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Abstract
A common issue in terrain visualization is caused by oversampling of flat regions and of areas
with constant slope. For a more compact representation, it is desirable to remove vertices in
such areas, maintaining both the topological properties of the terrain and a good quality of
the underlying mesh. We propose a simple algorithm that preserves the persistent homology of
the height function of the terrain and returns a constrained Delaunay triangulation, where the
constraints are defined by edges that cannot be flipped without changing the topology.

2012 ACM Subject Classification Computing methodologies → Mesh models

Keywords and phrases Terrain simplification, topological operators, persistent homology, con-
strained Delaunay triangulation.

Funding Supported by the Austrian Science Fund (FWF) grant number P 29984-N35.

1 Summary
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Figure 1 A toy example on which the proposed algorithm is performed.

Let us consider a scalar field f : P → R defined on a finite set of points P in R2 and
let Σ be the Delaunay triangulation of P (see Figure 1(a) for an example). As shown in
Figure 1(b), such a dataset can be represented as a terrain, a triangulated surface in R3 by

mailto:fugacci@tugraz.at
https://orcid.org/0000-0003-3062-997X
mailto:kerber@tugraz.at
https://orcid.org/0000-0002-8030-9299
mailto:hugo.manet@ens.fr
https://orcid.org/0000-0003-4649-2584


1 :2 Topology-aware Terrain Simplification

considering, for each p ∈ P , the scalar value f(p) as an altitude attribute. In real datasets,
such a representation can be affected by a geometrical oversampling. This is caused by
the presence of regions with approximately constant slope represented by a large number
of triangles that could be realized through a much more limited number of simplices. In
general, it is worthwhile to ask how a terrain can be simplified while maintaining its high-level
structure. At the same time, the simplified mesh should be of good quality, e.g., not contain
unnecessarily skinny triangles. See [2] for an overview of terrain simplification.

We propose a simplification framework that maintains the persistence diagram defined by
the sublevel sets of f on Σ and yields a mesh with certain quality guarantees. Our strategy
consists of two phases: first, we remove vertices in the mesh that cause oversampling; done
carefully, this preserves the persistent homology, but might deteriorate the mesh quality
(Figure 1(c)). In the second phase, we repair the underlying mesh, that is, we improve its
quality, again without changing the persistence of the terrain (Figure 1(d)).
Removal phase. We design a criterion to determine if the removal of a vertex v is possible
while preserving the persistent homology of the terrain. According to this criterion, verifiable
in polynomial time in the number of vertices adjacent to v, a large class of vertices, including
for instance any non-critical point v of f whose incident triangles form a convex set, can be
removed without affecting the topological properties of the terrain. Then, the focus is on
determining which vertices to remove to reduce oversampling. This can be controlled by a
heuristic based on the local properties, such as curvature, local density, etc.
Repair phase. After the removals, the main idea is to flip edges in the triangulation to
improve its quality. The first question is which edges can be flipped without affecting the
persistence of the terrain. Let ab be an edge with the two adjacent triangles abc and abd.
Assuming wlog f(a) < f(b), we call ab feasible if exactly one value among f(c) and f(d) is
contained in the interval [f(a), f(b)].

I Lemma 1. Flipping a feasible edge does not change the persistence diagram of the terrain.

I Lemma 2. Flipping a feasible edge does not turn a feasible edge infeasible, or vice versa.

Based on these two lemmas, the repair phase identifies the infeasible edges. Then, it
computes the constrained Delaunay triangulation [1] of the mesh subject to the infeasible edges
as constraints. This triangulation, maximizing the minimal angle among all triangulations
containing the infeasible edges, can be obtained from the starting one through a sequence of
flips of feasible edges, and hence has the same persistence diagram as the initial terrain.
Outlook. We plan to experimentally evaluate different strategies for vertex removals in
the first phase of our framework and carefully compare the results with the state of the
art. Moreover, we want to study the variant where the persistence diagram of the simplified
terrain is allowed to vary from the original one by a specified amount. For that, an extension
of Lemma 1 bounds the change of persistence when flipping an infeasible edge, allowing for
a greedy simplification strategy. However, finding the optimal quality triangulation whose
persistence is close to the original one appears to be a more difficult problem.
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1 Introduction

The k-center problem or facility location problem asks for a set of k disks that cover a given
set of n points, such that the maximum radius of all the disks is as small as possible. Since
the introduction of the k-center problem by Sylvester [3] in 1857, the problem has been
widely studied and has found many applications in practice.

In recent decades there has been an increased interest, especially in the computational
geometry community, to study problems for which the input points are moving, including
the k-center problem. These problems are typically studied in the framework of kinetic data
structures [1], where the goal is to efficiently maintain the (optimal) solution to the problem
as the points are moving.

In many practical applications, for example if the disks are represented
physically, or if the disks are used for visualization, the disks should move
smoothly as the points are moving smoothly. As the optimal k-center (for
k ≥ 2) may exhibit discontinuous changes as points move (see figure), we
need to resort to approximations to guarantee stability.

Recently, Meulemans et al. [2] introduced a new framework for algorithm
stability, which includes the definition of topological stability. An algorithm is
topologically stable if its output behaves continuously (albeit with arbitrary
speed) as the input is changing. The topological stability ratio ρTS of a
problem is then defined as the ratio between the quality of a topologically
stable solution and an optimal but unstable solution. In [2] bounds on ρTS are given for
kinetic Euclidean minimum spanning trees, using various ways of enforcing continuity.

In this abstract we prove the following theorem on the topological stability of k-center.

I Theorem 1. For the k-center problem it holds that 2 sin(π(k−1)
2k ) ≤ ρTS ≤ 2 for k ≥ 2.

2 Bounds on topological stability

As illustrated above, some point sets have more than one optimal solution. If we can
transform an optimal solution into another, by growing the covering disks at least/at most
a factor r, we immediately obtain a lower/upper bound of r on the topological stability.
The transformations or morphs allow (the centers of the) disks to move and radii to change
continuously, as long as the points are covered at all times. We first introduce some tools to
help us model and reason about these transformations.

1 I.H. supported by the Netherlands Organisation for Scientific Research (NWO) through project no
614.001.504.

2 J.W. and W.M. are (partially) supported by the Netherlands eScience Center (NLeSC) under grant
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under project no. 639.021.541.
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2-colored intersection graphs. Consider a point set P and two sets of k disks, such that
each set covers all points in P : we use R to denote the one set (red) and B to denote the
other set (blue). We now define the 2-colored intersection graph GR,B = (V,E): each vertex
represents a disk (V = R ∪B) and is either red or blue; E contains an edge for each pair of
differently colored, intersecting disks. A 2-colored intersection graph always contains equally
many red nodes and blue nodes by definition and both colors must cover all points: there
may be points only in the area of intersection between a blue and red disk. In the remainder,
we use intersection graph to refer to 2-colored intersection graphs.

I Lemma 2. Let sets R and B of k disks each cover a point set P . If GR,B is a forest, then
R can morph onto B without increasing the disk radius, while covering all points in P .

Proof. From a counting argument, using |R| = |B|, it follows that we can always find a red
leaf in GR,B . This red leaf can then morph onto its blue neighbor. This effectively removes
these two nodes from the intersection graph, since the blue disk is fully covered by the red
disk; repeating this argument gives a morph from R onto B. J

Proving Theorem 1. We are now ready to deal with the k-center problem. The upcoming
lemmata each prove one part.

I Lemma 3. For the k-center problem it holds that ρTS ≥ 2 sin(π(k−1)
2k ) for k ≥ 2.

Proof. Consider a set of 2k points, which are the corners of a regular
2k-gon with unit radius, i.e., equidistantly spread along the boundary
of a unit circle. There are exactly two optimal solutions R and B on
these points, for which GR,B forms a cycle (see figure). To morph from
R to B, one of the red disks r1 has to grow to cover the intersection
of an adjacent blue disk b with the other (red) neighbor r2 of b (see
dashed red disk). The diameter of the disks in our optimal solution
equals the length of a side of this regular 2k-gon, hence r1 has to
grow with a factor 2 sin(π(k−1)

2k ). Once r1 has grown to overlap the intersection between a
blue disk and r2, r2 no longer has to cover the points in the intersection and can be treated
as a degree-1 vertex in GR,B . Since that makes GR,B a tree, we can apply Lemma 2.

If we can show that a set of moving points actually forces this swap to happen, the desired
bound on the topological stability follows from the above argument. We can place points
moving on tangents of the circle defining the 2k points, to arrive at the described situation
at a time t, while ensuring that a swap before or after t would be only more costly. J

I Lemma 4. For the k-center problem it holds that ρTS ≤ 2 for k ≥ 2.

Proof. Consider a moment in time t where there are two optimal solutions; let R denote the
optimal solution at t−ε and B the optimal solution at t+ε for arbitrarily small ε > 0. Let C
be the maximum radius of the disks in R and in B and let GR,B describe their intersections.
First we make a maximal matching between red and blue vertices that are adjacent in GR,B .
The intersection graph of the remaining red and blue disks has no edges, so we match these
red and blue disks in any way. All the red disks that are matched to blue disks they already
intersect grow to overlap their initial disk and the matched blue disk. Now the remaining
red disks can safely move to the blue disks they are matched to, and adjust their radii to
fully cover the blue disks. Finally, to finish the morph all red disks shrink. When all red
disks are overlapping blue disks, the maximum of their radii is at most 2C. J
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Introduction. Consider a two-dimensional surface S with a height function h : S → R. The
Morse-Smale complex (MS-complex) of T is a topological complex that provides information
about the features of the height function on the terrain. It consists of the critical points
(minima, saddles and maxima) of h in T , together with steepest-descent paths from saddles
to minima and steepest-ascent paths from saddles to maxima. In the continuous case, the
MS-complex is well-defined if h is a Morse function: each critical point of h has a distinct
height, and certain types of degeneracies do not occur. To allow computing MS-complexes
on real-world measurement data, which typically is discrete, several extensions of Morse
functions to the discrete case have been studied. An extensive explanation of the most
prominent of those, discrete Morse theory, is provided by Forman [2]. Based on discrete
Morse theory, there have been several approaches to define discrete MS-complexes. In this
work we focus on the discrete MS-complex defined by Shivashankar et al. [3]. We present a
kinetic data structure (KDS) for this MS-complex. That is, we consider a height function h

that changes over time, and provide a data structure to track the MS-complex throughout
this movement. This can be used to efficiently analyze time-varying data.
Discrete MS-complex. The discrete MS-complex computed by Shivashankar et al. is
defined by a discrete gradient field, which is a set of gradient pairs. While gradient fields
are defined for any cell complex, to simplify the presentation, we assume here that the
input is a triangulated (two-dimensional) terrain K. In this setting, there are two types
of gradient pairs: those between vertices and edges, and those between edges and faces.
Specifically, a vertex v1 is paired with the edge {v1, v2} towards its lowest neighbor v2. (If
no neighbor lower than v1 exists, then v1 is not paired with an edge.) Furthermore consider
the triangles {v1, v2, v3} and {v1, v2, v′

3} incident to an edge {v1, v2}. This edge is paired
with the face {v1, v2, vmin} where vmin is the lowest vertex among v3 and v′

3. (If none of v3
and v′

3 are lower than both v1 and v2, then {v1, v2} is not paired to a face.) A vertex, edge
or face that is not paired with anything is called critical; critical vertices, edges and faces
are minima, saddles and maxima, respectively (see Fig. 1a–c). The ascending manifold of a
minimum v is obtained by traversing reversed gradient pairs, starting from v. The descending
manifold of a maximum v is obtained by traversing gradient pairs, starting from v.
KDS. We aim to construct a KDS to maintain the minima, saddles and maxima, and the
ascending and descending manifolds as the vertices continuously change their height. We
assume that at no point in time, three vertices have the same height. Our data structure is
inspired by the one proposed by Agarwal et al. for maintaining contour trees kinetically [1].
Like Agarwal et al. we use link-cut trees, a data structure that stores a forest of rooted trees
dynamically, supporting edge insertions and deletions. Furthermore, the root of each tree
can be set and for any vertex the root of its tree can be found. All of these operations take
logarithmic time.

To maintain the ascending and descending manifolds, we use two link-cut trees, T↓ and T↑
(see Fig. 1d). T↓ represents the vertex-to-edge gradient pairs. Specifically, T↓ contains a
vertex for each vertex in K, and it contains the edge {v1, v2} for each vertex-to-edge gradient
pair (v1, {v1, v2}). In the static setting discussed by Shivashankar et al., the ascending

∗ The authors are supported by the Netherlands Organisation for Scientific Research (NWO) under project
no. 639.023.208 (T.O., W.S., and B.S.) and no. 639.021.541 (K.V.).
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Figure 1 (a) A terrain with vertex heights; (b) vertex-edge (blue) and edge-face (red) gradient
pairs; (c) minima (blue), saddles (green) and maxima (red); (d) T↓ (blue) and T↑ (red).

manifolds are computed by a BFS starting from each minimum, traversing reversed gradient
pairs. Such a BFS corresponds to traversing one complete tree in T↓. Hence, each tree in T↓
represents an ascending manifold; we ensure that its minimum is the root of the tree.

T↑ represents the edge-to-face gradient pairs. Specifically, T↑ contains a vertex for each
face in K, and it contains the edge ({v1, v2, v3}, {v1, v2, v′

3}) for each edge-to-face gradient
pair ({v1, v2}, {v1, v2, v}). Again, as this mirrors the BFS in the static setting, each tree
in T↑ represents a descending manifold; we ensure that its maximum is the root of the tree.
Event handling. We first show how to maintain the set of vertex-edge gradient pairs; that
is, T↓. Changes in the vertex-edge gradient pairs happen because the lowest neighbor of
a vertex changes. Specifically, when the lowest neighbor of vertex v changes, v needs to
be paired with its incident edge that is now lowest. To track this information, we store a
tournament tree for each vertex v, to maintain its lowest neighbor. This tournament tree
contains v’s neighboring vertices and v itself. This leads to three types of events: the lowest
neighbor can move from one neighbor v1 to another neighbor v2 (in which case we update T↓
by deleting {v, v1} and inserting {v, v2}), the lowest neighbor can move from a neighbor v1
to v itself (in which case we delete {v, v1} from T↓), or the lowest neighbor can move from v

to a neighbor v1 (in which case we insert {v, v1} into T↓). Several such events can happen
at the same time, in which case we handle them one by one. To avoid adding cycles to T↓,
we first execute all edge deletions, and then all insertions. Similarly we maintain T↑, by
maintaining for each edge {v1, v2} which of v1, v2, v3 and v′

3 is the lowest. After an event has
been handled, we can locally determine which vertices, edges and faces in the neighborhood
are minima, saddles and maxima, respectively, and mark them as such.
Running time. Because an event influences only the neighborhood of a single vertex or face,
per event only a constant number of link / cut operations need to be carried out. Assuming the
maximum vertex degree in K is bounded by a constant, events can be processed in O(log n)
time each. Hence, if there are k changes to the MS-complex, our KDS can compute those
in O(k log n) time in total.
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Abstract
Given n persistence diagrams, can we obtain a close approximation of the induced metric space
without computing all pairwise distances? We address this question by a spanner construction
in the space of persistence diagrams. For that, we adopt the practically efficient cover tree con-
struction to the case of approximate distance computation and construct a well-separated pair
decomposition out of the cover tree. Because the space of persistence diagrams is of high doub-
ling dimension, our approach does not yield worst-case guarantees, even under quite favorable
assumptions on the input. However, we show that in practice, the number of distance computa-
tions drops significantly for clustered data. Our results and methodology also carry over to the
case of Reeb graphs.
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1 Summary

In topological data analysis, it is often necessary to compute all pairwise distances between
topological summaries like persistence diagrams or Reeb graphs. Unlike in the standard
example of Euclidean space, a single distance computations cannot be assumed to be cheap;
for instance the complexity of computing the bottleneck distance between persistence diagram
with N points is O(N1.5 logN) with the best known algorithms, and even higher for the
equally-popular Wasserstein distance. Moreover, in the case of Wasserstein distances, efficient
implementations only exist for computing relative approximations of the distance [3]. The
situation is even worse for Reeb graphs, where for none of the proposed distances (e.g. [2]), a
polynomial-time (approximation) algorithm is known. On the other hand, such topological
summaries are frequently used in practice to classify and cluster data. Hence, it is worthwhile
to reduce the number of distance computations as much as possible.

In this note, we focus on the case of persistence diagrams with Wasserstein distance for
brevity. Our approach follows the standard strategy for finite metric spaces. We use a cover
tree [1] to obtain a hierarchical decomposition of the metric space (net trees yield slightly
better theoretical guarantees, but we decided for cover trees because efficient implementations
exist). A technical obstacle is posed by the fact that we can only compute distances up to
an approximation factor – however, we can adapt the definition of cover trees to handle
that case as well. Out of the cover tree, we construct a well-separated pair decomposition
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4:2 Spanners for Topological Summaries

(WSPD) of the metric space. While the algorithm is identical to the Euclidean case (using
compressed quad-trees), there seems no preceding case where WSPDs have been constructed
from cover trees in the literature. We show that an ε-WSPD of size O(c14n(1/ε)log c) can be
constructed from a cover tree where c is the expansion constant of the metric space [1]. An
ε-WSPD defines an 2ε-spanner of the metric space using standard methods.

The success of our strategy (in theory and practice) depends on the dimensionality of
our metric space, expressed by the expansion constant c above. Note that log c is lower
bounded by the doubling dimension ∆ of the metric space. Unfortunately, the space of
persistence diagrams has infinite doubling dimension, and when restricting to n samples,
∆ can be as high as logn. Even worse, we give an example of n input functions that can
be isometrically embedded on a line (and hence have doubling dimension 1), such that the
corresponding persistence diagrams still have dimension logn. Hence, we cannot expect
improved worst-case results over the naive approach to compute all

(
n
2
)
distances.

On the other hand, the above analysis does not imply that the spanner construction is
useless in every practical instance. Due to the relatively high cost of the distance computations,
the overhead of computing a cover tree and a spanner out of it is relatively low. Hence, even
if the construction ends up computing, say, 99% of all pairwise distances, the performance
penalty is negligible. We show that in some situations, however, the gain is substantial. In
the first row of Table 1, we generated diagrams that are densely clustered around centers
which are relatively far apart from each other. This is clearly a “cherry-picked” situation for
WSPD construction, and indeed, we see that a 0.04-spanner can be obtained computing only
6 percent of the pairwise distances.

We also generate real persistence diagrams of the shapes from the McGill shape benchmark
(http://www.cim.mcgill.ca/~shape/benchMark/) to which we added some random noise.
Here, depending on the parameters, we can either get a 2-approximation while still computing
less than 6 percent of the pairwise distances, or, if we want more accurate results, we can get
23 % error and still reduce the number of distance computations by a factor of 2.

Dataset # diagrams Cover tree fraction WSPD fraction Real relative error
Synthetic 781 0.021514 0.055406 0.0371734
Real 732 0.014577 0.051681 0.822682
Real 732 0.016027 0.515224 0.225174
Table 1 Results of our experiments. Cover tree fraction shows the portion of distances that were

really computed when building the cover tree; WSPD fraction shows the portion of distance that
were computed when building WSPD; real relative error is the largest error on all pairwise distances.
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Abstract
Topological data analysis and its main invariant, persistent homology, provide a toolkit for com-
puting topological information of noisy spaces. Kernels for one-parameter persistent homology
have been established to connect persistent homology with machine learning techniques. We
contribute a kernel construction for multi-parameter persistence by integrating a one-parameter
kernel along straight lines and prove stability for a wide range of useful one-parameter kernels.
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Summary

It is well-known that the set of persistence diagrams forms a metric space, for instance using
the bottleneck distance. However, based on the complicated nature of this space, any form
of statistical analysis (e.g., computing averages) is a difficult task. A trend in the last years
has been to embed persistence diagrams into a larger space where such statistical methods
can be applied directly. Among such techniques, embeddings into a Hilbert space have been
proposed, allowing the definition of an inner product (also called a kernel) of persistence
diagrams [2]. The rough idea is to replace each off-diagonal point in the persistence diagram
by a Gaussian peak and obtain a feature map R2 → R as the sum of the Gaussians. Then,
the kernel is simply defined as the inner product in the L2-space over R2.

On the other hand, the theory of multi-parameter persistence poses mathematical chal-
lenges, mainly due to the fact that a “persistence diagram” does not exist as in the one-
parameter counterpart. Nevertheless, several notions of distance have been proposed for
multi-parameter persistence modules. Among those methods is the matching distance: the
basic idea is to compare two multifiltrations along linear slices through the persistence space.
Along every such slice, one obtains two one-parameter modules which can be compared us-
ing the bottleneck distance. The supremum of all these (appropriately weighted) distances
is the matching distance. A strong point of this method is the possibility to approximate
the distance in polynomial time by using a subsample of slices [1].

We contribute the first kernel for multi-parameter persistence by a combination of the
two described techniques. We restrict to the case of two parameters for brevity in this note.
On a high level, we construct a feature map R4 → R from a persistence module, and define
the kernel via the L2-space over R4. For the definition of the feature map, we consider slices
of the bifiltered module; on each slice, we construct a feature map in L2(R2) (e.g., using
the feature map from [2]), and we combine all these feature maps into one map, where the
collection of lines yields two additional degrees of freedom.

To ensure that the constructed feature map is L2-integrable, we require a global upper
bound N ∈ N such that the persistence diagram along every slice has at most N off-diagonal
points. Moreover, we restrict our attention to a bounded rectangle R in persistence space –
while we can generalize this assumption, we claim that a canonical area of interest can be
identified in most realistic scenarios. Furthermore, instead of the feature map from [2], our
construction works as well with various other embeddings proposed in the literature.

Our constructed feature map gives rise to a stable distance. More precisely, let F, G :
X → R2 be functions from a topological space X. The sublevel sets of F and G define
two-parameter persistence modules, and our construction yields feature maps ΦF , ΦG which
are L2-integrable under mild assumptions on F and G. With N and R as above, we have

‖ΦF − ΦG‖L2 ≤ C ·N · area(R) · ‖F −G‖∞,

where C is an absolute constant and ‖F −G‖∞ = supx∈X ‖F (x)−G(x)‖.
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1 Introduction

The Wrap complex [1, 4] is a useful tool for shape reconstruction. It is a filtered subcomplex
of the Delaunay triangulation. In many applications, the set of points on which the Delaunay
triangulation is computed changes dynamically: points are inserted, deleted, and moved.
Dynamic algorithms have been proposed and implemented to efficiently update the Delaunay
triangulation [3], however, no work has been done on updating the Wrap complex locally.
We propose an algorithm that updates the Wrap complex by only recomputing the filtration
values of simplices affected by the operation.

In this work, we first give a definition of the Wrap complex, followed by a discussion of
the algorithm to update it locally. It has been implemented in C++ for points in R2 and R3,
using the CGAL-library [2] for parts of the computation.

2 Background

Given a finite set of points, X ⊆ Rd, in general position, the Delaunay triangulation, Del(X),
consists of all simplices σ ⊆ X, for which there exists a sphere with the points of σ on its
boundary and no points of X inside (an empty circumsphere of σ). The Delaunay radius
function, ρ, assigns to each simplex of Del(X) the radius of its smallest empty circumsphere.
In [1], it is shown that ρ is a generalized discrete Morse function, which implies that there is
a partition of Del(X) into intervals [σ, τ ] := {ν | σ ⊆ ν ⊆ τ} so that for simplices σ ⊆ τ it
holds that ρ(σ) ≤ ρ(τ), with equality iff they are in the same interval. An interval is called
singular if it only contains one simplex, which we then call critical.

We define a directed graph whose nodes are the intervals. There is an arc from interval a
to interval b iff there are simplices σ ∈ a, τ ∈ b with σ ⊆ τ . The lower set of a node, µ,
are the nodes from which µ can be reached along a directed path in the graph. We call µ
a descendant of the nodes in its lower set. The Wrap complex, Wrapr(X), is the union of
the lower sets of all critical simplices σ with ρ(σ) ≤ r; see Figure 1. The Wrap radius of a
simplex σ ∈ Del(X) is the smallest r so that σ ∈Wrapr(X).

3 Algorithm

The insertion of a new point into the Delaunay triangulation affects a simplex only if the
point is in its smallest empty circumsphere. We call these simplices the conflict zone of the
point; see Figure 2. After the point insertion, all new simplices are incident to the new point.
For the deletion of a point, it is exactly the other way round.

After a dynamic update of the Delaunay triangulation, only the Delaunay radii in the
interior and on the boundary of the conflict zone may change. The Wrap radii, however, can
change in a bigger region. The changes in the conflict zone might affect simplices outside,

1 This research is partially supported by the DFG Collaborative Research Center TRR 109, ‘Discretization
in Geometry and Dynamics’, through grant no. I02979-N35 of the Austrian Science Fund (FWF).
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Figure 1 Illustration of the Wrap complex (left) and of the local update steps (middle). Running
times for a Poisson point process, averaged over 100 runs (right).

Figure 2 Conflict zone for insertion (left to right) and deletion (right to left) of a point.

namely those in the lower sets of simplices on the boundary of the conflict zone. In order
to allow efficient updates, every non-singular interval stores references to all its critical
descendants. The critical descendant of smallest radius determines the Wrap radius of the
interval. After recomputing the intervals inside and on the boundary of the conflict zone
and updating the corresponding arcs in the graph, we perform the following steps to update
the sets of critical descendants and thus also the Wrap radii; see Figure 1: First, we remove
the references to deleted critical descendants from the boundary intervals and their lower
sets. Second, references to critical descendants outside of the conflict zone are added to the
part of their lower sets that has changed. Third, we add the new singular intervals as critical
descendants to their lower sets. We always traverse the lower sets recursively, following the
reversed arcs, and stop when we reach singular intervals, since they and their lower sets do
not depend on the more distant critical descendant.

In addition to the update times of the Delaunay triangulation, the running time for a
dynamic update of the Wrap complex only depends on the size of the conflict zone and the
lower sets of the boundary. If this region is small compared to the entire complex, we achieve
much faster running times than for recomputing everything; see Figure 1.
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Abstract
Persistent homology of the Vietoris-Rips complex has proven to be an efficient tool to extract
topological information from finite metric spaces. However, homology is a drastic simplification
and in certain situations might remove too much information. This prompts us to consider
filtered chain complexes. With this goal, we define and list all and only possible indecomposables
of filtered chain complexes, and we provide a structure theorem for enumerating them. We
present an algorithm to compute the decomposition whose implementation is underway.

2012 ACM Subject Classification Mathematics of computing → Continuous mathematics →
Topology → Algebraic topology; Theory of computation → Randomness, geometry and discrete
structures → Computational geometry

Keywords and phrases Topological Data Analysis, interval spheres, decomposition algorithm

1 Decomposition of filtered chain complexes

Our goal is to classify compact filtered chain complexes, which are functors F : N → Ch
assigning an inclusion to any morphism (N is the poset of natural number, and Ch is the
category of chain complexes of k-vector spaces). A filtered chain complex is compact if it is
finitely generated and it eventually maps all morphisms to isomorphisms. For example, the
Vietoris-Rips complex of a finite metric space yields a compact filtered chain complex. Our
structure theorem says all such complexes are sum of the following indecomposables.

I Definition 1. Let 0 ≤ b <∞, b ≤ d ≤ ∞. A [b, d)-n-sphere (interval sphere of dimension
n) is a filtered chain complex isomorphic to:

0 · · · 0 0 · · · 0 0 · · ·

0 · · · 0 0 · · · 0 k · · ·

0 · · · 0 k · · · k k · · ·

0 · · · 0 0 · · · 0 0 · · ·

i=0 ··· i=b−1 i=b ··· i=d−1 i=d ···

1

1

h=n+1

1 1 1 1
h=n

1 Corresponding author, financially supported by INFN and INdAM
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Homology transforms filtered chain complexes into persistence modules. If b < d, the
nth-homology of the [b, d)-n-sphere is the interval persistence module I [b, d). If b = d, the
corresponding sphere has trivial homology. Homology forgets information that we believe
not necessarily should be regarded as noise. Chain complexes retain not only homological
non-trivial information, but also geometrical content encoded by contractible parts. We hope
this information can be used for more accurate analysis of data.

1.1 Structure theorem
FCh denotes the category of compact filtered chain complexes, and for 0 ≤ b <∞, b ≤ d ≤ ∞
Sb,d is the set of all [b, d)-n-spheres for any n ≥ 0. Define a hierarchy of full subcategories:

FCh FCh0,0 FCh0,1 · · · FCh0,∞

FCh1,0 FCh1,1 . . . FCh1,∞

FCh2,1 · · · FCh2,∞ · · ·

S⊥0,0 S⊥0,1 S⊥0,2

S⊥1,1 S⊥1,2

S⊥2,2

S⊥0,∞

S⊥1,∞

where F′ F
S⊥

b,d denotes taking the orthogonal complement F′ of Sb,d in F, and FChb,∞ :=
∩b≤i<∞FChb,i, for 0 ≤ b < ∞. Such an orthogonal complement is by definition the full
subcategory in F whose objects do not receive any monomorphism from objects in Sb,d.

I Theorem 2. Non-trivial filtered chain complexes of FCh decompose uniquely, up to
permutations and isomorphisms, into finite direct sums of interval spheres.

I Corollary 3. Each compact filtered chain complex is completely described by a finite multiset
of points in the extended plane.

I Corollary 4. Any compact filtered chain complex of FCh is indecomposable if and only if
it is isomorphic to a [b, d)-n-sphere for some 0 ≤ n, 0 ≤ b <∞, b ≤ d ≤ ∞.

1.2 Decomposition algorithm
We can devise an algorithm that splits out the interval spheres from a compact filtered chain
complex F =

(
C0
• , ∂0
•
)
⊆

(
C1
• , ∂1
•
)
⊆ · · · , according to the hierarchy of Thm 3.

Input: Boundary matrices ∂i
h, for 0 < h, 0 ≤ i.

Output: Number and type of indecomposables.
• for each degree h:
• for each filtration step i:
• for each non-zero column c of ∂i

h, let b be the smallest index in the filtration for
which c is in the image of F (b ≤ i):
� reduce all the columns after column c

� delete column c and the row of its first non-zero element
� delete the corresponding row in the boundary matrix ∂i

h+1
• increase the number of [b, i)-(h− 1)-spheres by one

• the boundaries of the obtained filtered chain complex C̄0
• ⊆ C̄1

• ⊆ · · · are zero
• the number of [i,∞)-•-spheres is given by dim

(
C̄i
•
)
− dim

(
C̄i−1
•

)
.

The crucial part in this algorithm are the � steps: they achieve the decomposition of F as
F ⊕ [b, i)-sphere. We note that the algorithm intrinsically skips computation on non-essential
rows and reduces the boundary matrices in increasing dimension.
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1 Introduction

In this abstract, we introduce a new approach to simplify the complexes of an input sequence
which uses the notion of strong collapse introduced by J. Barmak and E. Miniam [1].
Specifically, our approach can be summarized as follows: Given a sequence Z : {K1

f1−→
K2

g2←− K3
f3−→ · · ·

f(n−1)−−−−→ Kn} of simplicial complexes Ki connected through simplicial maps
{ fi−→ or gj←−}. We independently strong collapse the complexes of the sequence to reach a

sequence Zc : {Kc
1

fc
1−→ Kc

2
gc

2←− Kc
3

fc
3−→ · · ·

fc
(n−1)−−−−→ Kc

n}, with induced simplicial maps { fc
i−→ or

gc
j←−} (defined in Section 4). The complex Kc

i is called the core of the complex Ki and we
call the sequence Zc the core sequence of Z. We show that one can compute the persistent
homology (PH) of the sequence Z by computing the PH of the core sequence Zc, which is of
much smaller size.

We call a vertex v of a simplicial complex K a dominated vertex, if its link in K is a
join of a vertex v′ of K and a subcomplex L of K, i.e a simplicial cone. We remove such v

from K by removing all the simplices of K that contained v. Removal of such a vertex v is
called an elementary strong collapse ( see Fig 1 ) and a sequence of elementary strong
collapses is called a strong collapse. Strong collapse preserves the homotopy type of the
complex. We use this notion of strong collapse to reduce the size of simplicial sequences and
to speed up the persistence computation.

v′v v′ v′
v′

Figure 1 Illustration of an elementary strong collapse. In the complex on the left, v is dominated
by v′. The link of v is highlighted in red. Removing v leads to the complex on the right.

Our method has some similarity with the work of Wilkerson et. al. [2] who also use
strong collapses to reduce PH computation but it differs in three essential aspects: it is not
limited to filtrations (i.e. sequences of nested simplicial subcomplexes) but works for other

∗ This research has received funding from the European Research Council (ERC) under the European
Union’s Seventh Framework Programme (FP/2007- 2013) / ERC Grant Agreement No. 339025 GUDHI
(Algorithmic Foundations of Geometry Understanding in Higher Dimensions).
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X 1-sphere 2-Annulus dragon netw-sc senate eleg
PDF 0.65 174.18 69.92 243.86 24.92 10.87
PDT 0.060 0.178 0.553 0.097 0.068 0.165

Table 1 The rows are, from top to down: dataset X , PD computation time for the original
filration (PDF), Total PD computation time of the tower (PDT). All times are noted in seconds.
For the first three datasets, we sampled points randomly from the initial datasets and averaged the
results over five trials.

types of sequences like towers and zigzags. It also differs in the way the strong collapses are
computed and in the way PH is computed.

A first central observation is that to strong collapse a simplicial complex K, we only
need to store its maximal simplices (i.e. those simplices that have no coface). The number
of maximal simplices is smaller than the total number of simplices by a factor that is
exponential in the dimension of the complex. It is linear in the number of vertices for a
variety of complexes. Working only with maximal simplices dramatically reduces the time
and space complexities compared to the algorithm of [2]. We prove that the complexity of
our algorithm is O(v2dΓ0 + m2Γ0d). Here d is the dimension of the complex, v is the number
of vertices, m is the number of maximal simplices and Γ0 is an upper bound on the number
of maximal simplices incident to a vertex. Γ0 is a small fraction of the number of maximal
simplices.

All PH algorithms take as input a full representation of the complexes and their complexity
is polynomial in the total number of simplices of the complexes. We thus have to convert the
representation by maximal simplices used for the strong collapses into a full representation of
the complexes, which takes exponential time in the dimension (of the collapsed complexes).
This exponential burden is to be expected since it is known that computing PH is NP-hard
when the complexes are represented by their maximal faces. Nevertheless, we demonstrate in
this paper that strong collapses combined with known persistence algorithms lead to major
improvements over previous methods to compute the PH of a sequence. This is due in part
to the fact that strong collapses reduce the size of the complexes on which persistence is
computed. It is also due to other facts

– The collapses of the complexes in the sequence can be done independently and in
parallel. This is due to the fact that strong collapses can be associated to simplicial maps
unlike simple collapses.

– The size of the complexes in a sequence do not grow by much in terms of maximal
simplices, as observed in many practical cases. As a consequence, the time to collapse the
i-th simplicial complex Ki in the sequence is almost independent of i. For filtrations, this is
a neat advantage over methods that use a full representation of the complexes and suffer an
increasing cost as i increases.

As a result, our approach is extremely fast and memory efficient in practice as demon-
strated by numerous experiments on publicly available data sets. For experiments described
in Table 1, we used filtrations of the Rips complex with varying scale parameter to run our
experiments. We will describe them in details in the full version of the abstract.
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Motivation Algorithms for persistent homology have been successfully optimized, leading to
major speed-ups in practice and to the use of topological methods in applied sciences. Zigzag
persistence is a generalization of persistent homology with promising theoretical properties.
However, persistence optimizations do not seem to adapt to existing implementations [1, 3]
of zigzag persistence, hence resulting in a substantial gap in practical performance between
the two methods. Indeed, computing zigzag persistence requires one to store a full set of
m (co)chains when maintaining the (co)homology of a complex of size m, whereas standard
persistence only needs a much smaller subset of (co)chains, allowing optimization techniques
such as matrix compression or reduction shortcuts. It is consequently natural to consider
optimizations at the level of the complex, as opposed to optimizations at the level of the
(co)homology matrix. Discrete Morse theory [2] is a combinatorial method that reduces a
complex to a subset of critical cells defining its (co)homology, and which has been studied
for computing persistent homology [4]. The objective of this work is to use discrete Morse
theory in order to improve zigzag persistence computation as well.

Zigzag Filtration and Persistent Homology A filtration is a sequence of nested complexes
K0 → K1 → ...→ Km, where arrows represent inclusion maps.

In a zigzag filtration, we also allow deletion of simplices in the sequence, i.e. inclusion
map arrows going backward. Therefore we represent a zigzag filtration as follows: K0 ↔
K1 ↔ ...↔ Km, where ↔ is either an arrow going forward or going backward. If we apply
the homology functor H(·,F), for a fixed field F, to a zigzag filtration, we obtain a persistence
module, which can uniquely be decomposed into the direct sum ⊕s

i=1Ibi,di
, with the intervals

Ib,d, b ≤ d, of the form: 0 0←→ . . .
0←→ 0︸ ︷︷ ︸

b − 1 times

0←→ F id←→ . . .
id←→ F︸ ︷︷ ︸

d − b + 1 times

0←→ 0 0←→ . . .
0←→ 0︸ ︷︷ ︸

m − d times

. The aim of the

persistence algorithm is to compute this set of pairs (bi, di), called the persistence barcode.

Morse Complex Given a standard filtration F = K0 → K1 → ... → Km. The algorithm
of Mischaikow and Nanda [4] partitions each Ki into three subsets of simplices Ai, Qi and
Ki, such that the filtered Morse complex A0 → A1 → ...→ Am, defined on the Ai with the
appropriate boundary map ∂̃, is a filtration with the same barcode as F . The proof relies on
standard algebraic topology methods which nicely adapt to the filtration case, such as chain
equivalences. The simplices in Qi and Ki form pairs (τ, σ) ∈ Qi ×Ki, where τ is facet of σ,
of "disposable" simplices, not essential in the generation of the homology groups. In practice,
efficient heuristics allow us to compute a large number of those pairs, resulting in a rather
small Morse complex.

Morse Complexes in Zigzag Persistence Removal of simplices is the major difference in
zigzag filtrations. Compared to the non zigzag case, we can have the following operation:
Ki

Σ←− Ki+1, where Σ is the set of removed simplices. This poses two major questions: how

mailto:clement.maria@inria.fr
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do we update the partition A tQ tK defining the Morse complex, and how do we update
the homology basis such that it remains coherent with the whole filtration?

First, we update the Morse complex under the removal of a maximal face σ ∈ Σ. We know
that σ has no coface, thus σ ∈ AitKi. If σ ∈ Ai is critical, the partition (Ai \{σ})tQitKi

is a valid Morse partition for the complex Ki \ {σ}. If σ ∈ Ki, then it is paired with a
simplex τ ∈ Qi, and we distinguish two cases: either τ ∈ Σ, or not. In the first case,
both can be simply removed respectively from Ki and Qi, leading to a Morse partition
Ai t (Qi \ {τ}) t (Ki \ {σ}) for the complex Ki \ {τ, σ}. In the second case, τ can represent
homological information and thus has to be transferred from Qi to Ai, leading to the Morse
partition (Ai∪{τ})t(Qi\{τ})t(Ki\{σ}) of Ki\{σ}. It is important to notice that removing
faces in QtK affects the definition of ∂̃. Also note that, perhaps counter-intuitively, removing
a face from the complex may induce A to grow ; unlike the case of standard persistence, we
may have neither Ai+1 ⊆ Ai nor Ai ⊆ Ai+1.

Second, we consider the update of the (co)homology basis, defined on the critical faces
(Ai, ∂̃) of the Morse complex. The interesting case is when we have to remove a simplex
σ ∈ K, but not its paired face τ ∈ Q. Removing (τ, σ) from the matching will impact ∂̃,
which would not have been the case if τ ∈ Σ, and will temporarily make them both critical.
Therefore the (co)homology basis requires an update from two levels: one from the new
boundary operator and one from the addition of σ and τ in Ai followed by the removal of σ.
Both are directly related and executed at the same time.

Let n be the number of simplices added and removed in a zigzag filtration and |K|
the maximal number of simplices in any complex. Thanks to this approach, we obtain
an algorithm to compute zigzag persistence whose complexity is reduced from O(n|K|2)
to O(n(|A|2 + c)), where |A| is the maximal size of any Morse complex and c is the time
complexity for computing and updating a Morse matching. In practice, |A| is usually much
smaller than |K|, and there exist very fast heuristics to compute and update Morse matchings,
such that c is a small constant in practice.
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1 Introduction

Mapper is one of the main tools in topological data analysis (TDA) and visualization used
for the study of multivariate data [3]. It takes as input a multivariate function and produces
a summary of high-dimensional data using a cover of the range space of the function. For a
given cover, such a summary converts the mapping into a simplicial complex suitable for
data exploration.

In this abstract, we take a constructive viewpoint of a multivariate function f : X→ Rd

and consider it as a vector of continuous, real-valued functions defined on a shared domain,
f = (f1, f2, · · · , fd), fi : X → R, where each fi (referred to as a filter function) gives rise
to a 1-dimensional mapper construction. We investigate a method for stitching a pair of
mappers together and study a topological notion of information gain from such a process.
In particular, we aim to assign a measure that captures information about how each filter
function contributes to the topological complexity of the stitched result, and how the two
filter functions are topologically correlated.

We are inspired by the ideas of stepwise regression for model selection and of scatterplot
matrices for visualization. For a set of variables x1, x2, . . . , xd, stepwise regression iteratively
incorporates variables into a regression model based on some criterion. A measure of
topological information gain can be used as a criterion for choosing filter functions, and
to construct a single best mapper. The scatterplot matrix shows all pairwise scatterplots
of the set of variables on a single d × d matrix. We introduce a topological analogue of
the scatterplot matrix for a set of filter functions f1, f2, . . . , fd, and study the degree of
topological correlation between filter functions.

We define a composition (or stitching) operation for mappers (Definition 1) and show its
equivalence to the standard construction (Theorem 2). We end by describing our ongoing
effort in studying a topological notion of information gain and correlation between filter
functions.

2 Preliminary Results

Given a space X, a function f : X→ Rd, and a cover U = {Ui} of f(X), we define the pullback
cover f∗(U) as the cover obtained by decomposing each f−1(Ui) into its path-connected
components Ui = ∪ki

j=1Vij . Mapper is then a simplicial complex defined as the nerve of this
pullback cover M(f,U) := Nrv(f∗(U)).

I Definition 1 (Composition). Given f, g : X→ R and covers of their images, U = {Ui},V =
{Vj}, we construct a composed cover W of X from f∗(U) and g∗(V) by taking the connected

1 Funding: NSF DBI-1661348 and NSF DBI-1661375
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components of the following set, where u ∈ f∗(U), v ∈ g∗(V) are path-connected cover
elements of X,

{u ∩ v | ∀u ∈ f∗(U),∀v ∈ g∗(V), u ∩ v 6= ∅}.

We define the composed mapper as the nerve of this cover W,

S(M(f,U), M(g,V)) := Nrv(W).

Under certain assumptions, this composition S is equivalent to the classical method of
constructing mappers from a pair of filter functions, as described by Theorem 2.

I Theorem 2. If f and g are continuous real-valued functions, Ui, Vj , and Ui×Vj are simply
connected for all i, j, then S(M(f,U), M(g,V)) = M((f, g),U × V), the mapper constructed
in the traditional manner.

Proof sketch. The proof follows directly from properties of continuous functions and con-
nected sets. We provide a sketch here. Starting with the two covers associated with the two
1-dimensional mappers, U for f and V for g, we can show that the defined set W and the
cover obtained from the traditional mapper construction are equivalent. Taking the nerve of
each, we can conclude that the resulting mapper are equivalent as well. J

Furthermore, we give an algorithm that illustrates how the composition can be considerably
simplified by directly incorporating simplex information from each of the two input mappers.
The algorithm that combines (or stitches) two mappers together works by tracking vertices
(i.e. representatives of the pull back cover elements as a result of the Nrv operation) of the
first mapper in a breadth first search fashion, and combining them with vertices of the second
mapper. The simplices in both mappers provide hints about which possible simplices could
be in the composition. Using this information to avoid many explicit intersection checks,
we can considerably simplify and speedup the composition process. While some simplicies
from each 1-dimensional mapper can be added directly to the composition (the stitch step),
others require explicitly checking the nerve condition in the mapper construction (the fix
step).

3 Discussion

As part of our ongoing research, we propose measures of information gain (i.e., the increase
in topological complexity) from the composition process as well as topological correlations
between pairs of filter functions. By tracking the stitch and fix steps of the construction
process, it is possible to quantify the relationship between filter functions.

With such measures in hand, we return to our topological analogues of the stepwise
regression [1] and scatter plot matrix [2], which help to navigate topological relationships
among multiple filter functions. A method for stepwise stitching would produce a mapper
with optimal topological information by iteratively building a multi-dimensional mapper
from topologically independent filter functions. A topological scatter plot matrix can reveal
information about the filter functions such as topological dependencies and outliers by
providing a visualization of the most information rich filter functions.
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