon Py (s,ny). For the computation of Q[s,I,a, P] we choose an arbitrary vertex
v € I for the first iteration. The function is then defined as follows:

{ _min Q[LI\{Uk}aa+Xk(j)aPUPk(S7j)]a (1&)
Q[s,I,a, P] = min { 7235
Q[l, (I \ {Uk}) U C(Uk)7a7 Pk(sank)] (1b)
a+1 if P is feasible.
QlL.0,a, P] = {oo else.

We define X (7)) = Q[¢, {vx},0,0] and X, = Q[1,C(r),0,0]. Notice that when s =1 we
search over all j € Si. This is the case in every iteration except for the initial one.
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» Example 2.1 (Two branching points). In case of two branching points we have three
different cases of computation to consider, see Figure 7 for an illustration.

1. Leaf vertex: For computation of the entries of Xy for k = 1,2,4,5 the equation for Xy (i)
equals the formula for the linear skeleton.

2. Inner vertex: A feasible decomposition of the polygon up to the skeleton point ¢ on the
branch S3 contains a polygon generated by either ¢ and some j > ¢ on branch S3 or 4
and two points (i1,i2) € S1 x S3. Where the first case is calculated by (1a) as for linear
skeletons and the second is calculated by (1b) as follows:

Q[17{U1702}707P3(i5n3)]
= lﬂgg Q[1, {v2}, X1(i1), P3(i,n3) U Py(1,141)]
= ( 1’)%1? v Q[l, @,Xl(il) =+ Xg(ig), Pg(i, n3) U P1(17i1) U PQ(I,ZQ)}

= ( l)Tllgl S {Xl(ll) + XQ(iQ) +1 | P3(i7n3) @] Pl(l,il) @] Pg(l,ig) is feasible}
i1,i2)€S1 XS2

3. Root vertex: For the root we compute:

min Q[1,{vg,vs}, X3(i3), P3(1,1
X, = QL. {us, 0405}, 0,0] = min { e O L0010 oL B
Q[l,{’U],’UQ,U4,U5}70,P3(1,n3)]

This results in a calculation of the minimum feasible decomposition size over (i3, i4,1%5) €
S3 x Sy x S5 for the first case and (i1, 42,13,44) € S1 X So X Sy X S5 for the second.

» Theorem 2.2. Let P be a polygon with skeleton S. Let S consist of n skeleton points with
degree less or equal 3. A feasible decomposition of P based on S can be computed in time
O(nF), where k is the number of leaves in the skeleton tree (or skeleton points with degree 1).

Proof. We argue the runtime by assigning weights to the skeleton tree. The weight of a
vertex v is g(v) = [Su| + [[,ec(y) 9(w), Which is the maximal number of skeleton points
considered in the computation of one X, (7). The first part of this sum corresponds to (1a)
and the second part to (1b). The computation of X, (¢) for all ¢ € S, takes |.S,|-g(v) time. Let
L(v) be the number of leaves in the subtree with root v. We can show that g(v) = O(nt ™).
The overall runtime is asymptotically dominated by the computation of X, which takes time

15,1 g(r) = g(r) = O(n"")) = O(n"). (2)

Sketch of correctness: As we compute Xy (i): A feasible decomposition of the considered
subpolygon up to skeleton point ¢ consists of a feasible polygon P generated by the skeleton
point 7 and feasible decompositions of the remaining polygon (or polygons). The polygon P
is either generated by another skeleton point on the branch Sy — as computed by (1a) — or
by some other skeleton points in the subtree of v, — as computed recursively by (1b). <
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Q[1,{v1,v2,v4,v5},0, P3(1,n3)]

Figure 7 Decomposition of a polygon with two branching points. The non-dashed polygon is the
currently considered subpolygon and the polygon generated in a certain iteration is shown in blue.
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3 Conclusion

We presented a method to find an optimal feasible decomposition of a simple polygon based
on a discrete skeleton, which allows to include different feasibility criteria. The algorithm
will be further implemented and analysed in the application. In practice we do not expect
the runtime to be O(n*) — as we may stop the iteration if P is no longer feasible. Also we
use a pruned skeleton which means that have some control over the factor k — for the tissue
sample in Figure 1 it was k < 10. We are currently working on an algorithm for higher
degrees. Also we are looking into the similarities to tree resp. graph decomposition/partition
problems. And there is the question if our methods can be adjusted for polygons with holes.

—— References

1 Sander P. A. Alewijnse, Kevin Buchin, Maike Buchin, Andrea Kolzsch, Helmut Kruck-
enberg, and Michel A. Westenberg. A framework for trajectory segmentation by stable
criteria. In Proceedings of the 22nd ACM SIGSPATIAL International Conference on Ad-
vances in Geographic Information Systems, Dallas/Fort Worth, TX, USA, November /-7,
2014, pages 351-360, 2014.

2 Xiang Bai, Longin Jan Latecki, and Wen-Yu Liu. Skeleton pruning by contour partition-

ing with discrete curve evolution. IEEE transactions on pattern analysis and machine
intelligence, 29(3), 2007.

3 Frederik Groflerueschkamp, Thilo Bracht, Hanna C Diehl, Claus Kuepper, Maike Ahrens,
Angela Kallenbach-Thieltges, Axel Mosig, Martin Eisenacher, Katrin Marcus, Thomas
Behrens, et al. Spatial and molecular resolution of diffuse malignant mesothelioma hetero-
geneity by integrating label-free ftir imaging, laser capture microdissection and proteomics.
Scientific reports, 7:44829, 2017.

4 Kathryn Leonard, Geraldine Morin, Stefanie Hahmann, and Axel Carlier. A 2d shape
structure for decomposition and part similarity. In Pattern Recognition (ICPR), 2016 23rd
International Conference on, pages 3216-3221. IEEE, 2016.

5 Dennie Reniers and Alexandru Telea. Skeleton-based hierarchical shape segmentation. In
Shape Modeling and Applications, 2007. SMI’07. IEEFE International Conference on, pages
179-188. IEEE, 2007.

6 Punam K Saha, Gunilla Borgefors, and Gabriella Sanniti di Baja. A survey on skeletoniza-
tion algorithms and their applications. Pattern Recognition Letters, 76:3-12, 2016.

7 Leonie Selbach. Algorithmen zur Zerlegung von einfachen Polygonen unter Nebenbedin-
gungen. Master’s thesis, Ruhr-Universitdt Bochum, 2018.

8 Luca Serino, Carlo Arcelli, and Gabriella Sanniti di Baja. Decomposing 3d objects in simple
parts characterized by rectilinear spines. International Journal of Pattern Recognition and
Artificial Intelligence, 28(07):1460010, 2014.

9 Maryann Simmons and Carlo H Séquin. 2d shape decomposition and the automatic genera-
tion of hierarchical representations. International Journal of Shape Modeling, 4(01n02):63—~
78, 1998.

10 Mirela Ténase and Remco C Veltkamp. Polygon decomposition based on the straight line
skeleton. In Geometry, Morphology, and Computational Imaging, pages 247-268. Springer,
2003.



Recognizing Visibility Graphs of Polygons with
Holes

Hossein Boomari!, Mojtaba Ostovari2, and Alireza Zarei3

1 Mathematical Science Faculty, Sharif University of Technology
h.boomaril@student.sharif.ir

2 Mathematical Science Faculty, Sharif University of Technology
mojtaba.ostovari@alum.sharif.ir

3 Mathematical Science Faculty, Sharif University of Technology
zarei@sharif.ir

—— Abstract

The visibility graph of a polygon corresponds to its internal diagonals and boundary edges. For
each vertex on the boundary of the polygon, we have a vertex in this graph and if two vertices
of the polygon see each other there is an edge between their corresponding vertices in the graph.
Two vertices of a polygon see each other if and only if their connecting line segment completely
lies inside the polygon, and they are externally visible if and only if this line segment completely
lies outside the polygon. Recognizing visibility graphs is the problem of deciding whether there
is a simple polygon whose visibility graph is isomorphic to a given input graph. This problem
is well-known and well-studied, but yet widely open in geometric graphs and computational
geometry.

Existential Theory of the Reals is the complexity class of problems that can be reduced to the
problem of deciding whether there exists a solution to a quantifier-free formula F'(X;, Xs, ..., X,,),
involving equalities and inequalities of real polynomials with real variables. The complete prob-
lems for this complexity class are called IR-Complete.

In this paper, we show that recognizing visibility graphs of polygons with holes is AR-C'omplete.

1 Introduction

The visibility graph of a simple planar polygon is a graph in which there is a vertex for
each vertex of the polygon and for each pair of visible vertices of the polygon there is an
edge between their corresponding vertices in this graph. Two points in a simple polygon
are visible from each other if and only if their connecting segment completely lies inside the
polygon. In this definition, each pair of adjacent vertices on the boundary of the polygon
are assumed to be visible from each other. This implies that we always have a Hamiltonian
cycle in a visibility graph which determines the order of vertices on the boundary of the
corresponding polygon. A polygon with holes has some non-intersecting holes inside the
boundary of the polygon. In these polygons the area inside a hole is considered as the outside
area and internal and external visibility graphs of such polygons are defined in the same way
as defined for simple polygons. In the visibility graph of a polygon with holes, we have the
sequence of vertices corresponding to the boundary of each hole, as well.

Computing the visibility graph of a given simple polygon has many applications in
computer graphics [19], computational geometry [11] and robotics [2]. There are several
efficient polynomial time algorithms for this problem [11].

This concept has been studied in reverse as well: Is there any simple polygon whose
visibility graph is isomorphic to a given graph, and, if there is such a polygon, is there any
way to reconstruct it(finding positions for its vertices in the plane)? The former problem is
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known as recognizing visibility graphs and the latter one is known as reconstructing a polygon
from a visibility graph. The computational complexity of these problems are widely open.
The only known result about the computational complexity of these problems are that they
belong to PSPACE [7] complexity class. More precisely, they belong to the class of Existential
theory of the reals [15]. This means that it is not even known whether these problems are in
NP or can be solved in polynomial time. Even, if we are given the Hamiltonian cycle of the
visibility graph which determines the order of vertices on the boundary of the target polygon,
the exact complexity classes of these problems are still unknown.

However, these problems have been solved efficiently for special cases of tower and
spiral polygons. The recognizing and reconstruction problems have been solved for tower
polygons [6] and spiral polygons [8] in linear time in terms of the size of the graph.

Although there is some progress on recognizing and reconstruction problems, there have
been plenty of studies on characterizing visibility graphs. In 1988, Ghosh introduced three
necessary conditions for visibility graphs and conjectured their sufficiency [9]. In 1990,
Everett proposed a graph that rejects Ghosh’s conjecture [7]. She also refined Ghosh’s third
necessary condition to a new stronger one [10]. In 1992, Abello et al. built a graph satisfying
Ghosh’s conditions and the stronger version of the third condition which was not the visibility
graph of any simple polygon [1], disproving the sufficiency of these conditions. In 1997,
Ghosh added his forth necessary condition and conjectured that this condition along with
his first two conditions and the stronger version of the third condition are sufficient for a
graph to be a visibility graph. Finally, in 2005 Streinu proposed a counter example for this
conjecture [18].

Existential theory of the reals (3R) is a complexity class that was implicitly introduced in
1989 [3], introduced by Shor in 1991 [17] and explicitly defined by Schaefer in 2009[16]. It is the
complexity class of problems which can be reduced to the problem of deciding, whether there
is a solution for a Boolean formula ¢ : {True, False}™ — {True, False} in propositional
logic, in the form ¢(Fy (X7, Xo, ..., Xn), Fo(X1, Xo, ..o, XN), oo, Fn (X1, Xo, ..., XN)), where
each F; : RN — {True, False} consists of a polynomial function G; : RY — R on some real
variables, compared to 0 with one of the comparison operators in {<, <,=,>, >} (for example
Gi(X1,X2) = X$X2 — X1 X3 and F;(X1, X2) = Gi(X1, Xs) < 0). Clearly, satisfiability of
quantifier free Boolean formulas belong to dR. Therefore, IR includes all NP problems. In
addition, IR belongs to PSPACE [5] and we have NP C 9R C PSPACE. Many other
decision problems, especially geometric problems, belong to R and some are complete for
this complexity class. Recognizing LineArrangement (Stretchability), simple order type,
intersection graphs of segments, recognizing visibility graphs of a point set, and intersection
graphs of unit disks in the plane are some problems which are complete for dR or simply
IR-Complete [5]. The computational complexity of these problems was open for years and
after proving IR-Completeness, the study of the IR class and IR-Complete problems gets
more attention in computational geometry literature. We discuss the problem, Recognizing
LineArrangement (Stretchability), in more details in this paper in Section 2.

In this paper, we show that recognizing a visibility graph of polygon with holes is
JR-Complete. In this problem we assume that the sequence of vertices corresponding to the
boundary of the polygon and its holes, is given as input’

! While (in Dec-2017) we submitted this result to SOCG2018 and later submitted it to arXiv in Apr-
2018[4], in an independent work by Hoffmann and Merckx[13] in Jan-2018 they used another technique
to prove the dR-Completeness of recognizing the visibility graphs of polygon with holes. First, they
proved the IR-Completeness of recognizing the AllowableSequences and then reduced this problem to
recognizing the visibility graphs of polygon with holes.
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2 Preliminaries and Definitions

2.1 Line arrangement and stretchability

Considering a set of lines in the plane, the problem of describing their arrangement is
called LineArrangement. This is an important and fundamental problem in combinatorics
and a well-studied problem in computational geometry. This description for a set of lines
l1,1s,...,1, consists of their vertical order with respect to a vertical line to the left of all their
intersections, and for each line /;, the order of lines that are intersected by I; when we traverse
l; from left to right (we assume that none of the input lines [; is vertical). Recognizing
whether there can be a set of lines in the plane with the given LineArrangement, is called
Recognizing LineArrangement or simply LineArrangement problem. When the lines are in
general position (all pairs of lines intersect and no 3 lines intersect at the same point) the
problem is called SimpleLineArrangement. It has been proved that SimpleLineArrangement
is IR-Complete [5, 14].

A pseudo-line is a monotone curve with respect to the X axis. Assuming that no pair of
pseudo-lines intersect each other more than once, we can describe an instance of recognizing
PseudoLineArrangement problem in the same way as we did for LineArrangement. However,
Recognizing PseudoLineArrangement belongs to the P complexity class and it can be decided
with a Turing machine in polynomial time [12]. A pseudo code implementation and the
details of this algorithm has been given in [4] and depicted in Figure 1.

I P.
A \ ly — P N
l
A o
zl: - o ls \ 0
I \\

L

)
(d)

- I
b ——\ \—\ b
I3 \—\ l3 \
e
5 (© i

Figure 1 The reconstruction algorithm for PseodoLineArrangement.

Trivially, if an instance of the LineArrangement problem is realizable, it has a Pseudo-
LineArrangement realization as well. On the other hand, if an instance of the PseudoLin-
eArrangement problem has a realization in which all segments of each pseudo-line lie on the
same line, the input instance has also a LineArrangement realization as well.

Therefore, we can describe the LineArrangement problem as follows:
Is it possible to stretch a PseudoLineArrangement of a given line arragement description
such that each pseudo-line lies on a single line?

This problem is known as Stretchability. As stated before, pseudo-line arragement belongs
to the P complexity class and can be recognized and reconstructed efficiently. Therefore,
JR-Completeness of LineArrangement implies that Stretchability is FIR-Complete.

EuroCG’'19



4:4 Recognizing Visibility Graphs of Polygons with Holes

2.2 \Visibility graph of a polygon with holes

A polygon with holes is a simple polygon that has a set of non-colliding areas (simple polygons)
inside it. The internal areas of the holes belong to the outside area of the polygon. In these
polygons, two vertices are visible from each other if their connecting segment completely lies
inside the polygon. The visibility graph of a polygon with holes is a graph whose vertices
correspond to the vertices of the polygon and the holes, and in this graph there is an edge
between two vertices if and only if their corresponding vertices in the polygon are visible
from each other (see Fig. 2). In this paper, we assume that along with the visibility graph,
we have the cycles that correspond to the order of vertices on the boundary of the polygon
and the holes. The cycle that corresponds to the external boundary of the polygon is called
the external cycle(see Fig. 2).

Figure 2 A polygon with one hole (a), and its visibility graph (b).

3 Complexity of Recognizing Visibility Graphs of Polygons with Holes

In this section, we show that recognizing a visibility graph of polygon with holes is
dR-C'omplete. This is done by reducing an instance of the stretchability problem to an
instance of this problem.

In Section 2.1 we showed that we can describe the line arragement problem as an instance
of stretchability of pseudo-lines in which each pseudo-line is composed of a chain of segments
and the break-points of these chains(except the first and the last endpoints of the chains)
correspond to the intersection points of the pseudo-lines. We build a visibility graph G, an
external cycle P, and a set of boundary cycles H from an instance of such a stretchability
problem, and prove that the pseudo-line arragement is stretchable in the plane if and only if
there exists a polygon with holes whose visibility graph is G, its external cycle is P and the
set of boundary cycles of its holes is H.

Assume that (£, S) is an instance of the stretchability problem where, as described in [4],
L ={(ly,ls,...,1,) is the sequence of the pseudo-lines and S = (57, 59, ..., S;,) is the sequence
of the intersections of these pseudo-lines in which S; = (l4(;,1),....a(i,n—1)) is the order of lines
intersected by I;. Let denote by (G, P,H) the corresponding instance of the visibility graph

.....

realization in which G is the visibility graph, P is the external cycle of the outer boundary of
the polygon and H = {Hy, Ha, ..., Hy} is the set of boundary cycles of its holes. To build
this instance, consider an example of such an (£,S) instance shown in Fig. 3-a. This figure
shows a pseudo-line realization obtained from the pseudo-line reconstruction algorithm for
an instance of four pseudo-lines. If this instance is stretchable, like the one shown in Fig. 3-b,
we can build a polygon with holes like the one shown in Fig. 3-c. The outer boundary of this
polygon and the boundary of its holes lie along a set of convex curves connecting the endpoints
of each stretched pseudo-line. Precisely, for each stretched pseudo-line I;, as in Fig. 3-b, there
is a pair of convex chains on both of its sides which connect its endpoints. These pair of
convex chains are sufficiently close to their corresponding stretched pseudo-lines, and their
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break-points are the intersection points of these chains(like point o in Fig. 3-¢). This pair of
convex chains, for each pseudo-line [;, makes a convex polygon which is called its channel
and is denoted by Ch(l;). The outer boundary of the target polygon and the boundary of its
holes are obtained by removing those segments of the chains that lie inside another channel
(see Fig. 3-c). Note that, we do not have the stretched realization of (£,S) instance of the
stretachability problem. But, from the pseudo-line realization, we can determine G, P and
H of the corresponding instance (G, P,H) in polynomial time. As shown in Fig. 3-d, P and
‘H are obtained by imaginary drawing a channel for each pseudo-line /;. Finally, the vertex
set of graph G is the set of all break-points of these convex chains, and, two vertices are
connected by an edge if and only if they belong to the boundary of the same channel. The
following theorem shows the relationship between (£,S) and (G, P, H) problem instances.
The detailed proof of the theorem is given in [4].

(a) )

Figure 3 A polygon with holes which is constructed from an instance of the PseudoLineArrange-
ment problem.

» Lemma 1. An instance (L,S) of the stretchability problem is realizable if and only if its
corresponding (G, P, H) instance of the visibility graph is realizable.

It is easy to show that recognizing a visibility graph of a polygon with holes belongs to
dR. It can be done by constructing a set of boolean formulas on a set of functions F; : R — R
on the set of vertices (a pair of two real numbers) of the polygon with hole, that verifies
the visibility constrains in it. While the stretchability problem is FR-Complete and our
reduction is polynomial, Theorem 1 implies the IR-Hardness of recognizing visibility graph
of polygon with holes. Therefore, we have the following theorem.

» Theorem 2. Recognizing visibility graph of polygon with holes is AR-Complete.

4 Conclusion

In this paper, we showed that the visibility graph recognition problem is AR-Complete for
polygons with holes.

EuroCG’'19
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—— Abstract

Consider a contaminated polygon P with the goal of decontaminating P by sweeping it with

barrier curves, where the contaminant spreads instantly along all paths not blocked by a barrier.
The maximum length of curves in a sweep needed to decontaminate P is defined as its sweepwidth.
This problem was introduced Karaivanov et. al (2014) [8] who also proved that computing the
sweepwidth of even simple, orthogonal polygons is NP-hard. Therefore, we propose a polynomial
time O(logn)-approximation algorithm for the sweepwidth of n-vertex polygons with holes. We
accomplish this by rasterizing the polygon into a grid which allows a reduction to the well known
node search problem on graphs. In order to obtain a polynomially sized rasterization, we first
apply a compression technique to the polygon.

1 Introduction

Karaivanov et al. [8] introduced the problem of decontaminating an initially contaminated
planar region by sweeping it with moving barriers in the form of curves while the contaminant
instantly spreads along any path that is not blocked by a barrier. It can be seen as an
extension of the node search problem introduced by Kirousis and Papadimitriou [9] where a
graph has to be decontaminated with as few searchers (or pebbles) as possible. Next, we will
formally define these problems.

Sweepwidth [8]. Let P be a closed n-vertex polygon with holes and no intersecting edges.
P C R? shall also denote the set of points on the polygon including its boundary. Every point
of P is either contaminated or decontaminated. We sweep P using a set of moving barriers
b: [0,1] — 2%, where the barriers at any time ¢ € [0, 1] consist of the points b(t). All points
in b(t) become decontaminated. Initially, all points of P (except b(0)) are contaminated.
A decontaminated point g becomes recontaminated at time t if there exists a path from a
contaminated point p to ¢ not intersecting b(t). We say b decontaminates P if all points in
P are decontaminated at time 1 (see [8] for a more formal definition). We restrict barriers
to piecewise continuously differentiable barrier curves with a finite number of pieces and
barriers. This allows us to describe a sweep by a function b: [0,1]> — P such that b(s,t) is
piecewise continuous in both curve parameter s and time ¢, and for any ¢, b(-,t), is piecewise
continuously differentiable. The function s — b(s,t) describes the barriers at time t. We
measure the total length of barriers at time ¢ as the sum of the arc lengths of all pieces of
b(-,t). The bottleneck length of b is defined as the supremum over time of the sum of the
lengths of barriers in b(-,t). An exemplary sweep is depicted in Fig. 1. We refer to the
minimum bottleneck length of all decontamination sweeps of P as sweepwidth of P, denoted
sw(P). Karaivanov et al. show that each decontamination sweep can be transformed into
a canonical sweep without increasing its bottleneck length, i.e., a sweep where all barriers
consist of one or two straight line segments connecting two points on the boundary of P.
35th European Workshop on Computational Geometry, Utrecht, The Netherlands, March 18-20, 2019.
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 /

Figure 1 Incomplete sweep of a polygon with holes. The contaminated area is depicted as light
gray, barriers as dark lines.

Node search [9]. Let G = (V, F) be an undirected graph. All edges e € E are initially
considered contaminated. To decontaminate G, we can place and remove searchers on
nodes. We refer to this sequence of moves as node-search strategy. Nodes with a searcher are
considered guarded. An edge e = (v,w) € E is decontaminated if v and w are guarded. e is
recontaminated if there exists a path W of unguarded nodes from u or v to a node incident
to a contaminated edge. Let the node-search number of G, ns(G), be the minimum number
of searchers needed to decontaminate all edges of G.

Related Work. For the polygon decontamination problem defined above, Karaivanov et al.
[8] construct optimal sweeps for rather simple classes of polygons and prove that computing
sweepwidth is NP-hard for simple, orthogonal polygons. To the best of our knowledge, no
approximation algorithms for the sweepwidth of general polygons are known. That problem
is generalized by Markov et al. [12] to the directed sweepwidth where barriers must start and
end on predefined parts of the boundary. They also give a rather involved lower bound for
the sweepwidth based on the sweepwidth of three non-intersecting subshapes. Various other
search problems for polygons have been analyzed in literature, including observing the entire
polygon (art gallery problem) [13], or agents having to catch [10] or spot [1] an intruder.
Another related problem is sweeping terrains with aerial vehicles [3]. If restricted to a single
curve and simple polygons, sweepwidth is equivalent to the elastic ring-width [14], solved in
time O(n? logn) [6]. Hence, ring-width constitutes an upper bound on sweepwidth. However,
that bound can be arbitrarily bad, e.g., for an arbitrarily narrow T-shaped polygon.

Regarding different search problems on graphs, we refer the reader to the survey [4].

Our Contribution. We develop a polynomial time O(logn)-approximation algorithm for
the sweepwidth of n-vertex polygons with holes. We do this by rasterizing the polygon as a
grid graph and computing its node-search number. It will follow that O(1)-approximation of
sweepwidth is at most as hard as O(1)-approximation of the node-search number.

2 Algorithm

We will construct a sweep of P with a bottleneck length of O(logn - sw(P)) by rasterizing P
using hexagonal cells (each cell is a closed set). Their adjacency graph Gp is an induced sub-
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graph of the infinite triangular lattice graph !. First, we will argue sw(P) = O(ns(Gp)) (using
an appropriate scale). Afterwards, we describe a compression technique to construct a polygon
P’ with sw(P) = ©(sw(P’)) and polynomially sized Gp:. We can compute an O(logn)-
approximation of ns(Gp/) in polynomial time, also yielding an O(logn)-approximation of
sw(P).

2.1 Rasterization

Cell size. Let Rp be the diameter of the largest inscribed circle in P. We define the size
of cells, i.e., the length of edges in the lattice, as rp := Rp/n. As sw(P) > Rp [8], we can
guard O(n) cells throughout the entire sweep using curves of length O(sw(P)). To compute
Rp, we construct the Voronoi diagram of the edges of P in time O(nlogn) with Fortune’s
algorithm [5]. One of the Voronoi nodes must be the center of the largest inscribed circle.

Cell categories. We can now describe the rasterization process. There are different types
of cells that will need to be treated differently by the algorithm. To that end, we introduce
categories for cells intersecting P. Each cell not completely outside P belongs to exactly one
of the following categories:

(a) Blocked cell: cell that either contains a vertex of P, or is completely inside P and is
adjacent to two cells on opposing sides that are both intersected by at least one edge
(dark gray in Fig. 2).

(b) Full cell: cell fully inside P that is not a blocked cell (white).

(¢) Empty cell: any other cell (light gray).

All cells between the outermost blocked cells belonging to the same edge pair that do not

contain a vertex shall be redefined as empty cells (see striped cells in Fig. 3).

If m cells intersect P, then we can easily compute the categories in time polynomial in

m. Let Gp be the graph induced by full cells. We will argue that there are O(n) blocked

cells and that placing barriers around them separates cells belonging to different connected

components of Gp.

» Lemma 1. There are O(n) blocked cells.

» Theorem 2. [t holds that sw(P) = ©(ns(Gp) - rp).

Proof sketch. In order to prove sw(P) = O(ns(Gp) - rp), we construct a sweep by first
placing barriers at a distance of two around all blocked cells and decontaminate the inside
of these barriers. One can show that this separates cells belonging to different connected
components of Gp. Hence, we can decontaminate the resulting regions of P separately.
Regions without full cells can easily be decontaminated with a curve of length O(rp). For
each component of G p, consider an optimal node-search strategy. Whenever a searcher is on
a node of Gp, we place barriers at a distance of 2 around the corresponding cell. This can
be shown to decontaminate regions of full cells including adjacent empty cells.

Gp has a connected component C such that ns(Gp) = ns(C) = Q(n), as separate
connected components can be decontaminated one after another. ns(C) = Q(n) follows from
the fact that it takes Q(n) searchers to decontaminate an 2(n) x Q(n) parallelogram of cells,
which is contained in the largest inscribed circle. Let Po C P be the polygon of cells in C'. It
is straightforward to prove sw(Pc) = ©(ns(Pc) - rp). sw(P) = Q(ns(Gp) - rp) follows. <«

1 We use hexagonal cells since then Gp is planar, which would not be the case for square cells due to
diagonal adjacencies.

EuroCG’'19
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' Figure 2 Polygon rasterized into a hexagonal grid. Blocked cells are depicted dark gray, empty
cells light gray, and full cells white.

I Figure 3 Cells between outermost blocked cells of an edge pair are redefined as empty (marked
with dots).

Since G p is planar, we can compute an O(1)-approximation of its treewidth tw(Gp) in time
O(mlog* m) [7] if Gp has m nodes. Asns(Gp) = Q(tw(Gp)) and ns(Gp) = O(tw(Gp)logm)
[2], we have an O(logm)-approximation for ns(Gp).

2.2 Polygon Compression

G p may still contain arbitrarily many cells if P contains long, narrow sections. Thus, we
will compress intervals along the z- and y-axes such that the resulting polygon P’ can be
rasterized using a polynomial number of cells. In the following, we will describe how to
compress an interval along the z-axis where P has no vertices. We only consider maximal
such intervals with a length greater than (n + 6)Rp and compress them down to that length,
thereby bounding the distance between vertices. Compressed intervals will not overlap.

Let I’ := [z(, z}] C R, 2} — 2 > (n 4+ 6)Rp be maximal such that no vertices of P have
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Figure 4 Blocked cells between two polygon edges.

their z-coordinate inside I’. That interval will look like the top of Fig. 5, i.e., there are k
pairs of subsegments of edges, bordering part of the polygon. For each pair, we compute
their minimum distances dy, . .., d; which are bounded by Rp and the distance of the two
points of the intersection of the edge with the line x = ¢ or x = 1. Then, we cut out
I := [z, 21] := [x( + 2Rp, 2} — 2Rp], and replace that part as illustrated at the bottom
of Fig. 5. More specifically, each pair of edges is replaced by a rectilinear path of width
d; from left to right, beginning with the lowest edge. The opening between the edges is
constricted to d; on both sides. For each pair of edges i, let y; (y}) be the y-coordinate of the
intersection of the lower edge with the left (right) boundary of I. W.l.o.g., we may assume
y; < y;. We then replace the lower edge by a path constructed as follows. Begin in (z¢, y;)
and move right until either reaching x; (see d; in Fig. 5) or an edge of pair i — 1 (see d3).
We can clearly move right until at least ;1 — Z;;ll d; > x1 —n - Rp. Then we move straight
up to y; and continue to (z1,y;). Since 1 —zp > (n + 2) - Rp, we move a distance of at
least Rp right before moving up. The upper edge is replaced analogously such that that the
distance between parallel segments is d;. There will be an interval I” with a size of at least
x1 —xo — (n+1)- R, > Rp inside I where all edges are parallel to the z-axis. We compress
I" to a length of Rp. We obtain a polygon P’ in polynomial time by performing the above
steps on P both in z- and y-direction.

» Lemma 3. P’ has O(n*) vertices and intersects a polynomial number of cells of size
rpr = O(Rp/n4)

Consequently, the size of Gp: is polynomial in n. What remains to show is that the
compression steps did not change sweepwidth by much.

» Lemma 4. Let P be the result of compressing P along one axis. Then sw(P) = O(sw(P)).

Proof sketch. Given a canonical decontamination sweep of P, we construct a decontamina-
tion sweep b of P which does not maintain barriers inside each interval I:= [xo—Rp,z1+Rp],
where xg,z; are defined as above. Instead, b only uses barriers inside I for sweeping the
region between edge pairs and subsequently places barriers just outside I to block off that
region if necessary. We can show that this construction increases bottleneck length by at
most a constant factor. Next, we construct a sweep b of P from b, where b and b have the
same barriers outside compressed regions and sweep corresponding compressed regions at

the same time. This allows us to show sw(P) = O(sw(P)). sw(P) = O(sw(P)) follows
analogously. <

The above lemmas directly imply the final theorem.
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>(n+6)-RP
T
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2Rp <(n+2)-Rp 2Rp

Figure 5 Illustration of polygon compression. di,dz,ds are the minimum distance between their
respective lines. The area inside P is depicted gray.

» Theorem 5. There exists a polynomial time O(logn)-approximation algorithm for com-
puting sw(P).

The exact computation of ns(Gp) is in NP [11], which implies the following corollary.
» Corollary 6. O(1)-approzimation of the sweepwidth of is in N'P.

» Remark. If P is simple, it can be shown that sw(P) = O(Rplogn), which immediately
gives an O(log n)-approximation.
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3

Conclusion

We constructed a polynomial time approximation algorithm for the relatively novel problem

of computing a polygon’s sweepwidth. Our proofs imply explicit constructions of sweeps.

However, the runtime can be considered prohibitively bad. Improving approximation factors

and runtime, potentially also for simple polygons, might therefore be interesting future work.
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—— Abstract

We study a variant of the median problem for a collection of point sets in high dimensions. This

generalizes the geometric median as well as the (probabilistic) smallest enclosing ball (pSEB)
problems. Our main objective and motivation is to improve the previously best algorithm for
the pSEB problem by reducing its exponential dependence on the dimension to linear. This is
achieved via a novel combination of sampling techniques for clustering problems in metric spaces
with the framework of stochastic subgradient descent. As a result, the algorithm becomes appli-
cable to shape fitting problems in Hilbert spaces of unbounded dimension via kernel functions.
We present an exemplary application by extending the support vector data description (SVDD)
shape fitting method to the probabilistic case. This is done by simulating the pSEB algorithm
implicitly in the feature space induced by the kernel function.

1 Introduction

The (probabilistic) smallest enclosing ball (pSEB) problem in R? is to find a center that
minimizes the (expected) maximum distance to the input points (see Definition 3.1). It
occurs often as a building block for complex data analysis and machine learning tasks like
estimating the support of high dimensional distributions, outlier detection, novelty detection,
classification and robot gathering [5, 15, 16, 18]. Tt is thus very important to develop efficient
algorithms for the base problem. This involves reducing the number of points but also keeping
the dependence on the dimension as low as possible. We study both objectives and focus on
a small dependence on the dimension. This is motivated as follows. Kernel methods are a
common technique in machine learning. These methods implicitly project the d-dimensional
input data into much larger dimension D where simple linear classifiers or spherical data
fitting methods can be applied to obtain a non-linear separation or non-convex shapes in the
original d-dimensional space. The efficiency of kernel methods is usually not harmed since
inner products and thus distances in the D-dimensional space can be evaluated in O(d) time.

In some cases, however, a proper approximation relying on sampling and discretizing the
ambient solution space may require a polynomial or even exponential dependence on D. The
algorithm of Munteanu et al. [11] is the only fully polynomial time approximation scheme
(FPTAS) and the fastest algorithm to date for the pSEB problem in fixed dimension. However,
it suffers from the stated problems. In particular, the number of realizations sampled by
their algorithm had a linear dependence on D stemming from a ball-cover decomposition
of the solution space. The actual algorithm made a brute force evaluation (on the sample)

* The full version of this paper will appear at SoCG 2019. This work was supported by the German
Science Foundation (DFG) Collaborative Research Center SFB 876 "Providing Information by Resource-
Constrained Analysis", projects A2 and C4.
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of all centers in a grid of exponential size in D. This is prohibitive in the setting of kernel
methods since the implicit feature space may have infinite dimension. Even if it is possible
to exploit the up to n-dimensional subspace spanned by n points in infinite dimensions, we
would still have D = n > d leading to exponential time algorithms. To make the pSEB
algorithm viable in the context of kernel methods and generally in high dimensions, it is
desirable to reduce the dependence on the dimension to a small polynomial occurring only in
evaluations of inner products and distances of low dimensional vectors.

Related work: The study of probabilistic clustering problems was initiated by Cormode
and McGregor [7]. They developed approximation algorithms for the probabilistic settings
of k-means, k-median as well as k-center clustering. Munteanu et al. [11] gave the first
fully polynomial time (1 + €)-approximation scheme (FPTAS) for the pSEB problem, in
fixed dimensions, in time O(nd/e®™M) + 1/e9®). We reduce its exponential dependence
on d to linear, using sampling techniques. The stochastic subgradient descent from convex
optimization [6, 12] is a quite popular and often only implicitly used technique in the core-
set literature [2, 4, 10]. Indyk and Thorup [8, 17] showed that a uniform sample of size
O(logn/e?) is sufficient to approximate the discrete metric 1-median within a factor of (1+¢).
We adapt these ideas to find a (1 + €)-approximation to the best center in our setting.

Kernel functions simulate an inner product space in large or even unbounded dimensions
but can be evaluated via simple low dimensional vector operations in the original dimension
of input points [14]. This enables simple spherical shape fitting via a smallest enclosing ball
algorithm in the high dimensional feature space, which implicitly defines a more complex
and even non-convex shape in the original space. The smallest enclosing ball problem in
kernel spaces is well-known as the support vector data description (SVDD) problem [16, 18].

1.1 Contributions and outline

We extend the geometric median in Euclidean space to the more general problem of finding
a center ¢ € R? that minimizes the sum of maximum distances to sets of points in a given
collection of N point sets. We show how to solve this problem via estimation and sampling
techniques combined with a stochastic subgradient descent algorithm, see Theorem 2.2.

The elements in the collection are sets of n points in RZ. In [11] they were summarized
via strong coresets of size 1/£9(4)
the techniques of [1] we show that no reduction below min{n, exp(d'/?)} is possible unless
sacrificing an additional approximation factor of roughly /2, see Theorem 2.3. However, it is
possible to achieve roughly a (v/2 4 €)-approximation in streaming via the blurred-ball-cover
[1] of size O(1/€3 -log1/e), and in an off-line setting via weak coresets [2, 3] of size O(1/e).

. This is not an option in high dimensions. Reviewing

We show in Theorem 3.2 how Theorem 2.2 improves the previously best FPTAS for
the pSEB problem from O(dn/e® log1/e + 1/e9) to O(dn/e* log®1/¢). In particular the
dependence on the dimension d is reduced from exponential to linear and more precisely
occurs only in distance evaluations between points in d-dimensional Euclidean space, but not
in the number of sampled points nor in the number of candidate centers to evaluate.

This enables working in very high D-dimensional Hilbert spaces whose inner products and
distances are given implicitly via positive semidefinite kernel functions. These functions can
be evaluated in O(d) time although D is large or even unbounded. We extend the well-known
SVDD method to the probabilistic case, see Theorem 3.3.
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1.2 General notation

We denote the set of positive integers up to n € N by [n] = {1,...,n}. For any convex
function f: R — R we denote by df(z) = {g € RY | Vy € R?: f(z) — f(y) < (g,x — y)} the
set of subgradients of f at z. We assume the error parameter satisfies 0 < & < 1/9.

2 A generalized median problem

The pSEB problem can be reduced to two different types of 1-median problems [11]. One of
them is defined on the set of all non-empty locations in R? where probabilistic points may
appear, equipped with the Euclidean distance. The other is defined on the collection of all
possible realizations of probabilistic point sets, and the distance measure between a center
¢ € R? and a realization P, C R? is m(c, P;) = maxpep, ||c — p||. We state a generalized
median problem that we call the set median problem and covers both of these cases.

» Definition 2.1 (set median problem). Let P = {Py,..., Py} be a family of finite non-empty
sets where Vi € [N]: P; C R and n = max{|P;| | i € [N]}. The set median problem on P
consists in finding a center ¢ € R? that minimizes the cost function

N
fle) =Y "m(c,P).
i=1

Note that in case of singleton sets, the set median problem is equivalent to the well-known
Fermat-Weber problem (a.k.a. 1-median or geometric median). Also, for N =1 it coincides
with the smallest enclosing ball or 1-center problem. For both of these problems there are
known algorithms based on the subgradient method from convex optimization [2, 6].

The Lipschitz constant of the function f can be bounded by N. We want to minimize
f via the subgradient method, see [12]. For that sake we need to compute a subgradient
g(ci) € 0f(c;) at the current center ¢;. The subgradient computation takes O(dnN) time to
calculate, since in each of the N terms of the sum we maximize over |P;| < n distances in d
dimensions to find a point in P; that is furthest away from c¢. To remove the dependence
on N we replace the exact subgradient g(c;) by a uniform sample of only one nonzero term
which points into the right direction in expectation. Then we can adapt the deterministic
subgradient method from [12] using the random unbiased subgradient in such a way that the
result is in expectation a (1 + &)-approximation to the optimal solution. Given an initial
center cg, a fixed step size s, and a number of iterations ¢, our algorithm iteratively picks
a set P; € P uniformly at random and chooses a point p; € P; that attains the maximum
distance to the current center. This point is used to compute an approximate subgradient.
The algorithm finally outputs the best center found in all iterations.

To bound in expectation the quality of the output of our algorithm to be a (1 + ¢)-
approximation, we choose the values of parameters cg, s, and £ in an appropriate way. It
suffices to run our algorithm for £ € O(1/&?) iterations, and to choose cg to be an arbitrary
point in a randomly chosen input set from P. We estimate the average cost on a sample of
size 1/e [9], which bounds the value of s. It remains to describe how to find the best center
out of all iterations of our algorithm efficiently. We cannot do this exactly since evaluating
the cost even for one single center takes time O(dnN). However, we use a sampling technique
[8, 17] (cf. the related work above), adapted here to work in our setting, to find a point
that is a (1 + ¢)-approximation of the best center in a finite set of candidate centers. The
main difference is that in the original work the set of input points and the set of candidate
solutions are identical. In our setting, however, we have that the collection of input sets and
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6:4 Probabilistic smallest enclosing ball in high dimensions

the set of candidate solutions may be completely distinct. Putting all pieces together we
have the following Theorem.

» Theorem 2.2. Consider an input P = {Pi,..., Py}, where for every i € [N] we have
P, C R? and n = max{|P;| | i € [N]}. There exists an algorithm that computes a center ¢
that is with constant probability a (1 + €)-approzimation to the optimal solution c¢* of the set
median problem (see Definition 2.1). Its running time is O(dn/e* - log® 1/e).

The removal of the linear dependence on n for the maximum distance computations was
achieved in [11] via a grid based strong coreset of size 1/£°(@.
reducing the dependence on d, and exponential is not an option if we want to work in high

However, here we focus on

dimensions. It turns out that without introducing an exponential dependence on d, we would
have to lose a constant approximation factor. We adapted the techniques of [1] to show
that no small data structure can exist for answering maximum distance queries to within a
factor of less than roughly v/2. In comparison to the previous results, it is not limited to the
streaming setting, as in [1], and it is not restricted to subsets of the input, as in [13].

» Theorem 2.3. Any data structure that, with probability at least 2/3, a-approxzimates
mazimum distance queries on a set S C RY of size |S| =n, for a < /2 (1 - 2/d1/3), requires
Q (min{n, exp (dl/g) }) bits of storage.

3 Applications

3.1 Probabilistic smallest enclosing ball

We apply our result to the pSEB problem, as given in [11]. In such a setting, the input is
aset D={D1,...,D,} of n discrete and independent probability distributions. The i-th
distribution D; is defined over a set of z possible locations ¢; ; € R?U{_L}, for j € [z], where
1 indicates that the ¢-th point is not present in a sampled set, i.e., ¢; ; = L < {qg; ;} = 0. We
call these points probabilistic points. Each location g; ; is associated with the probability p; ;,
such that Z§:1 pij = 1, for every ¢ € [n]. Thus the probabilistic points can be considered
as independent random variables X;. A probabilistic set X of probabilistic points is also a
random variable.

» Definition 3.1. ([11]) Let D be a set of n discrete distributions, where each distribution
is defined over z locations in R U {L}. The pSEB problem is to find a center ¢* € R that
minimizes the expected smallest enclosing ball cost: ¢* € argmin,cps E [m(c, X)], where the
expectation is taken over the randomness of X ~ D.

Our pSEB algorithm adapts the framework of [11], but plugging in Theorem 2.2 it differs
mainly in three points. First, the number of samples had a dependence on d hidden in the
O-notation. This is not the case any more. Second, the sampled realizations are not sketched
via coresets of size 1/ €9 any more. Third, the running time of the actual optimization
task is reduced instead of an exhaustive grid search.

» Theorem 3.2. Let D be a set of n discrete distributions, where each distribution is defined
over z locations in R4 U {L}. Let & € R? be the output of our pSEB algorithm on input D.
Let € < 1/9. With constant probability ¢ is a (1 + £)-approzimation for the pSEB problem,

Ex [m(Z X)) < (1 + ¢) min,cga Ex [m(c, X))

The running time of our pSEB algorithm is O(dn - (z/€3 - log1/e +1/e* -log? 1/¢)).
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Comparing to the result of [11], the running time is reduced from O(dnz/e®™®) 4 1/9(®) to
O(dnz/e°M)). The factor of d plays a role only in computations of distances between two
points in R?. Further the sample size and the number of centers that need to be evaluated
do not depend on the dimension d any more. This is crucial in the following.

3.2 Probabilistic support vector data description (pSVDD)

We consider the SVDD problem, i.e., the SEB problem in kernel spaces, and show how to
extend it to its probabilistic version. Let K : R? x R? — R be a positive semidefinite kernel
function with feature map ¢: R? — H, where H is a high dimensional Hilbert space, say R”,
where D >> d [14].

» Theorem 3.3. Let D be a set of n discrete distributions, where each distribution is defined
over z locations in R* U {L}. There exists an algorithm that implicitly computes é € H that
with constant probability is a (1 + &)-approximation for the probabilistic SVDD problem. It is

Ex [m(é, o(X))] < (14 ¢) mineey Ex [m(c, (X))},

where the expectation is taken over the randomness of X ~ D, and o(X) = {p(x;) | x; € X }.
The running time of the algorithm is O(dn - (z/e% log1/e + 1/&". log? 1/€)).
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—— Abstract

We experimentally study the problem of estimating the volume of convex bodies, focusing on H-

and V-polytopes, as well as zonotopes. Although a lot of effort is devoted to practical algorithms
for H-polytopes there is no such method for the latter two representations. We propose a new,
practical method for all representations which also improves upon the performance of existing
methods on H-polytopes.

1 Introduction

Volume computation of a convex body in general dimension is a fundamental problem in
discrete geometry. In the past 28 years randomized algorithms, for this problem, have
made great progress. The two existing [5], [2] practical methods and the corresponding
implementations are based on theoretical results, but they make some practical adjustments
and show experimentally that they estimate volumes with small errors and high probability.
Our new practical method can be used for general convex bodies but in this paper we focus
on convex polytopes. A convex polytope P can be given as (a) an intersection of ¢ halfspaces
(H-polytope), (b) a convex hull of a set of points (V-polytope) and (c) a Minkowski sum of k
segments (zonotope). We assume that an H-polytope is given by a matrix A € R7*¢ and a
vector b € R?, s.t. P = {x | Az < b} and a zonotope by a matrix G € R?*¥ which contains
the k£ segments column-wise.

Exact volume computation is #P-hard for H- and V-polytopes, including zonotopes [6].
There are several implementations in packages such as VINCI or qHull but, as expected,
they do not scale beyond, say, d > 15 dimensions. The first approximation algorithm, is
given in [4] with complexity O*(d?3).

The main approach relies on a Multiphase Monte Carlo (MMC) sequence of convex bodies
Py C--- C P,, = P such that rejection sampling would efficiently estimate vol(P;)/vol(P;_1),
i.e. sample uniform points from P; and reject/accept points in P;_;. Assuming P is well-
rounded and also that the unit ball By is the largest inscribed ball in P, defining P;. Then
each convex body P; is defined by the intersection of a scaled copy of By with P while the
largest ball, which defines P,, = P, is an enclosing ball of P. Then we estimate vol(P)
through the telescopic product (2). The critical complexity issue is to minimize the length
of the sequence in MMC, called m, while each ratio remains large enough to use rejection
sampling. In [7] the sequence of balls in MMC is defined deterministically for each instance,
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Figure 1 Balls in MMC in [7] left and from the annealing schedule right (r=0.25, §=0.05)

while m = O(dlgd). Our method uses a new annealing schedule to define a sparser sequence
of balls, (Fig. 1), and a new practical convergence criterion for each ratio in the MMC in order
to minimize the number of sampled points to estimate each ratio. Moreover for zonotopes of
order < 4 we do not use balls in MMC but we define a centrally symmetric convex polytope
which reduces the number of bodies (or phases) significantly.

Current state-of-the-art software is based on the above paradigms and, for H-polytopes,
typically uses Hit-and-Run (HnR). VolEsti [5], which scales up to hundreds of dimensions,
uses Coordinate-Direction HnR. We shall also juxtapose the software of [2] (for H-polytopes),
which implements [1] with an annealing schedule.

These implementations can not handle efficiently zonotopes or V-polytopes as they require
an inscribed ball (ideally the largest one). Additionally the software of [2] requires the number
of facets which is typically exponential in the dimension for both zonotopes and V-polytopes.
Our software outperforms for d < 100 software for H-polytopes by [2] and [5]. Moreover
we provide the first practical method for V-polytopes and zonotopes that scales to high
dimensions (currently 100 for V-polytopes and low-order zonotopes).

We introduce some notions from statistics and refer to [3] for details. Given a random
sample of size v from a random variable X ~ N(u,0?) with unknown variance o2, the (one
tailed) t-test checks the null hypothesis that the population mean exceeds a specified value

T—po
s/Vv
deviation and ¢,_; is the t-student distribution with v — 1 degrees of freedom. Given a
significance level a > 0 we test the null hypothesis for the mean value of the population,

Hy : p < pg. We reject Hy if,

1o using the statistic t = ~ t,_1, where T is the sample mean, s the sample standard

t>t1,0 =T > po + tu—1,a8/Vn, (1)

where t,,_1 4 is the critical value of the t-student distribution. Inequality 1 implies Pr(Hj true |
reject Hp) = a. Otherwise we fail to reject Hp.

2 Volume algorithm

Our method introduces some new algorithmic features. The MMC of the algorithm constructs
a sequence of convex bodies Cy 2 - -+ D (), intersecting the given polytope P; we introduce
a new annealing schedule in order to minimize m. A typical choice for the C;’s is a sequence
of co-centric balls but any set of convex bodies can be used in our method. We re-write the
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telescopic product in [7] as follows:

vol(P,,)

vol(Cy)
vol(py) vol(p,) ~ vol(Pn)
vol(p,) vol(py) vol(P,,_1)

vol(P) = vol(Cy,), where Py =P, P, =C;NP. (2)

The behavior of our method is parametrized by: the error of approximation €, cooling
parameters 0 < r <1, >0, s.t. 0 < r+J < 1 which are used in the schedule, significance
level a > 0 of the statistical tests, v the degrees of freedom for the t-student used in t-tests,
parameter N that controls the number of points vV generated in P;, and n the length of the
sliding window. From the telescopic product (2) it is clear that in practical estimations C,,
has to be a convex body whose volume is computed much faster than vol(P) (ideally by a
closed formula) and which can be sampled efficiently.

The annealing schedule specifies C; O --- O (), using the following two statistical tests:

testL(Py, Py, 1,0, ,v, N): testR(Py, Py, 7, v, N):
Hy: vol(Py)/vol(Py) >r+46 Hy: vol(Py)/vol(Py) <r
Successful if Hj is rejected Successful if Hj is rejected

These tests are being used by annealing schedule to restrict each ratio r; = vol(Pi41)/vol(P;)
in the interval [r,r + §] with high probability in order to avoid unnecessarily big ratios in
MMC. Then we can use rejection sampling to estimate efficiently each ratio. Given P;,
testL is used to define P, 1 C P; s.t. ratio vol(P;1)/vol(F;) is not too large, while testR is
used so that the ratio is not too small, with high probability. In general, if we sample N
uniform points from a body P; then random variable X that counts points in P;4, follows
X ~ b(N,r;), the binomial distribution, and random variable Y = X/N ~ N (r;,r;(1—7;)/N)
is Gaussian. If we sample v N points from P; and split the sample into v sublists of length
N, the corresponding v ratios are experimental values that follow A (r;,7;(1 —r;)/N) and
can be used to check both null hypotheses for 7; in testL and testR. Using the mean pg of
the v ratios, r; is restricted to [r,r + ] with high probability when the following holds:

S S
’I’+5—tl,,17aﬁ > o >T’+tl,71’aﬁ7 (3)

Initialization of the annealing schedule is to compute the body C’ s.t. the volume of
C’' N P could be efficiently estimated using rejection sampling, i.e. sampling from C’ and
accepting points in C’ N P. Body C’ is also used for the stopping criterion: the annealing
schedule stops in the i-th step if testR(P;, C’ N P) succeeds, which means that the vol(F;) is
close enough to vol(C’ N P), so that rejection sampling can be used. Then set m =i+ 1 and
C,,=0C" P, =C,NP. When balls are used in the MMC, the smallest ball C,, is not an
inscribed ball and the largest one, C1, is not an enclosing ball as in [7]. Hence in practice
the number of phases in [5] is an upper bound, with high probability, on the number of
phases of our method, when 0 < r + § < 1/2. Fig. 1 shows the sequence of balls for a given
polytope P with our method (m=1) and in [7] (m=6). The ratios our method estimates are:
vol(Py)/vol(Py) and vol(P;)/vol(C1), where Py = P, P, = Cy N P.

The annealing schedule returns m bodies and we estimate m + 1 volume ratios. For fixed
step ¢ and each sample point generated in P;, we keep the value of the i-th ratio. We store
the last n such values in a queue called sliding window denoted by W whose length is n. We
update W for each new point by inserting the new ratio and by popping out the oldest ratio
in W. For each ratio r;, we bound error by €; s.t. > ;- € = € then, from standard error
propagation analysis, (2) estimates vol(P) with error at most e.

EuroCG’'19



07:4 Practical volume estimation

At step i, let i be the mean, s the st.d. of W and Pr = 3/4. Using p = (1 + Pr)/2,
where 2z, = v/2 - erf *(2p — 1), we consider the interval [fi — 2,8, ji + 25|, where erf is the
Gauss error function. The values that the sliding window contains are not independent, so
we can not define a confidence interval using t-student distribution, but we experimentally
show that the following practical criterion is very efficient:

" 22zp5

< €;/2, then declare convergence. (4)

i — zps
In practice we set n = O(d?) so that our method estimates volumes with error < e with high
probability.
We use Hit-and-Run (HnR) with uniform target distribution for sampling from P; at step
1 of the annealing schedule. One step of HnR is described below. For a value t we return a
point after t iterations.

Hit-and-Run(P, p): Convex polytope P, current point p € P
Pick a uniformly distributed line ¢ through p
Return a uniform point on the chord £ N P

For zonotopes each step in both Coordinate-Directions HnR and Random-Directions HnR
solves the following LP to compute one extreme point on £ N P: minimize o, s.t.p+ av =
Zle Aigi, —1 < X\; < 1. For the second extreme point, keep the same constraints and
minimize —c. This LP uses the basic feasible solution of the first one.

Moreover, for zonotopes we study different types of convex bodies than ball for the MMC
sequence. GTG has k — d zero eigenvalues; the corresponding eigenvectors form matrix
Q € R¥*(=d)  The intersection of the hypercube [—1,1]% with the d-dimensional affine
subspace defined by Q7 = 0 equals a d-dimensional polytope C in R¥. SVD yields an
orthonormal basis for the linear constraints, and its orthogonal complement W :

T
_ T _ W Sl 0 T
Q=USV _|:WL 0 oo |V

Let Ay < b, A € R¥*k he an H-representation of [—1,1]*, then Ma < b, M = AWT(GWT)~! ¢
R?*4 is an H-representation of the full-dimensional, centrally symmetric polytope C C P
with < 2k facets to be used in MMC. Each C; arises from parallel shifting of the facets of C.

This C' improves the schedule when order is low, i.e. < 4.

3 Implementation and experiments

We perform extended experiments analyzing various aspects of our method such as practical
complexity and how is affected by the bodies used in MMC and we compare our implemen-
tation with the matlab code of [2] and C++ package VolEsti [5]. Our C++ software is open
source!. When we use balls in MMC we call our implementation CoolingBall and when we
use the H-polytope for zonotopes we call it CoolingHpoly. We call the implementation of
[2] CoolingGaussian and that of [5] Seq0fBalls.

Set » = 0.1 and § = 0.05 in order for the next convex body in MMC to have about 10%
of the volume of the previous one; let s.l. be a = 0.10. We set the number of points sampled
in P; per step to be vN = 1200 + 2d? and v = 10. Set the length of the sliding window
n = 2d? + 250 and the step of HnR ¢ = 1.

! https://github.com/TolisChal/volume_approximation/tree/v_poly
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methods = CoolingBall ~ CoolingGaussian SeqOfBalls methods = CoolingGaussian = CoolingHpoly SeqOfBalls
1e+08- 1e+06-
a e 2 1e+05- / — —
ier0e e =7 Qo / PENE
» o @ —
P /
- 1e+04- o
1e+s04- — =T
25 50 75 100 1e+03- 20 40 60 80
dimension dimension

Figure 2 Left: the number of steps for for unit cubes in H-representation, d = 5,10, ..., 100.
Right: the number of steps for random zonotopes of order 2, d = 5,10,...,80 . In both plots we use
logio scale for the y-axis

To study the practical complexity of our method we experimentally correlate the total
number of HnR steps with the dimension. In the right plot in Fig. 2 we compare the number
of steps for random zonotopes. CoolingGaussian fails to estimate volumes for d > 15 as
the upper bound for the number of facets is the bottleneck for this implementation while
Seq0fBalls takes > 1hr for d > 15. In the left plot we notice that our method is faster than
both CoolingGaussian and Seq0fBalls for d < 100. In Table 1 we estimate the volumes of
random zonotopes. The number of phases for high-order zonotopes is m = 1 as our methods
defines just an enclosing ball and applies rejection sampling, whereas for low-order zonotopes
the H-polytope we defined reduces significantly the number of phases and run-time. The
maximum number of phases for zonotopes (up to what our software computes in < 10hr)
is m < 3. None of the volumes of the zonotopes in Table 1 can be computed using exact
computations in practice. To define a random zonotope z-d-k we choose a random direction
for each segment s € S, where ) _g s, and pick a random length in the interval [0, \/&]

z-d-k H Body ‘ order ‘ Vol ‘
z-10-1000 Ball 100 2.62e+29
z-15-1500 Ball 100 5.00e+45
z-20-2000 Ball 100 2.79e+-62

z-60-90 Hpoly 1.5 5.81e+82
z-80-120 Hpoly 1.5 8.48e+114
z-100-150 || Hpoly 1.5 2.32+149
z-80-160 Hpoly 2 2.0le+131 0.2 | 11.31e+04 5356
z-100-200 || Hpoly 2 5.27e+167 0.2 | 15.25e+04 | 34110

Table 1 Body the type of body in MMC; order is k/d, Vol the estimated volume; m the number
of phases in MMC; € the requested error; time the time in seconds; e the input value for error.

‘ e ‘ steps ‘ time ‘
0.1 | 0.1400e+04 | 130.1
0.1 | 0.1650e+04 | 506.1
0.1 | 0.2000e+04 | 1428
0.1 | 5.355e+04 943.9
0.1 | 12.35e+04 4180
0.1 15.43e+04 | 10060

wlw|lwlw|(o| |~ 3
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—— Abstract

Given two rational convex polytopes A C B C R¢ and a number k where A is given by vertices and
B is given by halfspaces, the NESTED POLYTOPE PROBLEM asks whether there exists a polytope
X with k vertices such that A C X C B. We prove that NESTED POLYTOPE PROBLEM is JR-
complete, which implies that NESTED POLYTOPE PROBLEM is not contained in the complexity
class NP, unless JR = NP. Although this result was, to the best of our knowledge, never pointed
out explicitly, it follows from some known results easily, as we will explain [17, §].

1 Introduction

Given two rational convex polytopes A C B C R? and a number k where A is given by
vertices and B is given by halfspaces, the NESTED POLYTOPE PROBLEM asks whether there
exists a polytope X with k vertices such that A C X C B. The earliest mention of this
problem that we know of is by Silio in 1979 [18], who found an O(nm) time algorithm for
nesting a triangle between an n-gon and m-gon. Independently Victor Klee suggested the
same problem as was pointed out in several papers [11, 2, 9, 16, 10]. Gillis and Glineur
showed that the NESTED POLYTOPE PROBLEM is polynomial time equivalent to a variant of
the NON-NEGATIVE MATRIX FACTORIZATION (NMF) problem called RESTRICTED NMF
[13]. These problems respectively generalize the INTERMEDIATE SIMPLEX problem, where
the polytopes A and B are required to be full dimensional and k& = d + 1, and a special
case of NMF called ExacT NMF. Vavasis showed that these two problems are polynomial
time equivalent to each other, and are NP-hard [19]. Yannakakis showed that NMF is a
generalization of the extension complexity problem for polytopes. More specifically, the
non-negative rank of the slack-matrix of a polytope corresponds precisely to the extension
complexity of the polytope defined by the set of defining linear constraints. Thereby he
gave lower bounds on the size of symmetric linear programs needed to describe certain
combinatorial problems such as the Traveling Salesman problem [20], see also [12] for the
asymmetric case. Yannakakis’s paper may be celebrated for showing that a swath of fruitless
attempts to prove P= NP are untenable. This situation is laid out in Figure 1. Our main
contribution is an independent proof that the NESTED POLYTOPE PROBLEM is JR-complete
by a simple geometric construction.

Note that although this seems never to be pointed out explicitly, the result is not
novel. In 2016, it was shown elegantly by Shitov that NMF is IR-complete [17]. Cohen
and Rothblum described already in 1993 a simple polynomial reduction from NMF to the
NESTED POLYTOPE PROBLEM [§].

» Theorem 1.1. The NESTED POLYTOPE PROBLEM is dR-complete.!

1 Our method of proof also implies a universality theorem similar to Mnév’s theorem for oriented matroids,
but we do not include it in this abstract.
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Nested Polytope

Non-negative Matrix Factorization = Restricted NMF
Extension Complexity Intermediate Simplex
= Exact NMF

Figure 1 The long and winding road from extension complexity to nested polytopes.

For more work on NESTED POLYTOPE PROBLEM and NMF, we refer the reader to the
following literature [2, 5, 7, 14, 4, 13, 15, 3, 6].

The proof works in two steps. As a first step, we introduce a variant of the existential
theory of the reals, denoted ETR-INV-ARRAY, and we show this variant is IR-complete. This
is described in Section 2. It ensures that we only have to encode algebraic relations that have
a specific form. In the second step, we define gadgets, which are small NESTED POLYTOPE
PROBLEM instances where the coordinates of certain vertices of the nested polytope X are
forced to satisfy the algebraic relations from the first step, and then we assemble these
small gadgets to define a NESTED POLYTOPE PROBLEM instance corresponding to each
ETR-INV-ARRAY instance.

2 Encoding ETR

As a first step to encode an instance of the existential theory of the reals as an instance of
the NESTED POLYTOPE PROBLEM, we first simplify the algebraic structure.

An instance A of ETR-INV-ARRAY of size m X n is an m-by-n matrix A of variables
o j together with a system of equations of the form

5
2

5
ajtoig=3 , Gjtorpto=35 , q-ajr=1

Note that the linear equations relate variables in the same row and the quadratic equations
relate variables in the same column. A solution to A is an assignment of values a; ; € [5,2]™*"
to each variable that satisfies each equation of A. The corresponding decision problem asks
whether an instance of A has a solution.

» Lemma 2.1. ETR-INV-ARRAY is dR-complete.

This can be proven by introducing intermediate variables. For example, the relation
o j + a4 = oy could be obtained by introducing a variable «; ,, and using the equations
QG+ g+ Qg = g and oy + 0y = % A similar reduction is given in [1, Lemma 12].

3 Building the polytopes

This section is devoted to show the following lemma. Together, Lemma 2.1 and Lemma 3.1
establish Theorem 1.1.

» Lemma 3.1. Let A be an ETR-INV-array of size m x n. There exists convex polytopes
A C B C R?™"*+™ syuch that there exists a nested polytope A C X C B with k = mn +2m+2
vertices, if and only if A has a solution.
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» Remark. In fact we will show something stronger. In our construction, the polytopes
A C B in Theorem 3.1 will have precisely 2m + 2 vertices in common. It follows that any
nested polytope A C X C B must contain these common vertices. Thus X will have m - n
remaining vertices, and our construction will force these remaining vertices to be contained
in certain segments of some of the edges of the outer polytope B. By parametrizing each
of these segments by the interval [%, 2] we obtain a correspondence between the remaining
m - n vertices and a subset of [,2]™™. The key step in the proof of Lemma 3.1 is to show
that a positioning of the remaining vertices of X gives us A C X C B, if and only if those
vertex positions correspond to a solution of A.

3.1 Two geometric observations

Here we state two simple geometric observations that are used for the “gadgets” needed in
our construction of the polytopes of Lemma 3.1. The proofs are simple calculations and left
to the reader.

Let {vg,v1,...,v,} be a set of linearly independent points in R?. For 1 < i < k let
w; = v; + vg and define the prism P as

P =conv({vy,..., vk, w1,...,wk}).
For t € [0, 1] define the point ¢; € P as
g =(1—t)(Fv1 4+ Fop) +t(Fwr + -+ Fwg) = £v1 + - + 20, + tvg.
Finally, for 1 <14 < k define points p; as
pi = (1= A)vi + Xw;i = v; + Ao,
where A; € [0, 1]. We have the following.
» Observation 3.2. ¢; € conv({p1,...,pr}) if and only if Zle A = tk.

» Observation 3.3. Let oy, s € [1,2] and py = (a1, —1) and ps = (=1, az). Then it holds
that the origin (0,0) € conv({p1,p2}) if and only if a1 - g = 1.

3.2 A basic outline of the construction

We now give an outline of the construction of the polytopes in Lemma 3.1, without giving
explicit coordinates, and rather focusing on the three “gadgets” that will be used to encode
the three types of equations in A.

3.2.1 The outer polytope

The outer polytope B is a product of an orthogonal simplex of dimension m with a regular
simplex of dimension n + 1. That is, we start with an “orthogonal frame” spanning R™,

consisting of m mutually orthogonal segments of length 3 all meeting in a common point.
Note that the convex hull of these segments form an m-dimensional orthogonal simplex.

We now take n + 2 distinct copies of the orthogonal frame, Uy, Us, Vi,...,V,, each one
translated into “independent dimensions” so that their union now lives in R2+"*+™  We label

EuroCG’'19
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the segments of these orthogonal frames as

Ur = {ni,...,Tma}t
Uy = {na,....,"Tma}
i = {01,1,~~-,0m,1}
Vo = {Ul,n7~'~ 7Um,n}
such that the segments 7; 1,7 2,041, ..,0;, are all parallel.

We now take the outer polytope B to be the convex hull of Uy UU; U Vi U---UV,. Tt is
straight-forward to show that B is an n + m + 1-dimensional polytope with (n + 2)(m + 1)
vertices. In what follows, for each 1 <i <m and 1 < j < n, the “second half” of segment
05, parametrizing the interval [%, 2], will correspond to the variable c; ; in ETR-INV-array
A. The segments 7; ; will play an auxiliary role which we now describe.

3.2.2 Building the inner polytope: Enforcing vertices to segments

The first step in building the inner polytope A is to enforce the following.

» Property 3.4. Let X be a nested polytope, with k = mn 4 2m + 2 vertices and A C X C B.
For every 1 <i <m and 1 < j < n, the segment o0; ; € V; contains exactly one vertex of X,
which we denote by z; ;.

(More specifically, each segment of the orthogonal frame V; will contain exactly one vertex
from X in its “second half”, thus encoding a value in the interval [%, 2].) This can be done as
follows. Fix indices 1 <i <m and 1 < j < n, and consider segment 7; ; € U; and its parallel
copy 0;,; € V;, which are edges of a 2-dimensional face of the outer polytope B. Define the
point y; ; to be the unique point in this 2-face such that segment 7;; € Uy is mapped to the
second half of its parallel copy o0; ; € V; by central projection through y; ;. Similarly, we
define the analogous point z; ; in the 2-face of A spanned by the segment 7; 2 € Uy and its
parallel copy o;; € V;. (See Figure 2.)

p L

[SI

Figure 2 The vertices of any nested polytope A C X C B (marked in red) must include the
endpoints of segments 73,1 € Uy and 74,2 € Us, while the last vertex, z; j, must be contained in the
segment o;; € V; restricted to the interval [3,2].
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At this stage of the construction the inner polytope A will consist of the orthogonal
frames U; and Us together with the points {yi,j,zi,j} foralll <i<mand1l<j<n.
Moreover, if X is a nested polytope, with mn + 2m + 2 vertices and A C X C B, then X
must contain the orthogonal frames U; and Uy (which accounts for 2m + 2 of the vertices)
., Vi (accounting for
the remaining m - n vertices). Thus Property 3.4 is satisfied, and we let z; ; denote the

and one vertex in each of the segments of the orthogonal frames V7, ..

unique vertex of X which is contained in the (second half of the) segment o; ; € V;, which
we associate with the variable a; ; € [3,2].

3.2.3 Building the inner polytope: Encoding the linear equations

In order to enforce the relation a;; + o = %,
polytope A as follows. We consider the rectangular 2-face of the outer polytope B spanned
by the segments o; ; € V; and o0, € Vj. Define p; ;1 to be the point in this 2-face such that
Di.;,k is contained in the convex hull of the vertices z; ; and z; j of the nested polytope X

we add a new vertex p; ;r to the inner

(satisfying Property 3.4) if and only if the associated variables o j + v = g (The unique
point p; ;  exists by Observation 3.2. See Figure 3.)

2 — 2
Tije
e
pz,;,k 0xi,k
1] -]
2 2
Tig Tik
-1 -1

Figure 3 The vertices x;,; and x;,, contain the point p; ; in their convex hull if and only if the
associated variables satisfy the equation o;,; + ok = g

By adding the vertex p; ;  to A, it follows that for any nested polytope X satisfying
Property 3.4, the associated variables satisfy the equation a; ; + ;1 = g

Enforcing the relation oy j + a; 1 + oy = g is similar to the previous case, and we add
a new vertex ¢; j x,; to the inner polytope A as follows. We consider the triangluar prism
spanned by the segments o; ; € Vj, 0,5 € Vi, and o0;; € Vi, which is a 3-face of the outer
polytope B.

Define g; ; 1, to be the point in this 3-face such that g; ;,; is contained in the convex
hull of the vertices z; ;, z; 1, and x;,; of the nested polytope X (satisfying Property 3.4) if
and only if the associated variables o j + o + a1 = % (The unique point g; j x; exists by
Observation 3.2. See Figure 4.)

By adding the vertex ¢; ; x; to A, it follows that for any nested polytope X satisfying

Property 3.4, the associated variables satisfy the equation oy ; + o,k + oy, = g

3.2.4 Building the inner polytope: Encoding the quadratic equations

In order to enforce the relation o, - o, = 1 we add a new vertex r; ;; to the inner
polytope A as follows. Consider the triangular 2-face of B spanned by segments o; , € Vj
and o;; € Vi. We can coordinatize the plane containing this 2-face such that the segment
oik is parametrized by {(z,—1) : —1 < z < 2} and the segment o, is parametrized by
{(—1,y) : 1 <y < 2}. We then define r; ; 1 to be the origin with respect to this coordinate

EuroCG’'19
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2 2
Ti,j @
2 ¢ Li,l
1] . ® 11
3 qi,j,k,l 2
» Li k )
Oij . il
T2
o
—1 i,k -1
=1

Figure 4 The vertices x; j, ;,k, and z;; contain the point ¢; j x, if and only if the associated
variables satisfy the equation o ; + cik + iy = 3.

system. It follows from Observation 3.3 that the vertices x; ;, and x; ; contain the point r; ; i
in their convex hull if and only if the associated coordinates satisfy the equation a; - = 1.
(See Figure 5.)

2_
Tk
Js
11
2
Ti,5,k
]
03,k
—1+ : . y
-1 Oik 1 Tik 2
2

Figure 5 The vertices x;,, and x; contain the point r; ; if and only if the associated variables
satisfy the equation a; i - o, = 1.

By adding the vertex r; ;1 to A, it follows that for any nested polytope X satisfying
Property 3.4, the associated variables satisfy the equation ;- o, = 1.
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—— Abstract

We study the Green-Wins Solitaire game, which is a single player edge flipping game played on
a given edge-colored geometric triangulation. An edge is flippable if it is a diagonal of a convex
quadrilateral, and a flip replaces it by the other diagonal of that quadrilateral. Initially all edges
are colored black. A move consists of flipping a black edge and coloring the resulting new edge
along with all four edges of the surrounding convex quadrilateral green. The goal is to maximize
the number of green edges. We show that in every triangulation on n vertices, for n sufficiently
large, at least a fraction of 5/18 ~ 0.277 edges can be colored green. On the other hand, there
exist infinitely many triangulations in which no more than a 1/3 fraction of edges can be colored
green. These results improve earlier bounds of Aichholzer et al. [1].

1 Introduction

In this paper, the term triangulation denotes a maximal geometric plane graph: all edges are
realized as straight-line segments and all bounded faces are triangles. Conversely, a triangle
in a triangulation is a bounded facial triangle. Aichholzer et al. [1] studied various games
related to triangulations, in particular, the Green-Wins Solitaire game. This game is played
on a given triangulation, which we consider as edge-colored.

Edge flips. An edge in a triangulation is flippable if the union of the two incident faces
forms a convex quadrilateral. Flipping a flippable edge amounts to replacing said edge
by the other diagonal of the surrounding convex quadrilateral; see Figure 1. We say that
these five edges, the flipped edge and the four edges of the surrounding quadrilateral, are
affected by the flip. Edge flips are among the most prominent and well-studied operations
for local modification of triangulations and, more generally, planar subdivisions. They serve
as a crucial tool in many applications, such as counting and sampling, or optimization, for
instance, to compute Delaunay triangulations; see, e.g., the survey by Bose and Hurtado [2].
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Figure 1 A sequence of moves in Green-Wins Solitaire. The flipped edge is shown red dotted.

Green-Wins Solitaire. Initially all edges are colored black. A move consists of picking
a flippable black edge. This edge is flipped, and then all edges that are affected by the
flip are colored green; see Figure 1. As green edges cannot be picked anymore, the set of
edges flipped over the course of the game is simultaneously flippable [3], that is, the convex
quadrilaterals surrounding the flipped edges are pairwise interior-disjoint. It also follows
that the order of edge flips in a game is irrelevant, and we can describe every strategy as a
set of (simultaneously flippable) edges.

For a triangulation T let (7T) denote the ratio of edges of T' that can be colored green.
Similarly, let v := infp v(7T'), where T is sufficiently large so as to exclude trivial cases like
a single triangle or a K, (where no edge can be flipped). Aichholzer et al. [1] show that
1/6 <~ < 5/9 and specifically ask whether v > 1/2. They also show that an optimal set of
edges to flip can be computed in linear time for convex point sets.

Improvements. The lower bound v > 1/6 uses a lower bound for the number of simulta-
neously flippable edges in any triangulation by Galthier et al. [3]. Later Souvaine et al. [7]
improved this bound by showing that in any (geometric) triangulation on n vertices at least
(n —4)/5 edges are simultaneously flippable, which is best possible in general [3]. Plugging
this bound into the argument of Aichholzer et al. [1] immediately gives v > 1/5 = 0.2. Our
goal in the following is to further improve this lower bound to 5/18 ~ 0.277 > 1/4.

» Theorem 1. In every triangulation of n points, for n sufficiently large, there exists a
simultaneously flippable set of edges that affects at least a 5/18 fraction of all edges.

Before attacking the lower bound, let us note that the upper bound v < 5/9 can be easily
improved by considering families of triangulations for which the lower bound on the number
of simultaneously flippable edges is tight (see Figure 2). It must have been an oversight that
this was not observed by Aichholzer et al. [1] because the upper bound on the number of
simultaneously flippable edges [3] was already known at that time.

» Observation 2. For infinitely many n € IN, there exists a triangulation on n points such
that every simultaneously flippable set of edges affects at most n — 4 out of 3n — 6 edges.

In summary we have 5/18 < v < 1/3. The rest of the paper is devoted to derive the
lower bound and prove Theorem 1.

2 Preliminaries

Sets of triangles. Consider a triangulation 7" on n > 5 vertices and a set U of triangles in
T. The unbounded face is bounded by a cycle of  vertices that form the convex hull, where
3 <r < n. By the Euler Formula, T" has 3n — r — 3 edges and 2n — r — 1 faces, all but one
of which are triangles. A vertex or edge of T' is interior if it is not on the convex hull.

A vertex or edge of T is (1) internal to U if all incident faces are in U, (2) external to U
if no incident face is in U, or (3) on the boundary of U if it is incident to at least one face
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(a) (b) (c)

Figure 2 The upper bound construction for the number of simultaneously flippable edges by
Souvaine et al. [7]. Recursively the central vertex of K4 subconfigurations is replaced by a hexagon,
connected as shown in (b). All flippable edges are shown in red; they appear in triangles. In each
such triangle, no more than one edge can be selected for any simultaneous flip.

in U and at least one face that is not in U. Note that a vertex or edge on the convex hull
is not internal to U by definition. See Figure 3a for illustration.

(ay U (b) T u

Figure 3 (a) A set U of gray triangles with 1 internal vertex (red), 16 internal edges, 3 compo-
nents, 1 hole, and 19 boundary edges (red). Confirming Alpaca 3 we have 3 1+3 1+19=16+3 3.

Let T |y denote the following graph on the triangles of T: Two triangles of T' are
connected in T |y if (1) they share an edge and are both in U or (2) they share a vertex
and are both not in U. A component of U is a component of U in T |y. A hole in U is
a component of T' |y \ U that is contained inside a cycle of triangles from U in T |y. We
obtain the following variation of the Euler Formula for sets of triangles in a triangulation.!

» Alpaca 3. Consider a triangulation T and a subset U of triangles of T. Then
3h + 3v; + e, = ¢; + 3¢,

where h denotes the number of holes in U, v; denotes the number of internal vertices of U,
ey denotes the number of boundary edges of U, e; denotes the number of internal edges of U
and ¢ denotes the number of components of U in T |y .

Strategy. Let F' denote a maximum size set of simultaneously flippable edges in T', and let
U denote the set of triangles in T that are incident to an edge in F. We flip the f := |F]|

! It is named after the cute animals that the authors watched when working on this problem and they
realized: It is not a lama but an alpaca. ..
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