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Persistent homology has proven to be a powerful tool to extract topological information
from data [3]. Therefore, understanding the complexity of its computation is an important
problem in topological data analysis. Persistent homology can be computed in matrix
multiplication time using a divide-and-conquer algorithm [7]. From the point of view of
classical complexity, improving upon the O(n®) complexity would need a major theoretical
advancement. In practice, the most e Ccieht methods for persistence computation employ
special variations of the Gaussian elimination method, and its worst-case complexity is cubic
in the number of input simplices. In details, the Standard Persistence Algorithm (SPA) [4]
performs left-to-right column additions until the pivots (i.e. the row indices of the lowest
non-zero elements of the columns in the matrix) are pairwise distinct. It is conceivable that
matrix reduction methods that maintain sparsity would be computationally advantageous.
In this work, we investigate sparsity preserving methods for persistence computation with
the goal of understanding how the sparsification of the matrix can improve e [ciehcy. In
general, we show that finding a sequence of column additions that maximally sparsify a
matrix is NP-hard. Moreover, even if in some cases sparsification is more e [cieht this is not
true in general. Indeed, we show with some experiments (see Figure 1) that algorithms that
(heavily) prioritize sparsification do not automatically perform better than those that do not.
Finally, we describe a novel variant of the persistence algorithm that keeps the matrix sparse
for well-behaved outputs — leading to output-sensitive complexity bounds for this variant.

Define Sparse-Z2 as: Given a vector W and n vectors Uy, ..., U, in ZT', find a,...,an
in Z, such that W +a;U; +- - - +a,Up has the minimum number of nonzero entries. MaxCut
is a classical NP-hard problem [6], and there is a straightforward reduction from MaxCut
to Sparse-Z2, which gives us the following proposition:

[Proposition 1. Sparse-Z2 is NP-hard.

In [5], the authors introduce the exhaustive reduction, based on the SPA, which
attempts to remove nonzero entries in a column even after the pivot has been established.
Typically, this increases the sparsity of the matrix. Another, less aggressive way to keep

This is an abstract of a presentation given at CG:YRF 2022. It has been made public for the benefit of
the community and should be considered a preprint rather than a formally reviewed paper. Thus, this
work is expected to appear in a conference with formal proceedings and/or in a journal.
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the matrix sparse is the swap reduction [8, p. 77], implemented in the PHAT library [1]
(see Algorithm 1). It reduces the matrix as in the SPA with the caveat that it exchanges
the column it is reducing with a previous, denser one if they have the same pivot. We test
both together with the retrospective algorithm (see below, Algorithm 2) over two random
filtrations against the SPA in cohomology with the clearing optimisation [2]. The random
filtrations are the Erdés—Rényi filtration, where the edges are ordered randomly and
the higher dimensional simplices are added as soon as possible, and the Vietoris—Rips
filtration, where, given a dimension d, we build the standard Vietoris-Rips over n points of
[0, 1]¢ drawn uniformly at random.

Algorithm 1 Swap reduction

Input: Boundary matrix 0 Output: Column reduced boundary matrix R
R=0
forj=1,...,mdo
if low (R[j]) & 0 then [CIbw is the index of the pivot
while there exists j5< j with low (R[j) = low (R[j]) € 0 do
if size (R[j]) < size (R[j'] then [CSiize is the # of nonzero entries

| swap column R[j] and R[j
add column R[j'f to column R[j]

A bitflip is the operation of changing a bit from 1 to 0 or vice-versa. Here, we use the
number of bitflips as a measure of complexity.

Erd6s-Rényi Filtration Vietoris-Rips Filtration

—— Standard
Swap

w{ —— Exhaustive

—=— Retrospective

] —* Standard
Swap

—— Exhaustive
11 —=— Retrospective

Number of bitflips
Number of bitflips

0 w 0 0
Number of simplices Number of simplices

Figure 1 Empirical complexity for computing persistence for random filtrations.

Next, we introduce a new algorithm that tries to keep the matrix sparse during the
reduction: the retrospective algorithm. To provide a brief description of the algorithm, we
first introduce some notation. Let {01, 0>, ..., 0n} denote the simplices of a simplicial complex
K. Consider a simplexwise filtration of K, that is, a nested sequence of subcomplexes,
[+ Ko [K; 1 [K, = K. In other words, K; = Kj—; [{&;j}. Let d; denote the
dimension of simplex g;. The symbol Hg, (K;) denotes the d;-dimensional homology group of
Ki and B; its rank. Furthermore, for 0; = K;\Kj—; and g5 = Kj \Kj—1, we use 3j j to mean
B(',}’ since dj = dim(g;). We denote by P the collection of all pairs of indices (i, j) for which
the pair (oi, 0j) forms a persistence pair, and by P “the collection of all pairs (i, n) for which
oj is an essential simplex. We set P = P [Pl Let R = 0 denote the matrix that is reduced.
Let R[K] be the column being reduced. An entry in R[K] is negative (resp. positive) if
the corresponding simplex kills (resp. gives birth to) an homological class. Moreover, a
positive entry in R[K] is paired (resp. unpaired) if the corresponding simplex is (not) in a
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persistence pair (oj, 0j) with j <Kk.

The exhaustive algorithm described in [5] zeros out all the unpaired entries in R[K]
using left-to-right additions. The retrospective algorithm is a modification of the exhaustive
algorithm, wherein right-to-left additions are used to zero out the nonzero entries in the row
of the newly found pivot of R[k]. See Algorithm 2 for a pseudocode of the retrospective
algorithm. Note that we obtain the exhaustive algorithm by removing its last two lines.

Algorithm 2 Retrospective algorithm for computing persistent homology

Procedure Main()
for k <« 1,...,ndo
| Reduce(k);

Procedure Reduce(k)

Remove the negative entries from column R[K];

while [ k such that the entry Rrx in column R[K] is paired do
| Add R[P[OJto R[K];

if R[k] & 0 then
| J =Pivot(RK]); P[] < k;

for columns i such that the entry R;; in column R[i] is nonzero do
| Add R[K] to R[i];

[Theorem 2. For Algorithm 2, we have the following bounds on the total number of bitflips:

T ] 1

#bitflips < Bk)” + (d+1) Bk +1), 1)

k=1 k=1
C o1 1

#Hbitflips < B+l + (d+1) Bk +1), (2)
(i,ji [PI=i+1 k=1

#bitflips < (G—i)? + nd+1). 3)
(i,j) [P

Sketch of proof. We call the addition of column R[j] to column R[Kk] backward addition if
k <j and forward addition if k > j. Clearly, bitflips arise from either forwar&ﬁiitions or
backward additions. The bitflips from forward additions are bounded by (d+1) . —; (Bk + 1),
giving the second summand of Egs. (1)—(2). While the bound for (bitflips from) backward
additions in Eq. (1) is obtained by counting backward additions into a column, the bound in
Eq. (2) accounts for additions from a column. The third bound is established by counting
the number of bitflips in row i for every positive simplex oj. 1
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